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1. Introduction

Let 4 be the class of the functions in the form

n=2 , (1.1)

U={ze¢:‘z‘<l}

which are analytic on the open unit disk in the complex plane.

We denote by S the subclass of 4 consisting of the functions which are also univalent in U . some of the

. . R(a, . )
important subclass of S is the class (a ﬁ) that is defined as follows

iR(a,ﬁ):{feS:Re(f'(z)+ﬁzf”(z))>a,zeU},a e[O,l),ﬁZOl

Gao and Zhou [12] investigated the class R (a, ﬁ) and showed some mapping properties of this class.

Early, by Alintas and Ozkan [1] were investigated a subclass m(a,ﬁ,r) , @ E(O’l] , p E[O’l] ,
t1eC =C —{0}

condition

of the analytic and bi-univalent functions consisting of functions Jes which satisfy the

. 1 . "
feT, ?[j (z)+ﬁzf (z)—]:l Sa,zeU.

Here T is subclass of 4 consisting of the functions I in the form

f(z) =z—a222 —a!3z3 —---=Z—Zanz", a, 20
n=2

They found necessary and sufficient conditions for the functions belonging to this class.
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-1
It is well-known that (see, for example, [8]) every function fes has an inverse / which is defined by

f_l(f(Z))=z, zeU,f(f_l(w))zw,weUm ={W5‘W|<i‘0(f)},r0(f)2%

where
Va (W):w—atzw2 +(2a22 —613)w3 —(Sag —3Sa,a, +a4)w4 +-,wel

'

— —742 _ —_5,° —
A, =-a,, A, =2a;, —a,, A, =-5a; +5a,a, —a,.

|
As known that a function f €4 is said to be bi-univalent in U if both f and f are univalent in U and

%, respectively. Let 2 denote the class of bi-univalent functions in U given (1.1).
In 1967, Lewin [18] showed that for every function JeZ of the form (1.1) for the second coefficient true the
|a,|<1.51 <ﬁf0rf€z

a,

inequality . In 1967, Brannan and Clunie [2] conjectured that . In 1984, Tan

: _ . <1485 . . o
[26] obtained the inequality |a2‘ , which is the best known estimate for the functions in the class 2 . In
1985, Kedzierawski [15] proved the Brannan-Clunie conjecture for the bi-starlike functions. Brannan and Taha

[3] obtained estimates on the initial coefficients |a2‘ and |a3‘ for the functions in the classes of bi-starlike
functions of order & and bi-convex functions of order & .

The study of the bi-univalent functions was revived by Srivastava et al. [23] and a considerably large number of
sequels to the work of Srivastava et al. [23] have appeared in the literature. In particular, several results on

o1 a3’ and ‘a4|

coefficient estimates for the initial coefficients ‘a
(see, for example, [6, 10, 14, 21, 24, 25, 27 and 28]).

Recently, Deniz [7] and Kumar et al. [17] both extended and improved the results of Brannan and Taha [3] by
generalizing their classes by means of the principle of subordination between analytic functions.

a,| (n=23,..)

were proved for various subclasses of %

Despite the numerous studies mentioned above, the problem of estimating the coefficients

for the general class functions 2 is still open (see also [25] in this connection).
A : . . o , H2(1)=a3—a§‘
s known that one of the important tools in the theory of analytic functions is the functional ,
which is known as the Fekete-Szegd functional and one usually considers the further generalized functional
2 2
4~ Ha, , where M is real or complex number (see [9]). Also, finding the upper bound of |a3 —,uaz‘ is
known as the Fekete-Szegd problem in the literature. In 1969, Keogh and Merkes [16] solved the Fekete-Szego
problem for the classes starlike and convex functions. Someone can see the Fekete-Szegd problem for the
classes of starlike functions of order & and convex functions of order & at special cases in the paper of Orhan
et al. [20]. On the other hand, recently, Caglar and Aslan [4] have obtained Fekete-Szegd inequality for a
subclass of the bi-univalent functions. Also, Zaprawa [29, 30] have studied on Fekete-Szegd problem for some
subclasses of the bi-univalent functions. In special cases, he solved the Fekete-Szeg6 problem for the subclasses
of the bi-starlike functions of order @ and of bi-convex functions of order ¢ .

Motivated by the aforementioned works, we define a new subclass of bi-univalent functions 2 as follows.

