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Abstract For the search of significant changes in the mean of vertical topographic measurements, of the order of
one or two standard deviations of the observations, the most widespread method is the comparison of means using
the T Student distribution. If the expected changes to be detected are of small magnitude, the above-mentioned
test is not recommended. In this case, it is advisable to use more sensitive statistical tools such as the CUSUM (or
cumulative sum) statistic. This allows estimating, by accumulation of residuals, changes in the population mean
for both individual observations and samples. The latter alternative is applicable as today's surveying instruments
can take samples in addition to single observations. This work was carried out with sequential observations
applying two CUSUM modalities: simple and tabular. We first worked with data obtained by computer simulation
and then with data taken at the campus of the Faculty of Engineering of the National University of La Plata. The
results showed the effectiveness of CUSUM in detecting changes in the mean within the order of accuracy of the
instrumentation used and the possibility of evaluating even minor changes due to assignable causes in the
measurement process or due to a change in the measurand.

Keywords Change monitoring, CUSUM, Statistical Test, Altimetry.

Introduction

The detection of changes in processes has begun to be investigated since the 1950s [1-3]. Many of the methods
originate in the discipline of quality control, where an industrial manufacturing process is studied, seeking to
detect failures as early as possible [4]. Today it is applied to various types of studies, such as climatological
studies, in bioinformatics applications and fluid mechanics, specifically the analysis of the fluctuation of air
velocity and pressure in turbulent flows [5-7], among many others. Change Point Analysis (CPA) is a tool for
determining whether an abrupt or subtle change has occurred in a time series. The first works were carried out by
Girshisck and Rubin [8], using a Bayesian approach. Later Page [1] [9] [10] proposed the CUSUM (cumulative
sum) technique in 1954, to detect the appearance of assignable causes in time series. The purpose of the CUSUM
technique is to develop control charts capable of monitoring changes in both the mean value of a process and the
standard deviation. There are both parametric [11] and non-parametric [12] techniques. Two techniques were
applied in this work, the Simple CUSUM and the Tabular CUSUM. The latter, developed for data that come from
a Normal distribution, which belong to a series of determinations of topographic height differences. The last two
techniques mentioned were applied to establish if a change in the mean has occurred, due to the appearance of an
assignable cause during the measurement process. It was implemented a work scheme that could be carried out
on site with a number of observations appropriate to that context. Free software has also been used in order to
provide autonomy to those interested in applying the developed methods.
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Methodology

Preliminary work

To verify the effectiveness of the algorithm, first simulated data and later real observations were used. Both for
data generation and processing, the R software [13] was used. For the observed data, a bar code level of 28
magnifications was used with a kilometric standard deviation, according to the manufacturer, of 0.0015m for
double leveling. This standard deviation was verified using the complete, or long, procedure of the ISO
(International Organization for Standardization) 17123-2.2001 [14] standard and was propagated according to
Wolf and Ghilani [15] for simple stations with 30m sights. The value obtained was 6ax=0.0005m for a simple
height difference. With this standard deviation, the data of the vector X were generated in such a way that for X;
to X290, X has a Normal distribution with u=1.5000m 64x=0.0005m and for Xz, to X4 Normal distribution with
mean p+0.0005m and the same standard deviation. Both the arbitrary value of p=1.5m and the value of ¢ are
assumed to be constant during the simulated experiment of 40 observations. Subsequently, to obtain the real data,
the bias of 0.0005m was caused by supplementing one of the fixed marks with a probe such as those used to
measure the valve clearance in automobiles. Measurements were made by stationing the instrument at each
determination of each of the height differences to achieve statistical independence.

