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1. Introduction  

Fractional calculus is a branch of mathematical analysis which deals with the research and applications of 

integrals and derivatives of arbitrary order. In recent decades, the field of fractional calculus has attracted the 

interest of researchers in diverse scientific fields such as mathematics, physics, chemistry, engineering, and 

economics [1-12]. In this article, we use a new multiplication of fractional analytic functions and the method of 

fractional Taylor series expansion to study the following five limit problems: 

lim𝑥→0
 𝑠𝑖𝑛𝛼  𝑥𝛼   ⨂3

𝑥3𝛼 ,         (1) 

lim𝑥→0
𝑥3𝛼⨂𝐸𝛼  𝑥𝛼  

2

Γ 𝛼+1 
𝑥𝛼−𝑠𝑖𝑛𝛼  2𝑥𝛼  

 ,                                                                   (2) 

lim𝑥→0
𝑠𝑖𝑛𝛼  𝑥𝛼  ⨂ 1−𝑐𝑜𝑠𝛼  𝑥𝛼   

𝑥3𝛼⨂𝑐𝑜𝑠𝛼  𝑥𝛼  
,                                                                (3) 

lim𝑥→0

2

Γ 2𝛼+1 
𝑥2𝛼− 𝑠𝑖𝑛𝛼  𝑥𝛼   ⨂2

1−
3

Γ 2𝛼+1 
𝑥2𝛼− 𝑐𝑜𝑠𝛼  𝑥𝛼   ⨂3

 ,                                                               (4) 

lim𝑥→0
 𝑠𝑖𝑛𝛼  𝑥𝛼   ⨂2

 𝐸𝛼  𝑥𝛼  −1−
1

Γ 𝛼+1 
𝑥𝛼  ⨂𝑐𝑜𝑠𝛼  𝑥𝛼  

,                                                            (5) 

where 0 < 𝛼 ≤ 1, −1 𝛼 exists, and𝐸𝛼 ,𝑐𝑜𝑠𝛼 ,𝑠𝑖𝑛𝛼  are 𝛼-fractional exponential function, cosine function, sine 

function respectively. Moreover, the new multiplication ⨂ of fractional analytic functions is a natural 

generalization of ordinary multiplication of analytic functions. 

 

2. Preliminaries and Properties 

Definition 2.1([13]): Suppose that𝑥, 𝑥0  and𝑎𝑛  are real numbers, 𝑥0 ∈  𝑎, 𝑏 , and 0 < 𝛼 ≤ 1. If the function 

𝑓𝛼 :  𝑎, 𝑏 → 𝑅can be expressed as a𝛼-fractional power series, i.e., 𝑓𝛼 𝑥
𝛼 =  

𝑎𝑛

Γ(𝑛𝛼 +1)
 𝑥 − 𝑥0 

𝑛𝛼∞
𝑛=0  on some 

open interval  𝑥0 − 𝑟, 𝑥0 + 𝑟 , then 𝑓𝛼 𝑥
𝛼  is called𝛼 -fractional analytic at  𝑥0 , where 𝑟  is the radius of 

convergence about 𝑥0 . If 𝑓𝛼 :  𝑎, 𝑏 → 𝑅 is continuous on closed interval  𝑎, 𝑏  and is 𝛼-fractional analytic at 

every point in open interval  𝑎, 𝑏 , then we say that 𝑓𝛼 is an 𝛼-fractional analytic function on 𝑎, 𝑏 . 

In the following,we introduce a new multiplication of fractional analytic functions. 

Definition 2.2([13]): Assume that0 < 𝛼 ≤ 1, and 𝑓𝛼 𝑥
𝛼 , 𝑔𝛼 𝑥

𝛼  are two 𝛼-fractional analytic functions, 

𝑓𝛼 𝑥
𝛼 =  

𝑎𝑛

Γ(𝑛𝛼 +1)
𝑥𝑛𝛼∞

𝑛=0 ,                                                        (6) 
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𝑔𝛼 𝑥
𝛼 =  

𝑏𝑛

Γ(𝑛𝛼 +1)
𝑥𝑛𝛼∞

𝑛=0 .                                                    (7) 

