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Abstract In this paper, we obtained solutions to seven nonlinear known ordinary differential equations derived
from a developed mathematical model of an HIV/AIDS. We apply Homotopy Perturbation Method to those
equations. In each of the equations, we obtain the approximate analytical solution of the equations which are
convergent in the desired domains.
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1. Introduction

In recent years, the application of the Homotopy Perturbation Method (HPM) in non-linear problems has been
developed by scientists and engineers, because this method continuously deforms the difficult problem under
study into a simple problem thereby making it easier to solve. The homotopy perturbation method was proposed
first by He in [1] and was developed and improved by [2-3]. Homotopy, is an important part of differential
topology. Actually the homotopy perturbation method is a coupling of the traditional perturbation method and
the homotopy method in topology [4]. The homotopy perturbation method (HPM) provides an approximate
analytical solution in a series form. HPM has been widely used by numerous researchers successfully for
different physical systems such as, bifurcation, asymptotology, nonlinear wave equations, oscillators with
discontinuities by [5-8], reaction-diffusion equation and heat radiation equation by [9-10] and Approximate
Solution of SIR Infectious Disease Model by [11].

2. Model Formulation and Procedures

The flow transmission parameters and variables in the model building blocks are as follows; the recruitment into
susceptible unvaccinated class, S, (t) by the parameter, . This class is divided into two components; the
susceptible unvaccinated and restricted, S, (t), and susceptible unvaccinated that use condom S, (t). These
populations are recruited by the parameter, o and (1 — o) respectively. A proportion, g of the population,
S (t) leaves into the susceptible unvaccinated who are restricted and also use condom, S, (t) and (1 — f;)A
proportion of S, (t) is recruited into S, (t), certain fraction, h of the class, S,.(t) moves to the S, (t). A
proportion leaves by (1 — f;)4 of this class goes into the S, (t) class. Another fraction, A(1 — f) leaves the
unvaccinated, restricted class that uses condom for exposed class. Fraction recruited into the infected class, I(t)
by p, from S, (t) class. Population of the full blown AIDS class is recruited from the infected class at a rate, y.
There is the disease induced death rate, d; in the full blown AIDS class. The parameter. ¢ is the campaign for
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the usage of condom and the restriction of free movement. The force of infection is denoted by o. There is
natural death rate, p in all the compartments.
The following are the corresponding model equations emanating from the assumptions

%=a—ac5u—(1—a)c5u—y5u I

Bue = 5eS, — (1= f)AS,e = hSue — HSye

= (1= 0)cS, ~ gSu ~ (1~ f)ASuy — S &)
B = B + Sur — (1= IASur = BSucr >

Bt = (1= f)ASue + (1= FIASuer + (1= f2)ASur = P1Sue — BSue

= PiSue — ¥l —ul

Yyl —dA — A ~/

dt

3.0 Basic Idea of He’s Homotopy Perturbation Method
To demonstrate the basic idea of He’s homotopy perturbation method, we consider the non linear differential
equation, [3].

Aw)—f(r)=0 reQ 2
Subject to the boundary condition of:

du
B (U’E) =0, rerl 3)
Where;

A is the general differential operator,

B is the boundary operator

f(r) ; a known analytical solution and

I" is the boundary of the domain Q , [12]

The general operator , A can be divided into two parts namely; L and N where L is linear part and N is the non
linear part. Hence (2) can therefore be written as;

Lw)+Nw)—-f@r)=0 reQ 4)
We shall now construct a homotopy V (r, p) such that

V(r,p):Q x[0,1] = R which satisfies

H(r,p) = (1 —p)[L) — L(up)] + p[L(v) + Nw) — f(r)] =0 (5)
Pef01], reQ

OR

H(r,p) = L(v) — L(up) + pL(up) + [N(v) — f(r)] =0 (6)
Where

L(uw) is the linear part

L(u) = L(v) — L(up) + pL(up) and N(u) is the non-linear part.

N(u) =pN(v)

P € [0,1] is an embedding parameter, while v, is an initial approximation of equation (2) which satisfies the
boundary conditions.

