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Introduction

Up to now, most of the discussions about the Fourier function develop Fourier series theorem through function
f(x) on interval [—m, 7] and then generalize to symmetric interval[—1,1]. This paper uses transform method to
extend function Fourier series theorem to arbitrary interval[a, b], which f(x)is called generalized Fourier series
theorem.

Generalized Fourier series theorem
Hypothesizing function f(x)on interval [a, b] satisfies the condition of convergence theorem, then function
f(x)on interval [a, b] of generalized Fourier series:

1. When xis a point of discontinuity of function f (x)on interval [a, b],

fl) = az_o +>7 {ancos Z% (x — %)] + b, sin ZnTT; (x — asz)]} Q)
Coefficient
a, = ﬁfabf(x) cos [z% (x - asz)] dx n=0,12,- -
b, = ﬁfab f(x)sin [z% (x - %)] dx n=0,12,-

In equation (1), when x is discontinuity point of the first kind of f(x)on interval [a, b] and

fGx—0)+f (x+0)
2

x = a(or b), should substitute the left f (x)of equation.

Demonstration

2 a+b

Making a variable substitution firstly, and make Z = - (x - T) then x = bz;naZ + # hence, interval

a < x < b is substituted into interval -7 < Z < m.
b—a a+b

Againf(x) = f (227 + %) = F(2).
Thus f(x)is defined as a b — aperiodic function, then F(Z) is a periodic function cycles on 2m. In fact,
F(Z +2m) = [b_a(z+2 )+a+b]
D =f "% T
= [b iy + (b )]
= 2 ¢
a+b

=f[=2z+22] = F@).

a+b

=
£
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Through this transformation, function f(x)on interval [a, b] converged as Fourier series is changed into
function F(Z) on interval [—m, ].
Function F(Z) on interval [—m, ] expand into a Fourier series is as follows.
When Z is a point of discontinuity of function F(Z)on interval [—m, rt],
F(Z) = az_o + ¥ {a,cosZ + b,sinZ}. (3)
Coefficient
a, = %ffn nF (Z) cosnZdZ n = 0,1,2, -
(4)
by == [" wF(Z)sinnZdZ n=0,12,
In equation (3), when Z is a discontinuity point of the first kind of F(Z)on interval [—x, w]or Z = +m,
FE-OFEHD ohoyld substitute the left F(Z)of equation.

In equation (3) and (4), make Z = 2—"(x — ﬂ) plug in, F(Z) = f(x), thus,

equation (3) is converted to f(x) = + Yoq {ancos ﬁ(x a;b)] + b, sin [—( — %)]}
equation (4) is converted to

1 s
a, = ;f wF (Z) cosnZdZ

a+b

ff(x)cos[ (x——)]dx n=20,1,2--- i

is equatlon Q.

f £ (x) sin [—( a+b)] dx n=0,1,2,- .
is equatlon (2).
Demonstration complete.
Exceptionally, make a = —, b = [, thus,
Inference 1 Hypothesizing function f(x) on interval [—1, 1] satisfies the condition of convergence
theorem, then f(x)on
interval [—1, []expands into Fourier series,

fx) —@i [a cosﬂx+b sinﬂx] n=12
- 2 ] n l n l - L4
n=

Coefficient
1 (! nm
a, = Tf f(x)cos nTxdx n=0,12:--
-1

1 ! nrm
= 7] f(x)sin nTxdx n=012,--
-1

Another exception, make b = a + 4, thus,

Inference 2 Hypothesizing function f(x)on interval [a, a + 1]
satisfies the condition of convergence theorem, then f(x)on
interval [a, a + A]expands into Fourier series,

y0 =% Y fncos [ (=5 o [ (- 250

Coefficient
2a+1

faHf(x)cos[zT(x— )]d n=0,1,2,--
—-faHf(x)sm[z%( Z“H)]dx n=0,12-" - i
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