Then we define 

𝑓𝛼 𝑥
𝛼 ⊗ 𝑔𝛼 𝑥

𝛼 =  
𝑎𝑛

Γ(𝑛𝛼 + 1)
𝑥𝑛𝛼

∞

𝑛=0

⊗  
𝑏𝑛

Γ(𝑛𝛼 + 1)
𝑥𝑛𝛼

∞

𝑛=0

 

=  
1

Γ 𝑛𝛼 +1 
   

𝑛
𝑚

 𝑎𝑛−𝑚𝑏𝑚
𝑛
𝑚=0  ∞

𝑛=0 𝑥𝑛𝛼 .                             (8) 

 

Definition 2.3 ([14]): Suppose that0 < 𝛼 ≤ 1, and𝑥 is a real number. The 𝛼-fractional exponential function, 

sine function and cosine function are defined as follows: 

𝐸𝛼 𝑥
𝛼 = 1 +

1

Γ 𝛼+1 
𝑥𝛼 +

1

Γ 2𝛼+1 
𝑥2𝛼 +

1

Γ 3𝛼+1 
𝑥3𝛼 + ⋯ =  

1

Γ 𝑛𝛼 +1 
𝑥𝑛𝛼∞

𝑛=0 ,                    (9) 

𝑠𝑖𝑛𝛼 𝑥
𝛼 =

1

Γ 𝛼+1 
𝑥𝛼 −

1

Γ 3𝛼+1 
𝑥3𝛼 +

1

Γ 5𝛼+1 
𝑥5𝛼 − ⋯ =  

 −1 𝑛

Γ  2𝑛+1 𝛼+1 
𝑥(2𝑛+1)𝛼∞

𝑛=0 ,            (10) 

𝑐𝑜𝑠𝛼 𝑥
𝛼 = 1 −

1

Γ 2𝛼+1 
𝑥2𝛼 +

1

Γ 4𝛼+1 
𝑥4𝛼 −

1

Γ 6𝛼+1 
𝑥6𝛼 + ⋯ =  

 −1 𝑛

Γ 2𝑛𝛼 +1 
𝑥2𝑛𝛼∞

𝑛=0 .             (11) 

 

Proposition 2.4 (fractional Euler’s formula) ([14]): Let0 < 𝛼 ≤ 1, then 

𝐸𝛼 𝑖𝑥
𝛼 = 𝑐𝑜𝑠𝛼 𝑥

𝛼 + 𝑖𝑠𝑖𝑛𝛼  𝑥
𝛼 .                                          (12) 

 

Proposition 2.5 (fractional DeMoivre’s formula) ([14]):  If0 < 𝛼 ≤ 1, and 𝑛 is a positive integer, then 

 𝑐𝑜𝑠𝛼 𝑥
𝛼 + 𝑖𝑠𝑖𝑛𝛼 𝑥

𝛼  ⨂𝑛 = 𝑐𝑜𝑠𝛼 𝑛𝑥𝛼 + 𝑖𝑠𝑖𝑛𝛼 𝑛𝑥𝛼 .                                 (13) 

 

3. Main Results  

To obtain the major results in this study, we need two lemmas. 

Lemma 3.1: Let  0 < 𝛼 ≤ 1 and 𝑥 be a real number, then 

 𝑠𝑖𝑛𝛼 𝑥
𝛼  ⨂2 =

2

Γ 2𝛼+1 
𝑥2𝛼 −

8

Γ 4𝛼+1 
𝑥4𝛼 +

32

Γ 6𝛼+1 
𝑥6𝛼 − ⋯.                                  (14) 

Proof Using fractional DeMoivre’s formula yields 

 𝑐𝑜𝑠𝛼 𝑥
𝛼 + 𝑖𝑠𝑖𝑛𝛼 𝑥

𝛼  ⨂2 = 𝑐𝑜𝑠𝛼 2𝑥𝛼 + 𝑖𝑠𝑖𝑛𝛼 2𝑥𝛼 .          (15) 