Definition 1.1. A function -/ € = given by (1.1) is said to be in the class ~r (a,ﬁ,r), “s [0’1), p= 0,
reC=C- {O}

, if the following conditions are satisfied

1
Re{1+—[f'(z)+ﬁzf"(z)—l]} >a,zel

T
=
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and

Re{1+ I:g +[3wg 1]}>a wel,

_ -l
where & = f is inverse of the function f .

Remark 1.1. If we take T =1 in Definition 1.1 we have function class >z (a’ﬁ’l):HE (a,ﬁ),

ael0,1),20

. That is,

feHy(a,pB)e Re(f’(z)+/5’zf"(z)) >a,zelU

and
Re(g’(w)+ﬁwg"(w)) >a,wel,

ol
where € = f is inverse of the functionf.

=0 . . I (0,0,7), aael0,1
Remark 1.2. Choose p=0 in Definition 1.1 we have function class Z( > ) [ ’ )’

rel :G:_{O}.Thatis,

fe3, (a,O,r)@Re{l+l[f'(z)—l]}>a,zeU
T

and

lr,
Re{l+;[g (w)—l]}>a,weUm

ol
where € = f is inverse of the functionf.

Remark 1.3. Letting p=0 , T=1in Definition 1.1, we have function class ; Z( 0 1) Ry (a,O),

@< [0’1) . That is,

feR, (a,O)@Re(f’(z))>a,zeU and Re(g’(w))>(x,weU,b

_ -1
where € = f is inverse of the functionf.

Remark 1.4. Setting p=1 in Definition 1.1, we have function class Sz(a,l,r), ae[O,l),
TEG:*:G:_{O}.Thatis

fes3, (alr)@Re{1+ [f(2)+2f"(z 1]}>azeU
and

Re{1+ [g )+wg"(w)— 1}}>a,weUr0

el
where g=/ is inverse of the functionf.
_ 3 -
Remark 1.5. Choose B _1, T =1 in Definition 1.1, we have function class Z(a’l’l) Ay (a,l),

@< [0’1) . That is,

=
'%:;\
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feR, (a,1)<:.>Re(f'(z)+zf"(z))>a,zeUand Re(g'(w)+wg"(w))>a.we Uro’

ol

where & = f is inverse of the functionf.
3, (a,B,7) N :

Recently, the class were investigated by Mustafa and Tura¢ [19]. They give the upper bound

estimates for three initial coefficients of the functions belonging to this class.

The class = (,0,1)=R; (a,0) = N, ()

[5].

were investigated by Srivastava et al. [24] and by Caglar et al.

3, (a.B.1)=H(a,B).,c €[0,1), >0

Recently, by Frasin [11] investigated subclass with condition

+0 (_1)'1—1
2(l-a)d ——x<lI
o B+l . He found estimates on two first coefficients for the functions in this class.
The object of the present paper is to find a upper bound estimate for the Fekete-Szegd functional of the

~

. . S o, p,T )

functions belonging to the class Z( B ) In the study, results were also obtained for some subclasses
from the results obtained.

To prove our main results, we need require the following lemmas.

. <2,n=12,3,.. . .
Lemma 1.1. (See, [22]) If peP , then the sharp estimates |p,1| =5 are provided, where P is

(0)=1__ Re(p(z))>0, zeU

p(z)=l+pz+p,z°+-,zeU

the family of all functions p , analytic in U for which p

(1.2)
Lemma 1.2. (See, [13]) If peP , then
2p, = pi +(4-pi )x

.= 24 ) p (4 ) i 4 2(a- )1
for some X, V with |X|S1, |y|£1-

Lemma 1.3. (See, [13]) The power series given in (1.2) converges in U 1o the function 7 in P if and only if
the Toeplitz determinants

2 p b oop,
p, 2 P R 4

D= 7 |ln=123.
p—n p—r.url p—n+2 2

and P-n = P , are all nonnegative. They are strictly positive except for
p(2)=2 0,2y (¢7). p, > 0. 1, real
n=1

#*

and L #4 for 7 # k in this case D, >0for n<m-1 gnd D":Ofornzm.

% =
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> —
Note 1.1. If P € P, then according to Lemma 1.3 p, 20 for each " = 1L2,3,...

VAEY ~1,2.3,..