Description of the CUSUM Statistic

Given the values X belonging to a Normal distribution whose mean o can be estimated from values taken from
a process in control, a change in it can be studied from the Tabular CUSUM statistic [11] [16], that allows to show
positive Eq. 1 or negative Eq. 2 accumulation of residues

G = max[0,X; — (uo + K) + C4] @
¢ = max[0, (o — K) — X; + 1] @

With initial values Co* = Cy = 0, the statistic indicates that the process went out of control when it exceeds the
decision interval determined by H. The K value called the reference value in Eq. 1 and Eq. 2 is determined by the
jump in the mean to be found. Let p; be the mean of the out-of-control process such that p= u+3.c is defined

5 _
K=2.0=ltl 3)
To make the decision as to whether the process has gone out of control, the H value is established. According to
Montgomery [11], it is customary to use H=5, but it is suggested to link both H and K with ¢ through H=h.c and
K= k.o. For example, in this case we seek to detect a change in the mean of 1 ¢ = 0.0005m. To evaluate the
effectiveness of the CUSUM, the ARL cannot be directly calculated (number of experiments performed, on
average, until a data out of control is found) since the values of the statistic are successively related to each other
[17]. Various authors such as Lorenzen and Vance [18] and Hawkins [19] made estimates and tabulations of the
ARL. We worked with the one in Table 1 calculated by Lorenzen and Vance [18]. It determines the number of
average samples necessary for the statistician to detect the out-of-control state of the process as a function of both
the change in the mean and the sensitivity threshold H.
Table 1: This table produced by Lorenzen and Vance [18] shows the ARL as a function of ¢ and H

Change in p at multiples of 6 H=4 H=5

0 168 465
0.25 74.2 139
0.50 26.6 38
0.75 133 17
1.00 84 104
1.50 4.75 5.75
2.00 3.34 4.01
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Study of the CUSUM with simulated data

A sample X1, X, ... X4, ordered in time is simulated where, X; = p, + & with £vN(0, 6,,2)Vi = 1, ...,20 being
oan = 0.0005m and where X; = (1o + K) + & whith g~+N(0, 0,,2) Vi = 21, ...,40 with 64,=0.0005m. By
applying the Tabular CUSUM statistical method, it is intended to detect the change in magnitude K in the mean
of the data, that is: p; = po Vi=1,..,20 and that u; = p, +k Vi= 21,...,40. The first value to take into
account for its design is the magnitude of the change to be detected in the mean, as shown in Eq 4.

Iy — ol 11.5005 — 1.5000| &
= =—0.0005
2 2 2

K—6 =
_Eo'_

6 =1y K =0.00025

According to Table 1, for =1 and h=5, an average of 10 samples (in this case size=1) will be required to detect
the change. For h=4, 8 samples will be required on average. The qcc package [20] of the R software [13] is applied.
It must be indicated the data vector to be processed, the sample size, the control mean value, the H value and the
change in o units. With the R command

>cusum(X, 1, 1.5, 0.0005, decision.interval = 5(H), se.shift = 1, plot = TRUE)

Where X is the vector with the 40 height differences, 1 is the size of the sample because they are individual values,
1.5m is the arbitrary value of the heigth difference in control, 0.0005m is the standard deviation of the process,
decision.interval is the value that will be given outside control the measurement process, se.shift is the number of
standard deviations | want to find. Figure 1 shows the plotting of the measured values on the abscissa axis and the
successive C;* and C;” corresponding to Eq. 1 and Eg. 2 on the ordinate axis. There are 6 observations prior to the
establishment of the loss of control through the accumulated sum, which coincides with what is indicated in the
table. However, it must be remembered that these tabulated values are an average of the expected number of
results until the loss of control of the process occurs. Next to the graph of the Tabular CUSUM, Figure 1, a Simple
CUSUM was plotted, Figure 2, which consists of simply accumulating the residuals with respect to the mean of
the control process. In it, you can see the moment in which the change in the mean occurs and the loss of the
control state of the process. This is a simpler alternative to approach when we are only interested in determining
if the process went out of control, although it does not allow us to estimate the conditions in which the loss of
control should manifest itself.

CUSUM FOR SIMULATED DATA
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Figure 1: Tabular CUSUM

KE
s N . .
#4 Journal of Scientific and Engineering Research

95



Eduardo JC et al Journal of Scientific and Engineering Research, 2022, 9(12):93-102

Simple Cusum For Simulated Data
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Figure 2: Simple CUSUM
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The Simple CUSUM is calculated with Eq. 5:
Ci = Z}ﬂ(xj — Ho) )

It shows an accumulation of residues around the average value of the process in state of control. A quick
visualization of the status of the measurement process can be seen, serving to justify or not a more detailed study
through the Tabular CUSUM. Through the latter, it is possible to prepare control charts, that is, to establish limits
and expected values for the process that is being carried out.