Hence, 

𝑐𝑜𝑠𝛼 2𝑥𝛼 =  𝑐𝑜𝑠𝛼 𝑥
𝛼  ⨂2 −  𝑠𝑖𝑛𝛼 𝑥

𝛼  ⨂2 = 1 − 2 𝑠𝑖𝑛𝛼 𝑥
𝛼  ⨂2.                      (16) 

Thus, 

 𝑠𝑖𝑛𝛼 𝑥
𝛼  ⨂2 

=
1

2
−

1

2
𝑐𝑜𝑠𝛼 2𝑥𝛼  

=
1

2
−

1

2
 1 −

4

Γ 2𝛼 + 1 
𝑥2𝛼 +

16

Γ 4𝛼 + 1 
𝑥4𝛼 −

64

Γ 6𝛼 + 1 
𝑥6𝛼 + ⋯  

=
2

Γ 2𝛼+1 
𝑥2𝛼 −

8

Γ 4𝛼+1 
𝑥4𝛼 +

32

Γ 6𝛼+1 
𝑥6𝛼 − ⋯.                                                    Q.e.d. 

Lemma 3.2: If0 < 𝛼 ≤ 1and 𝑥is a real number, then 

1 −
3

Γ 2𝛼+1 
𝑥2𝛼 −  𝑐𝑜𝑠𝛼 𝑥

𝛼  ⨂3 = −
21

Γ 4𝛼+1 
𝑥4𝛼 +

183

Γ 6𝛼+1 
𝑥6𝛼 + ⋯,       (17) 

and 

 𝑠𝑖𝑛𝛼 𝑥
𝛼  ⨂3 =

6

Γ 3𝛼+1 
𝑥3𝛼 −

60

Γ 5𝛼+1 
𝑥5𝛼 + ⋯.                       (18) 

 

Proof Also by fractional DeMoivre’s formula, we have 

 𝑐𝑜𝑠𝛼 𝑥
𝛼 + 𝑖𝑠𝑖𝑛𝛼 𝑥

𝛼  ⨂3 = 𝑐𝑜𝑠𝛼 3𝑥𝛼 + 𝑖𝑠𝑖𝑛𝛼 3𝑥𝛼 .          (19) 

It follows that 

𝑐𝑜𝑠𝛼 3𝑥𝛼 =  𝑐𝑜𝑠𝛼 𝑥
𝛼  ⨂3 − 3𝑐𝑜𝑠𝛼 𝑥

𝛼 ⨂ 𝑠𝑖𝑛𝛼 𝑥
𝛼  ⨂2 

=  𝑐𝑜𝑠𝛼 𝑥
𝛼  ⨂3 − 3𝑐𝑜𝑠𝛼 𝑥

𝛼 ⨂ 1 −  𝑐𝑜𝑠𝛼 𝑥
𝛼  ⨂2  

= 4 𝑐𝑜𝑠𝛼 𝑥
𝛼  ⨂3 − 3𝑐𝑜𝑠𝛼 𝑥

𝛼 . 
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Thus, 

 𝑐𝑜𝑠𝛼 𝑥
𝛼  ⨂3 =

1

4
 𝑐𝑜𝑠𝛼 3𝑥𝛼 + 3𝑐𝑜𝑠𝛼 𝑥

𝛼  .                        (20) 

And hence, 

1 −
3

Γ 2𝛼 + 1 
𝑥2𝛼 −  𝑐𝑜𝑠𝛼 𝑥

𝛼  ⨂3 

= 1 −
3

Γ 2𝛼 + 1 
𝑥2𝛼 −

1

4
 𝑐𝑜𝑠𝛼 3𝑥𝛼 + 3𝑐𝑜𝑠𝛼 𝑥

𝛼   

= 1 −
3

Γ 2𝛼 + 1 
𝑥2𝛼

−
1

4
 1 −

9

Γ 2𝛼 + 1 
𝑥2𝛼 +

81

Γ 4𝛼 + 1 
𝑥4𝛼 −

729

Γ 6𝛼 + 1 
𝑥6𝛼 + ⋯

+ 3  1 −
1

Γ 2𝛼 + 1 
𝑥2𝛼 +

1

Γ 4𝛼 + 1 
𝑥4𝛼 −

1

Γ 6𝛼 + 1 
𝑥6𝛼 + ⋯   

= 1 −
3

Γ 2𝛼 + 1 
𝑥2𝛼 −

1

4
 4 −

12

Γ 2𝛼 + 1 
𝑥2𝛼 +

84

Γ 4𝛼 + 1 
𝑥4𝛼 −

732

Γ 6𝛼 + 1 
𝑥6𝛼 + ⋯  

= −
21

Γ 4𝛼+1 
𝑥4𝛼 +

183

Γ 6𝛼+1 
𝑥6𝛼 + ⋯. 