Obviously, considering equations(5) and (6), we have

H,0) = L(v) = L(up) =0 @)
Hw,1) =A(Ww) - f(r) =0 ®
The changing process of p from zero to unity is just that of V (r, p) from u, to u(r). In topology, this is called
deformation while L(v) — L(uy), A(v) — f(r) are called homotopy.

According to Homotopy perturbation method (HPM), we can first use the embedding parameter, p as a small
parameter and assume solution for equation (5) and (6) which can be expressed as;

V =vy +pv, + plu, + - 9
If we let p = 1, we will obtain an approximate solution of equation (9) as

A
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U=lim, ,,v=vy+v; +v, +

Equation (10) is the analytical solution of (2) by homotopy perturbation method.
He (2003), (2006) makes the following suggestion for convergence of (10)

(10)

(1). The second derivative of N(v) wrt V must be small because parameter, p must be relatively largei.e p —» 1

(2). The norm of et must be smaller than one so that the series converge.
Considering the followmg systems of non-linear ordinary differential equations in (1)

We let,
k=0 —o0)c, k3= (k;+oc+uw), ky =1 - f1)A,
ks = (ks +h+p), ke = A= f2)A ky = (ke + g + 1),

ke =1 —=f)Akg= (kg +p), kip=C0p1 +w), ki1 =@ +u), ki =0+

Rewriting (1) in a more compact form we get

B = 4§ — ksS, N
dSyc
ot = O'C.Su - kssuc
dSyr
Tt = kaSy — k7Sur
dsucr >
dt h'suc + 9Sur — k 9Sucr
dSye
dt = k4Suc + kBSucr + k6Sur - klOSue
dl
= p1Sue — k11l

dA = y[ kle J

We now apply HPM on the system (11) by assuming the solution as;
N

S, =1y + Pr; + P?r, +
Sue = to + Pty + P%t, +
Sur = g + Puy +p*y, +
Suer = Vo + Pvy + P?v, + - >
Sue =Wy + Pwy + P?w, +

I =xy+ Pxq + P?x, + -
A=Yyy+Py + Py, + - J

From the first equation of (11),

dsy
7= a—kgSu s

The linear part is

ds . .
d—t“ = 0 and the non-linear part is

a — ki3S,

We now apply HPM

= (1-P)2t +p[‘ﬁ—a+k35 ] =0

Expanding, this gives
%%—P“%Hﬂ&—Pm—k§J=o

=2 pa—ksS,) =0

:%—Pa+Pk35 =0

Substituting the first and second equations of (12) into (13) gives
(ro + Pr{ + P*ry + -+ +) — Pa + Pks(ry + Pry + P?ry + )
Collecting the coefficient of powers of P, we have;

P%ry =0

Phiri —a+ksry =0

Piry—a+ksr =0

W
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Similarly we have;

Pty =0

Pl:it; —ocry + ksty =0 (15)
Pty —ocry + kst; =0

P%uy =0

Pl:uy — ko1 + koug =0 } (16)
P2:uy —kyry + kou; =0

P% v, =0

PLivi — hty — gug + kovy = 0 17)
P%vy, —ht; — guy + kgvy =0

Po:wy =0

Pliw, — kyty — kgttg — kv + kyowo = 0 (18)
P2:iw, — kyty — kguy — kgvy + kyowy = 0

Plxy =0

Plix; — powy + ky1xg =0 (19)
P2ix, — powy + k% =0

P%y, =0

Phiy; —yxo + kizyo = 0 (20)

P2y, —yxy +kypyr = 0
From the first equation of (14),

T,=0

=9

=dry=0

Integrating gives us

fdro = Su0

“1y=dy

Where d; is constant of integration. Applying the initial condition we have

15(0) = Syo

= d; = Sy

“ 1y = Syo (21)
Similarly, we have that;

“ o = Suco (22)
Uy = Syro (23)
= Vo = Syero (24)
S Wy = Syeo (25)
sxg = Iy (26)
~ Yo = A (27)