. On the other hand, from

. For these reasons, for P1 \which is first coefficient in (1.2),

[|=4-Inf

for each "

|4—pf|=’4—|p1

the Lemma 1.1

we will assume that throughout our study.

.B.7)
In this section, we give solution of the Fekete-Szegd problem in two different HE C and H# € R case for the

z(a B. 7")

Firstly, we will give the following theorem on the solution of the Fekete-Szegd problem in the case HE c .

2. Fekete-Szeg6 problem for the function class S5 (
function class

Theorem 2.1. Let the function / given by (1.1) be in the class Z( B T) and H € C . Then,

2f|(1-a) )
W, if ‘1—M|€[O,MU),
‘as_nuai‘s 2 2
[ E U] VR
(1+B)
2(1+ B
H =
where ’ 3‘r|(1—a)(1+2,8).

Proof. Letfesz(a’ﬁ’f) ae[O,l), ﬂe[O,l], TEG:*:(E_{O} and “E(]:.Then,

1+-— [f )+ Bzf"(z)-1]=a+(1-a) p(z)

(2.1)
and
1+— I:g )+ Bwg"( 1] o+(1-a)g(w)
, (2.2)
where functions p(z):l-f-p,z-f—pzz T and q(w)=1+q1w+q2w are in the class P.
Comparing the coefficients in (2.1) and (2.2), we have
7(1-a) t(1-a)
ay=——""=p, QG =———7PpD
P21+ B) ‘, Po3(1+2B) "7 23)
and
7(l-a) 5 t(l-a)
—a g, 2a,-a,=——7"-q
2T 2(1+ /3)1 T 3(1+2p) 24)
From the first equalities of (2.3) and (2.4), we can write
t(l-a) cx) __T(l—a)q
208) 77T 20 ) =4, 25)

Subtracting the second equality of (2.4) from the second equality of (2.3) and considering (2.5), we obtain

=
'%:;‘\\
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_ o t(l-a) B
i 2+6(1+2B)(‘U2 qz). 26)
From (2.6), we get
I-a)
—uat=(1- 2 T(— -
a, — Ha, ( 'u)a2+6(l+2ﬁ)(p2 q2)l o
Since P =4 , in view of Lemma 1.2, we can write
2p, =p+(4-p])x, 4- p2
2] ( ,]) :’pz_%=Tp](x_y)
29’2:‘?1 +(4—fj’f)y

(2.8)

for some X, Y with ‘x|£1’ |y|£1.

2
Ip.|=1 [4= pi|=la=|p [ |=fp-r|=4-2
. | .
Note that if we take , We can write (see, Note 1.1 at the end of
. . . . - te [0,2] _—
the first section). That is, we may assume without restriction that . In that case, substituting the

expression (2.8) in (2.7), setting |x‘ =3 yl =N and using triangle inequality, we write
‘a3 —ua;‘ <d,(t)+d,()(&+n)=0(&.n)

; (2.9)
where
2 2
I (1-a) , l—a)(4-1*
T ML P P G Gl N
4(1+/3) and 12(l+2[3)
It is clear that the maximum of the function ¢ occurs at (5,77) =D .
Therefore,
@(&,n) < max {go(r;:,n):é,n € [0,1]} :(p(l,l) =d, (I)+2d2 (¢) |
That is,
|a3 - lua§| S dl (I) + 2d2 (t) ) (210)
Let us define the function G: [0’2] ~R as follows
G(t)=d,(1)+2d,(1) 211)

teC =C-{0}
d, and d,

for each fixed

Substituting the value in (2.11), we obtain

G(t)=C(a, B, p,7)t* + D(a, B,7)

where

(1—a)2’1-|2 2(1"‘[3)2
aepy | Sk 528)) Pl

2[¢|(1-a)

C B, u, —
(c:fopiv) 3(1+25)

. . . . . 0,2
Now, we must investigate the maximum of the function G on the interval [ ] .

% =
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By simple computation, we have

G'(t)zZC(a,B,,u,r)r.

We will examine the sign of the function G (t) depending on the different cases of the sign of

CasBorT) o rortows.