On the other hand, since 

𝑠𝑖𝑛𝛼 3𝑥𝛼 = 3 𝑐𝑜𝑠𝛼 𝑥
𝛼  ⨂2⨂𝑠𝑖𝑛𝛼 𝑥

𝛼 −  𝑠𝑖𝑛𝛼 𝑥
𝛼  ⨂3 

= 3 1 −  𝑠𝑖𝑛𝛼 𝑥
𝛼  ⨂2 ⨂𝑠𝑖𝑛𝛼 𝑥

𝛼 −  𝑠𝑖𝑛𝛼 𝑥
𝛼  ⨂3 

= 3𝑠𝑖𝑛𝛼 𝑥
𝛼 − 4 𝑠𝑖𝑛𝛼 𝑥

𝛼  ⨂3.                                                                        (21) 

It follows that 

 𝑠𝑖𝑛𝛼 𝑥
𝛼  ⨂3 

=
1

4
 3𝑠𝑖𝑛𝛼 𝑥

𝛼 − 𝑠𝑖𝑛𝛼 3𝑥𝛼   

=
1

4
  

3

Γ 𝛼 + 1 
𝑥𝛼 −

3

Γ 3𝛼 + 1 
𝑥3𝛼 +

3

Γ 5𝛼 + 1 
𝑥5𝛼 − ⋯ 

−  
3

Γ 𝛼 + 1 
𝑥𝛼 −

27

Γ 3𝛼 + 1 
𝑥3𝛼 +

243

Γ 5𝛼 + 1 
𝑥5𝛼 − ⋯   

=
6

Γ 3𝛼+1 
𝑥3𝛼 −

60

Γ 5𝛼+1 
𝑥5𝛼 + ⋯. 

Q.e.d. 

We have the following main results in this paper. 

 

Theorem 3.3: Suppose that0 < 𝛼 ≤ 1 and  −1 𝛼exists, then 

lim𝑥→0
 𝑠𝑖𝑛𝛼  𝑥𝛼   ⨂3

𝑥3𝛼 =
6

Γ 3𝛼+1 
,        (22) 

lim𝑥→0
𝑥3𝛼⨂𝐸𝛼  𝑥𝛼  

2

Γ 𝛼+1 
𝑥𝛼−𝑠𝑖𝑛𝛼  2𝑥𝛼  

=
Γ 3𝛼+1 

8
 ,            (23) 

lim𝑥→0
𝑠𝑖𝑛𝛼  𝑥𝛼  ⨂ 1−𝑐𝑜𝑠𝛼  𝑥𝛼   

𝑥3𝛼⨂𝑐𝑜𝑠𝛼  𝑥𝛼  
=

3

Γ 3𝛼+1 
,                                (24) 

lim𝑥→0

2

Γ 2𝛼+1 
𝑥2𝛼− 𝑠𝑖𝑛𝛼  𝑥𝛼   ⨂2

1−
3

Γ 2𝛼+1 
𝑥2𝛼− 𝑐𝑜𝑠𝛼  𝑥𝛼   ⨂3

= −
8

21
 ,             (25) 

lim𝑥→0
 𝑠𝑖𝑛𝛼  𝑥𝛼   ⨂2

 𝐸𝛼  𝑥𝛼  −1−
1

Γ 𝛼+1 
𝑥𝛼  ⨂𝑐𝑜𝑠𝛼  𝑥𝛼  

= 2.                                                         (26) 