From the second equation of (14),
n—a+ksry =0,
rn =a—ksn

= dr = (a — kyrp)dt (28)
Substituting (21) into (28) we obtain;

dry = (a — k3S,0)dt

Integrating with respect to t, we have;

1 = (a — k3S,0)t +do

Where d, is constant of integration. Applying the initial condition we have;

S
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11(0)=0, =2dy=0
~r = (a—k3S,0)t
Similarly,
“t = (GCSuO - kSSuCO)t
U= (kZSuO - k7Sur0)t
V= (hSuCO + gSurO - k95ucr0)t
W1 = (k4Suco + k6Suro + kgSucro — K10Sue0)t
: = (P2Sue0 — k11lp)t
- }’1 = (Yl — k1240)t
From the third equation of (14),
r,—a+ksr, =0
r,=a—kn
= ddrtz =a— kyn
=>dr, = (a — kizry) dt
Substituting (29) into (36) we obtain;
dr, = [a — ks(a — k3S,0)t]dt
dry = [a — k3(a — k3S,0)]tdt
dr, = [a — ak; + k3S,,]tdt
Integrating both sides with respect to t, we have;
r, = [ — aks + k3Syo] 5 + dip
Where d;, is constant of integration. Applying the initial condition we have;
7(0)=0, =>di; =0
r, = [a@ — aks + k3S,o] 5
Similarly,

2
oty = [oca — coksSyo + k2S,00] %

2
sty = [@ = (kpks + kaks)Suo + k3S,0] 5

2
vy = [(hoc — k9)Suo — (hks + hko)Syco — (gk7 + gko)Suro + kgsucro]%

o Wy = [(ksoc + kyke)Syo — (kaks + kakig — hkg)Syco — (kek7 + kekig — gkg)Suro —

9k9)Suero + Ky Sucol o
Xy = [pakaSuco + (P2ke + p2ks)Sucro — (P2k10 + p2k11)Sueo + k12110]§
Y2 = [¥P2Sueo — (VK11 + vki2)lp + k%on]g
Substituting (21), (29) and (37) into the first equation of (12), we obtain;
Su(t) = Suo + P(@ — k3Syo)t + P2la + kES,0l
Setting p = 1, the solution (52) becomes;
Su(t) = Syo + (@ = k3Sy0)t + [a + k3 uO]_+
Similarly,
Sue (®) = S0 + (0¢Sy0 — ksSye0)t + [ocaSy — coksS,o + k2S,.0] §+
Sur (t) = Suro + (k2Suo — k7Suro)t + [—(kz2ks + kak7)Sy0 + k%SuTO]%“-

ucr (t) ucrO + (hSuCO + gSurO k‘)SucrO)t + [(hO’C - kZ.g)SuO - (hk3 + hk9)SuCO -
Z

k9 ucr 0] _+

(29)

(30)
(3D
(32)
(33)
(34)
(35)

(36)

(37

(38)
(39)
(40)

(kgkyo +
41)

(42)
(43)

(44)

(45)

(46)
(47)

(gk7 + gk9)5u‘r0 +
(48)

Sue (t) = Syeo + (k4Syco + keSuro + KgSucro — k10Se0)t + [(kaoc + kaG)SuO (kaks + kakig —

hkg)Syco — (keky + kekio — gkg)Suro — (kgkio + gko)Sucro + k105ue0]

W
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t2
1) = Ip + (P2Suc0 — ka1 l0)t + [p2kaSuco + (P2ke + P2ka)Sucro — (Pakro + P2k11)Suco + ki lo] to

(50)

2
A(t) = Ag + (rlo — ki2A0)t + [YP2Sueo — (Ykin + vki2)lo + k%on]t;er (D
Hence, equations (45) to (51) are our model equations in HPM.

4. Conclusion

In this paper, we solved some nonlinear time dependent ordinary differential equations using Homotopy
Perturbation Method. We considered eight systems of nonlinear ordinary differential equations arising from the
developed mathematical model. We applied He’s same structure in handling the model equations when applying
homotopy perturbation method, HPM and obtained approximate analytical solutions. The result entails the
efficiency of homotopy perturbation method in solving nonlinear equations.
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