Study of the CUSUM with real data

40 height differences were measured individually with a level that reads barcode staff. From observation i=20, an
increase in the height of the bench mark of 16=0.0005m was introduced.

The Tabular CUSUM requires Normality in the data, which should be explored. For this exploration, descriptive
statistics were used using tools such as the Normal QQPIlot, the Shapiro-Wilk data Normality test, and a histogram.
After studying the Normality of the data, the state in control of the measurement process must be determined by
using Shewhart control charts for individual values wich can be found in Montgomery [11] were used. The control
charts for individual values and for the mobile range will indicate how the measurement process has developed in
terms of its variability. This information is particularly important since the reference value pyand o? must be
verified or extracted from the first part of the sample. This part of the study prior to carrying out CUSUM is called
Phase 1. For the case study, o can be chosen from the specificatons of the manufacturer and verified through the
long procedure of the 1SO17123-2.2001 [14] standard. Likewise, by means of the moving range control chart, the
behavior of the variability of the observations during the work can be studied. In addition to this, a Tabular
CUSUM taking into account the sample standard deviation was carried out.

Previous studies on observations

The forty observations were plotted according to the order of measurement, Figure 3. The observations were then
divided into two groups of twenty each. Phase | studies were carried out with the first twenty to establish the
parameters of the process in a state of control. These studies consisted of a histogram, Figure 4, a sequential plot
of the data, Figure 5, and a Normal QQplot, Figure 6. A Normality Test was also performed. Additionally, Mobile
Rank and Individual Values charts were made. Once the control status of the measurement process was
established, a Simple CUSUM and a Tabular CUSUM were carried out.
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Figure 3: Sample index vs Observation
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Figure 4: Height difference histogram
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Control Group QQPlot
-0,7060 : / 5

=

= /
K=y
@ -0.7062 i nite
T
_o - .
€ .0.7064 .
= ~V.rub4 e
@ s
o S
S -0.7066 /
-0.7068

2 1 0 1 2
Theoretical Quantil
Figure 6: Control groups Normal QQ Plot

In the sequential plotting of Figure 3, is observed a decreasing trend in the values of the first 20 measurements.
Subsequently, in the second 20, the process shows the horizontal band disposition, which is the expected, since it
does not show a trend and it does show constancy in the variance of the process. From observation i=21, a point
of change in the mean can be seen. In the Normal QQplot of Figure 6, which corresponds to the first 20
observations, it can be seen how the differences are grouped around the straight line, showing agreement between
the theoretical quantiles and the sample ones. The application of the Shapiro-Wilk test to evaluate the lack of
Normality of the first 20 data results in a statistic W =0.93068, and a value p=0.1591, so the Normality hypothesis
of the data, necessary for the application, is not rejected. This condition is mandatory for the Tabular CUSUM,
but not for the Simple CUSUM. The histogram in Figure 4 shows a distribution not visually associated with a
normal distribution. Although histograms are recommended for around 100 data, they were included in order to
show the behavior of the data with this tool. The Moving Ranges Chart, Figure 7, shows a value out of control.
The individual values chart (Figure 7) shows all the values in control. For this reason, the validity of the work is
not questioned. The size of the samples was chosen with a criterion of applicability in the field of an engineering
work and based on the sample sizes used in the application of the ISO (International Organization for
Standardization) 17123-2 [14] standard.