Proof lim𝑥→0
 𝑠𝑖𝑛𝛼  𝑥𝛼   ⨂3

𝑥3𝛼 = lim𝑥→0

6

Γ 3𝛼+1 
𝑥3𝛼−

60

Γ 5𝛼+1 
𝑥5𝛼+⋯

𝑥3𝛼 =
6

Γ 3𝛼+1 
. In addition, since 

𝑥3𝛼⨂𝐸𝛼 𝑥
𝛼 = Γ 3𝛼 + 1  

1

Γ 3𝛼 + 1 
𝑥3𝛼⨂ 1 +

1

Γ 𝛼 + 1 
𝑥𝛼 +

1

Γ 2𝛼 + 1 
𝑥2𝛼 +

1

Γ 3𝛼 + 1 
𝑥3𝛼 + ⋯   

= Γ 3𝛼 + 1  
1

Γ 3𝛼+1 
𝑥3𝛼 +

4

Γ 4𝛼+1 
𝑥4𝛼 +

10

Γ 5𝛼+1 
𝑥5𝛼 + ⋯ .               (27) 
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And  

2

Γ 𝛼 + 1 
𝑥𝛼 − 𝑠𝑖𝑛𝛼 2𝑥𝛼 =

2

Γ 𝛼 + 1 
𝑥𝛼 −  

2

Γ 𝛼 + 1 
𝑥𝛼 −

8

Γ 3𝛼 + 1 
𝑥3𝛼 +

32

Γ 5𝛼 + 1 
𝑥5𝛼 − ⋯   

=
8

Γ 3𝛼+1 
𝑥3𝛼 −

32

Γ 5𝛼+1 
𝑥5𝛼 + ⋯.           (28) 

It follows that 

lim𝑥→0
𝑥3𝛼⨂𝐸𝛼  𝑥𝛼  

2

Γ 𝛼+1 
𝑥𝛼−𝑠𝑖𝑛𝛼  2𝑥𝛼  

= lim𝑥→0

Γ 3𝛼+1  
1

Γ 3𝛼+1 
𝑥3𝛼 +

4

Γ 4𝛼+1 
𝑥4𝛼+

10

Γ 5𝛼+1 
𝑥5𝛼+⋯ 

8

Γ 3𝛼+1 
𝑥3𝛼−

32

Γ 5𝛼+1 
𝑥5𝛼 +⋯

=
Γ 3𝛼+1 

8
. 

On the other hand, since 

𝑠𝑖𝑛𝛼 𝑥
𝛼 ⨂ 1 − 𝑐𝑜𝑠𝛼 𝑥

𝛼   

= 𝑠𝑖𝑛𝛼 𝑥
𝛼 − 𝑠𝑖𝑛𝛼 𝑥

𝛼 ⨂𝑐𝑜𝑠𝛼 𝑥
𝛼  

= 𝑠𝑖𝑛𝛼 𝑥
𝛼 −

1

2
𝑠𝑖𝑛𝛼 2𝑥𝛼  

=  
1

Γ 𝛼 + 1 
𝑥𝛼 −

1

Γ 3𝛼 + 1 
𝑥3𝛼 +

1

Γ 5𝛼 + 1 
𝑥5𝛼 − ⋯  

−
1

2
 

2

Γ 𝛼 + 1 
𝑥𝛼 −

8

Γ 3𝛼 + 1 
𝑥3𝛼 +

32

Γ 5𝛼 + 1 
𝑥5𝛼 − ⋯  

=
3

Γ 3𝛼+1 
𝑥3𝛼 −

15

Γ 5𝛼+1 
𝑥5𝛼 + ⋯. 

And 

𝑥3𝛼⨂𝑐𝑜𝑠𝛼 𝑥
𝛼  

= Γ 3𝛼 + 1  
1

Γ 3𝛼 + 1 
𝑥3𝛼⨂ 1 −

1

Γ 2𝛼 + 1 
𝑥2𝛼 +

1

Γ 4𝛼 + 1 
𝑥4𝛼 −

1

Γ 6𝛼 + 1 
𝑥6𝛼 + ⋯   

= Γ 3𝛼 + 1  
1

Γ 3𝛼+1 
𝑥3𝛼 −

10

Γ 5𝛼+1 
𝑥5𝛼 +

35

Γ 7𝛼+1 
𝑥7𝛼 − ⋯  . 

