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Introduction 

Up to now, most of the discussions about the Fourier function develop Fourier series theorem through function 

f(x) on interval [−π, π] and then generalize to symmetric interval[−l, l]. This paper uses transform method to 

extend function Fourier series theorem to arbitrary interval[a, b], which f x is called generalized Fourier series 

theorem. 

 

Generalized Fourier series theorem  

Hypothesizing function 𝑓(𝑥)on interval [𝑎, 𝑏] satisfies the condition of convergence theorem, then function 

𝑓(𝑥)on interval [𝑎, 𝑏] of generalized Fourier series: 

1. When 𝑥is a point of discontinuity of function 𝑓(𝑥)on interval [𝑎, 𝑏],  
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In equation (1), when 𝑥 is discontinuity point of the first kind of 𝑓(𝑥)on interval [𝑎, 𝑏] and 

𝑥 = 𝑎(or 𝑏),
𝑓 𝑥−0 +𝑓(𝑥+0)

2
should substitute the left 𝑓(𝑥)of equation.  

 

Demonstration 

Making a variable substitution firstly, and make 𝛧 =
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2
, hence, interval 

𝑎 ≤ 𝑥 ≤ 𝑏 is substituted into interval −𝜋 ≤ 𝛧 ≤ 𝜋. 

Again𝑓 𝑥 = 𝑓  
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Thus 𝑓(𝑥)is defined as a 𝑏 − 𝑎periodic function, then 𝐹(𝛧) is a periodic function cycles on 2𝜋. In fact, 
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Through this transformation, function 𝑓(𝑥)on interval [𝑎, 𝑏] converged as Fourier series is changed into 

function 𝐹(𝛧) on interval [−𝜋, 𝜋]. 

Function 𝐹(𝛧) on interval [−𝜋, 𝜋] expand into a Fourier series is as follows. 

When 𝛧 is a point of discontinuity of function 𝐹(𝛧)on interval [−𝜋, 𝜋],  
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In equation (3), when 𝛧 is a discontinuity point of the first kind of 𝐹(𝛧)on interval [−𝜋, 𝜋]or 𝛧 = ±𝜋, 
𝐹 𝛧−0 +𝐹(𝛧+0)
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 should substitute the left 𝐹(𝛧)of equation.  
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  plug in, 𝐹 𝛧 = 𝑓(𝑥), thus, 
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equation (4) is converted to 
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𝑏𝑛 =
1

𝜋
 𝜋𝐹 𝛧 
𝜋

−𝜋

sin𝑛𝛧𝑑𝛧 

=
2

𝑏−𝑎
 𝑓(𝑥)
𝑏

𝑎
sin  

2𝑛𝜋

𝑏−𝑎
 𝑥 −

𝑎+𝑏

2
  𝑑𝑥   𝑛 = 0,1,2,⋯⋯. 
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Demonstration complete. 

Exceptionally, make 𝒂 = −𝒍, 𝒃 = 𝒍, thus,  

Inference 1 Hypothesizing function 𝒇(𝒙) on interval [−𝒍, 𝒍]  satisfies the condition of convergence             

theorem, then 𝒇(𝒙)on  

interval [−𝒍, 𝒍]expands into Fourier series, 
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Another exception, make 𝑏 = 𝑎 + 𝜆, thus, 

Inference 2 Hypothesizing function 𝒇(𝒙)on interval [𝒂, 𝒂 + 𝝀] 

satisfies the condition of convergence theorem, then 𝒇(𝒙)on  

interval [𝒂, 𝒂 + 𝝀]expands into Fourier series, 

𝑓 𝑥 =
𝑎0

2
+   𝑎𝑛cos  

2𝑛𝜋

𝜆
 𝑥 −

𝑎 + 𝑏

2
  + 𝑏𝑛sin  

2𝑛𝜋

𝜆
 𝑥 −

2𝑎 + 𝜆

2
   

∞

𝑛=1

 

Coefficient  

 
𝑎𝑛 =

2

𝜆
 𝑓(𝑥)
𝑎+𝜆

𝑎
cos  

2𝑛𝜋

𝜆
 𝑥 −

2𝑎+𝜆

2
  𝑑𝑥   𝑛 = 0,1,2,⋯⋯

𝑏𝑛 =
2

𝜆
 𝑓(𝑥)
𝑎+𝜆

𝑎
sin  

2𝑛𝜋

𝜆
 𝑥 −

2𝑎+𝜆

2
  𝑑𝑥   𝑛 = 0,1,2,⋯⋯

 .    

. 

http://dict.youdao.com/w/discontinuity%20point%20of%20the%20first%20kind/#keyfrom=E2Ctranslation


Zhiwei L                                                        Journal of Scientific and Engineering Research, 2021, 8(5):16-18 

 

Journal of Scientific and Engineering Research 

18 

 

Reference 

[1]. Liu Yulian, Fu Peiren. Lecture notes on mathematical analysis (the second volume) [M], Beijing: 

Higher Education Press, 1987. 

[2]. Department of Mathematics, Fudan University, Mathematical analysis (the second volume) [M], 

Shanghai: Shanghai Education Press, 1988. 

http://dict.youdao.com/w/the%20second%20volume/#keyfrom=E2Ctranslation
http://dict.youdao.com/w/Higher%20Education%20Press/#keyfrom=E2Ctranslation
http://dict.youdao.com/w/mathematical%20analysis/#keyfrom=E2Ctranslation
http://dict.youdao.com/w/the%20second%20volume/#keyfrom=E2Ctranslation