Moving Range Chart
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Figure 7: Mobile Rank Control Chart
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Control Data Chart
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Figure 8: Individuals Control Chart

In the control chart of individual values for Phase | data, the trend of Fig.3 can be seen again, since it is basically
the same information with another graphic scale. This chart shows no out-of-control values even for an estimated
standard deviation even lower than the designed or reporteded by the instrument manufacturer. In the Simple
CUSUM plot, Figure 9 and Tabular CUSUM plot of Figure 10, a change in the assignable causes of the process
can be seen from observation 21. In the graph provided by the R software [13], the accumulation of significative
residues with respect to the reference value can be seen and the upper and lower limits (UDB and LBD).
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Figure 10: Tabular CUSUM

These limits indicate when to make the decision whether the process is in control or not. Only sample 40, that is,
number 20 of the biased sample 16=0.0005, would reach the limit that allows us to make the decision to reject the
control of the process, when according to Table 1 it is expected that it will take an average of about 10 samples,
which would lead to the observation 30 approximately. If the Tabular CUSUM is redesigned with Phase I sample
parameters, Figure 11, both for {i and for s, since s=0.0003m, the desired change will then be equal to 1.5 s
obtaining a response closer to the expected one by Table 1 since the loss of control occurs in observation 9 of the
second series when the expected value of it is for observation 6.
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Figure 11: Phase Il Tabular CUSUM

Discussion

In topography, to make decisions regarding whether or not two sample means belong to the same population, a
comparison is used using the Student statistic [15] [21] [22]. In this work, the CUSUM statistic is presented as a
tool that serves as a complement or alternative to the aforementioned one, since in the analysis of data through
statistical tools, it is convenient to have several options simultaneously [23]. The study with data both simulated
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and surveyed with topographical instruments shows that both the Simple CUSUM and the Tabular CUSUM [11]
are sensitive to the appearance of a change immediately. This allows, eventually, having separated the samples,
the use of the T Student statistic a posteriori to evaluate its significance. The small size of the samples is due to
the need to present a method applicable on site and, therefore, a number of observations similar to that of 1SO
17132-2 [14] is adopted with samples of size equal to 20. This presents difficulties when checking the Normality
that is required for the application of the Tabular CUSUM [11] but not so to implement the Simple CUSUM. With
so little data, the most appropriate tool to study Normality is the Normal QQPlot, however, it is always
recommended to carry out histograms and Normality tests such as the Shapiro-Wilk test [23]. In this case, the
histogram does not allow data with normal distribution to be inferred, although both the Normal QQPlot and the
Shapiro-Wilk test do not allow the rejection of the Normality hypothesis. For the design of the Tabular CUSUM
the Lorenzen and Vance criteria [18] was adopted, Table 1. These criteria must be seen as indicative. The design
of CUSUM is in discussion [24]. What is mandatory before trying to detect changes in the mean is to carry out
complete Phase | studies using Shewhart-type charts [11], since it will not only have knowledge of the status of
the process under control, but we will also have information to establish the parameters in the design of the Tabular
CUSUM. The analysis of these charts must be done in order to become aware of the dynamics of the process and
not only evaluating the out-of-limit data but also the evolution of the process In Phase I, for example, an
undesirable decreasing trend is observed in a random sample even though there are no out-of-control points. To
verify simultaneously the instruments and personnel that carry out the surveys, the application of the ISO 17132-
2 [14] procedure is used. To study variability, the Moving Ranges chart is used, in which a single point is observed
above the upper limit, although close to it. As soon as control of the variability of the process has been achieved,
we are able to detect changes in the mean. We see as a limitation of the applied methodology that it is a single
change in the mean, caused intentionally and in a controlled manner. For these reasons, we consider it is important
to advance in the application of methods for detecting multiple changes in the mean and variance, both
parametrically and non-parametrically.

Conclusions

*  The CUSUM method, both Tabular and Simple, showed that the change in the mean is exposed relatively
quickly at the time the assignable cause appears. In our case, the assignable cause was the 0.0005m
increase in the height of one of the benchmarks.

*  The establishment of adequate values in Phase | will be fundamental so that the performance of the
Tabular CUSUM is consistent with that predicted by Lorenzen and Vance [18], Tablel.

« Simple CUSUM despite its simplicity showed that it can be an applicable tool to the work in site for the
engineer or even a technician.

* The CUSUM method also showed sensitivity to the change in variance since it was found that the
variance estimated in Phase | was lower than that of the original design of the Tabular CUSUM. This
sensitivity was exposed in compliance with the expected number of samples necessary to establish the
loss of control of the measurement process.
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