It follows that 

lim𝑥→0
𝑠𝑖𝑛𝛼  𝑥𝛼  ⨂ 1−𝑐𝑜𝑠𝛼  𝑥𝛼   

𝑥3𝛼⨂𝑐𝑜𝑠𝛼  𝑥𝛼  
= lim𝑥→0

3

Γ 3𝛼+1 
𝑥3𝛼−

15

Γ 5𝛼+1 
𝑥5𝛼+⋯

Γ 3𝛼+1  
1

Γ 3𝛼+1 
𝑥3𝛼−

10

Γ 5𝛼+1  𝑏𝑦
𝑥5𝛼 +

35

Γ 7𝛼+1 
𝑥7𝛼−⋯  

=
3

Γ 3𝛼+1 
. 

Moreover, by Lemma 3.1 and 3.2, we obtain 

lim
𝑥→0

2

Γ 2𝛼+1 
𝑥2𝛼 −  𝑠𝑖𝑛𝛼 𝑥

𝛼  ⨂2

1 −
3

Γ 2𝛼+1 
𝑥2𝛼 −  𝑐𝑜𝑠𝛼 𝑥

𝛼  ⨂3
 

= lim
𝑥→0

2

Γ 2𝛼+1 
𝑥2𝛼 −  

2

Γ 2𝛼+1 
𝑥2𝛼 −

8

Γ 4𝛼+1 
𝑥4𝛼 +

32

Γ 6𝛼+1 
𝑥6𝛼 − ⋯  

−
21

Γ 4𝛼+1 
𝑥4𝛼 +

183

Γ 6𝛼+1 
𝑥6𝛼 + ⋯

 

= lim
𝑥→0

8

Γ 4𝛼+1 
𝑥4𝛼 −

32

Γ 6𝛼+1 
𝑥6𝛼 + ⋯

−
21

Γ 4𝛼+1 
𝑥4𝛼 +

183

Γ 6𝛼+1 
𝑥6𝛼 + ⋯

 

= −
8

21
. 

Finally, since 

 𝐸𝛼 𝑥
𝛼 − 1 −

1

Γ 𝛼 + 1 
𝑥𝛼 ⨂𝑐𝑜𝑠𝛼 𝑥

𝛼  

=  
1

Γ 2𝛼 + 1 
𝑥2𝛼 +

1

Γ 3𝛼 + 1 
𝑥3𝛼 + ⋯ ⨂  1 −

1

Γ 2𝛼 + 1 
𝑥2𝛼 +

1

Γ 4𝛼 + 1 
𝑥4𝛼 −

1

Γ 6𝛼 + 1 
𝑥6𝛼 + ⋯  

=
1

Γ 2𝛼+1 
𝑥2𝛼 +

1

Γ 3𝛼+1 
𝑥3𝛼 −

5

Γ 4𝛼+1 
𝑥4𝛼 − ⋯. 

It follows that 

lim𝑥→0
 𝑠𝑖𝑛𝛼  𝑥𝛼   ⨂2

 𝐸𝛼  𝑥𝛼  −1−
1

Γ 𝛼+1 
𝑥𝛼  ⨂𝑐𝑜𝑠𝛼  𝑥𝛼  

= lim
𝑥→0

2

Γ 2𝛼+1 
𝑥2𝛼−

8

Γ 4𝛼+1 
𝑥4𝛼+

32

Γ 6𝛼+1 
𝑥6𝛼+⋯

1

Γ 2𝛼+1 
𝑥2𝛼+

1

Γ 3𝛼+1 
𝑥3𝛼−

5

Γ 4𝛼+1 
𝑥4𝛼−⋯

= 2. 

Q.e.d. 
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4. Conclusion 

From the above discussion, we know that the fractional Taylor series expansion is an important method to 

evaluate the limit problems in this paper. Furthermore, the new multiplication of fractional analytic functions we 

used is a natural generalization of multiplication of classical analytic functions. In the future, we will make use 

of the new multiplication to study the engineering mathematics problems and fractional differential equations. 
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