> ! >
1. Letus C(a,ﬁ,,u,f) =0 . Then G (r) - 0, so G is an increasing function.
Therefore,

G(t)<max{G(r):1€(0,2)}=G(2)=4, (2)=|1—,,¢y|f|(](+1—;3;2)
. (2.12)

2. Letus C(a,ﬁ,,u,r) <0 . Then G’(t) < 0; thatis, C is a decreasing function. Therefore,
2Je](1-a)
G(t)< G(t): 0,2);=G(0)=2d,(0)=—"—
smx{G()e02)-00)-2,0-50

From (2.12) and (2.13), we conclude that

(1+B) (2.14)
if |1—,u|2,uo and
2[e|(1-a)
G(r)<max{G(r):1€(0,2)}==——+
3(1+2ﬁ) 2.15)

_ 2(1+ )
3le|(1-a)(1+2B)

if|1_‘u|<’u°,where .

Thus, from (2.9), (2.10) and (2.14), (2.15), the proof of Theorem 2.1 is completed.
In the special cases from Theorem 2.1, we arrive at the following results.

H

Corollary 2.1. Let the function / given by (1.1) be in the class e (a,[)’,l):Hz (a,ﬁ) and M € G:.
Then,

2(1-a) )
Sk el & £ 1- 0
3(]+2ﬁ)’ 1 | 'U|E[ Huo)a

‘C‘B Jua;‘s 2
(LG M R

(l+ﬁ)
2(1+ Y
’L[ =
here 0 3(1-a)(1+28)

3
Corollary 2.2. Let the function / given by (1.1) be in the class ~ * (a,O,r) and H € C . Then,

P

\;’\\\:3
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2Itl{l - )
- ||(3), if ‘1—,u|e[0,,u0),

1= pllelf (1=a)s i =g p.

2
‘as — Ha,

2

h=—
where 3|T|(1_a).

Corollary 2.3. Let the function / given by (1.1) be in the class
HE C . Then,

2(1-a)

, if [1—pule|0, s

< 3 | 1“| [0. 1))

|1—,u|(1—a)2, it |l—p= p,,

2
‘a3 —Ha,

where

3, (a,L,7)

Corollary 2.4. Let the function / given by (1.1) be in the class and M € C . Then,

%3 if ‘]_Ju|e[oﬂuo)a

(1-a) [
—p|— 2210
1-pF—;

<

ja ~ na
s if |]71u‘21u'0:

8

Uy = ——
where ' 9‘7:|(1—a').

Corollary 2.5. Let the function ! given by (1.1) be in the class S (a, 1’1) =R, (a,l) . Then,
21—« .
(T)a if |]_“|€[05“0)5
|a3 —,ua§| S 2
p-ult
H 4

T YT

8
9(1-a)

Ly =
where

In the case H € R , Theorem 2.1 can be given as follows.

Theorem 2.2. Let the function / given by (1.1) be in the class > (a,ﬁ,r) and H € R . Then,

»
)

r}%",?.
)

5
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o (1-a)’ )
2ltl(1-a .
‘al_‘uazz‘g 3|(I|E-2ﬁ))’ 1= py < p<l+p,,
ff(1-a) .
BV L Gl A O R
2(1+ Y

M S = a) (1+28)

where .
Proof. Since the proof of the Theorem 2.2 is similar to the proof of Theorem 2.1, we do not give this proof.

1

Taking n=0 and # = in Theorem 2.2, we can easily arrive at the following result.

Corollary 2.6. Let the function f given by (1.1) be in the class > (a, B’T) ,T eC=C- {O}

. Then,
2(1——a)|r|: if |r|e(0,17,).
< 3(1+2B)
a_ 54
q M’ if |'r‘2'r ,
(1+B) ’
201+ )
T, =
where ' 3(1—a)(1+2[3) and
2‘1”(1—0:)
‘%—a;‘ﬁm

Note 2.1. The first result of Corollary 2.6 confirms the second inequality of Theorem 1 in [19].
Remark 2.1 Numerous consequences of the results obtained in the Corollary 2.1 — 2.6 can indeed be deduced
by specializing the various parameters involved.

3. Results and Discussion
In this paper, we introduce and investigate a subclass of analytic and bi-univalent functions of complex order on
the open unit disk in the complex plane. Here, the Fekete-Szegd problem solved for this function class.

. . - a
Consequence, we give the upper bound estimate for the coefficient ‘ 3|

of the functions belonging to this class.
4. Conclusion
In this paper we have given the Fekete-Szeg6 inequality for a new class of analytic and bi-univalent functions.
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