
Available online www.jsaer.com 
 

Journal of Scientific and Engineering Research 

203 

 

Journal of Scientific and Engineering Research, 2021, 8(4):203-207 

 

    

 
Research Article 

ISSN: 2394-2630 

CODEN(USA): JSERBR  

    

 

An Estimate for Upper Bound of Maximum Modulus of Complex 

Polynomial 
 

Roshan Lal Keshtwal 

Department of Mathematics, V.S.K.C. Government Postgraduate College Dakpathar, Dehradun-248125, 

Uttarakhand, India. 

E-mail: rlkeshtwal@gmail.com 

 

Abstract Let )(zp be a polynomial of degree n . In this paper we have obtained an inequality for the maximum 

modulus of a polynomial involving the coefficients of polynomial having all its zeros outside a disk of 

prescribed radius.  Our result not only improves upon some well known results but also gives generalizations of 

some well known earlier proved inequalities. 
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1. Introduction and Statement of Results 

THEOREM 1.1.If )(zp is a polynomial of degree n, then  
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The result is best possible and equality holds for )0(,)( =  nzzp being a complex number. 

If we restrict ourselves to the class of polynomials having no zeros in 1z , then inequality (1.1) can be 

sharpened. In fact in this case the following result was conjectured by Erdӧs and later verified by Lax [7].  

THEOREM 1.2.If )(zp  is a polynomial of degree n, having no zeros in 1z , then  
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The result is best possible and equality in (1.2) holds for 
nzzp  +=)( where  = . 

Simple proofs of this theorem were given by de-Bruijn [4] and Aziz and Mohammad [2]. For other proofs see 

Boas [3] and Rahman [9]. 

Inequality (1.2) was further improved by Aziz and Dawood [1] under the same hypothesis by proving the 

following result.  

 

THEOREM 1.3.If )(zp  is a polynomial of degree n, which does not vanish in 1z , then  
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The result is best possible and equality holds for nzzp  +=)( ,  = . 

As a generalization of Theorem 1.2, Malik [8] proved the following  

 

THEOREM 1.4.If )(zp  is a polynomial of degree n having no zeros in, ,1,  kkz  then  
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The result is sharp and extremal polynomial is nkzzp )()( += . 

Various other results in the same sphere could be seen in literature (for references see [10], [11], [12]). 

 

In the present paper, we prove the following result which provides improvement of the Theorem 1.4 due to 

Malik [8]. The theorem is also of independent interest and could be generalized into many other results. This 

result paves the path to other results too. 

THEOREM 1.5. If =
=

n
zazp

0
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 is a polynomial of degree n, not vanishing in ,1,  kkz  then for  

kr  0  , we have    
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(1.5) 

 

2. Lemmas 

LEMMA 2.1. If =
=

n
zazp

0

)(



 is a polynomial of degree n, having no zeros in, ,1,  kkz  then  
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The above lemma is due to Govil, Rahman and Schmeisser [5].  

LEMMA 2.2. If =
=

n
zazp

0

)(



 is a polynomial of degree n, having no zeros in, ,1,  kkz  then  
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                                                       (2.2)  

PROOF OF LEMMA 2.2. The lemma can be easily proved by replacing )(zp  by 
n

n

k

z
mzpzF += )()(  in 

Lemma 2.1 and applying Rouche’s theorem.  

LEMMA 2.3. If =
=

n
zazp

0

)(



  is a polynomial of degree n, not vanishing in 0,  kkz , then for

kr  0 , 

                                             .                                                       (2.3) 

The result is best possible and equality occurs for ( ) ( )nkzzp += . 

The above result is due to Jain [6].    

 

3. Proof of the Main Theorem 

 

PROOF OF THEOREM 1.5. Since )(zp  has no zeros in 1,  kkz , therefore the polynomial )()( tzpzF =  , 

where , has no zeros in tkz / , where 1/ tk . Applying Lemma 2.2 to the polynomial )(zF , we 

get 
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Now, for kr  0  and  20  , we have 
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from which the proof the THEOREM 1.5 follows. 
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