Available online www.jsaer.com

Journal of Scientific and Engineering Research, 2020, 7(6):45-56

s N ) i
% ; ..,{ﬁ\‘ ISSN: 2394-2630

M 5 Research Article CODEN(USA): JSERBR

The Inequality for the Coefficients of the Inverse of Analytic Functions
Defined by g- Derivative

Nizami Mustafa, Semra Korkmaz

Department of Mathematics, Faculty of Science and Letters, Kafkas University, Kars, TURKEY
nizamimustafa@gmail.com Department of Mathematics, Faculty of Science and Letters, Kafkas University,
Kars, Turkey

korkmazsemra36@outlook.com

Abstract The object of the present paper is to give sharp estimates for the some initial coefficients of the inverse
of certain subclass of analytic functions defined by g-derivative operator with respect to symmetric points. In
this study, the Fekete-Szegd problem for the inverse of this function class is also examined. In addition, here
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1. Introduction

Let A represented the class of analytic functions f on the open unit disk U = {Z eC:|Z| <1} in the

complex plane in the form

f(z)=z+a,2’ +a,2° +..+a,2" +..=z+ Y a,2",a, €C. @
n=2

We denote by S the subclass of A consisting of the functions which are also univalent.

The coefficient problem of certain subclasses of analytic functions and of the inverse of certain analytic
functions are one of the important problems in the theory of analytic functions. The sharp estimates for the
coefficients of the functions belonging certain subclass of analytic functions and inverses are still an open
problem (see, for example [14, 17]).

As well known that, one of the important tools in theory of analytic functions is the functional

Hz(l)= as—ag, which is known as the Fekete-Szegd functional and one usually considers the further
generalized functional a, —,uazz, where £ is some real or complex number (see [7]). Estimating the upper

bound of ‘ag - ;ﬁzz‘ is known as the Fekete-Szego problem.

In 1969, Keogh and Merkes [13] solved the Fekete-Szegd problem for the classes starlike and convex functions.
Someone can see the Fekete-Szegd problem for the classes of starlike and convex functions of order ¢ at
special cases in the paper of Orhan et al.[19]. On the other hand, recently, Ca g lar and Aslan (see[3]) have

obtained Fekete-Szegd inequality for a subclass of bi-univalent functions. Also, Zaprawa (see [23, 24]) have
studied on Fekete-Szegd problem for some subclasses of bi-univalent functions. In special cases, they solve the
Fekete-Szegd problem for the subclasses bi-starlike and bi-convex functions of order ¢ .
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It is well-known that, the upper bound of the expression |H2(2] = ‘aza4 —a,f‘ is one important problem in
theory of analytic functions. Recently, the upper bound of |H2(2] = ‘aza4 —a,f‘ for the bi-starlike and bi-

convex functions classes S; (a) and C, (a) were obtained by Deniz et al.[5]. Very soon, Orhan et al. [20]

reviwed the study on the bound of the second Hankel determinant for the subclass MZ“(,B) of bi-univalent
functions.

It is well known that (see, for example, [8]) every function f € S has an inverse function f  defined in the
1
disk D = {W: W < r,(f )}, r(f)> i follows
fH(w)=w+ AW + AW + AW +...,we D,
A, =—a,, A =2a; —a;, A, = -5a, +5a,a, - a,
For m e N, we define the m th Hankel determinant of the inverse f ™ of the function f €S as follows:

A Auna
AHm—l A1+2m—2
The functional ﬁz(l) =A - A22 we will call Fekete-Szegd functional and one usually considers the further

generalized functional ﬁz(l) =A —,uA22 of inverse f * of the function f €S, where 4 is some real or

complex number. Estimating the upper bound of ‘As —,quz‘ we will say the Fekete-Szegd problem for the
inverse function.
Also, we define by ﬁz(Z) = A A, — Al second Hankel determinant of inverse f ~* of the function f €S .

Incomplete bound estimates for the coefficients A,, A, and A, were given in [4] for « logarithmically

convex function class. Very soon by D. K. Thomas [22] were given the complete solution of this problem for a
subclass of analytic functions.

Also, in [22] Thomas gives the sharp estimates for the some initial coefficients of the inverse of certain analytic
functions.

In this study, we will examine coefficient bound estimates, Fekete-Szegd problem and upper bound estimate for

‘ﬁz(ZX = ‘AZA4 - Aaz‘ of the inverse for a new subclass of analytic functions.

Now, let us give some preliminary information that we need throughout the study.
In the fundamental paper [12] by Jackson introduced ( — derivative operator of a function f asfollows

f@=ta) ;L
D,f(2)=¢ (1-0)z ’ '
£, if z=0

for g (0,1)
The q— derivative operator used to investigate several subclasses of analytic functions in different ways by
many researchers. In [2] by using the properties of the ¢ — derivative shown that ¢ — Sz&sz Mirakyan operators

are convex if the function involved is convex, generalizing well known results for ¢ =1. Moreover, in [2]
shown that q — derivatives of these operators converge to ( — derivatives of approximated functions. The effect
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of the q — derivative functions operator on the generalized hypergeometric series r(ps(ai,...ar;bl,...bs;q, Z)

with respect to parameters a,...a,;b,,...0, are discussed in [11].

For the function f e A given by (1), we can easily show that

D, f(2) =1+ [n},a,z"",
n=2

where [n]q = .

1- q g1

It follows from (4) that lim D, f (z) = f'(2).
gl

Let S be the subclass of S consisting of the functions f given by (1) satisfying the condition

Re[MJ >0,zeU.
f(2)-f(-2)

=12 g for qe(0,1). Itis clear that [O]q =0, [1]q =1and lim[n], =n.

Similarly identifiable, S:(a) the subclass of S consisting of the functions given by (1) satisfying the

condition

Re M >a,zeU
f(2)-1(-2)
for o €[0,1).
Itis clear that S ()= S for az €[0,1).
In [9] by Goel and Mehrok introduced a subclass of SS* as follows
S:(AB)={feS: 22t 1) 1+/Mz
f(z)-f(-z) 1+Bz

Inspired by the studies mentioned above, we introduce the following function class.

ZeU},—lSB< A<l

Definition 1 A function f € S given by (1) is said to be in the class S;’S(a),q € (0,1), ae [O,l), if the

following condition is satisfied
27D, f(z
Re q—()
f(z2)-f(-2)

Remark 1 Choose ¢ =0 in the Definition 1, we have the function class S ; = S;'S(O), qe(0,2).

j>a,ZeU.

Itis clear that S ()= S; ; for & €[0,1).

Remark 2 Choose  — 1" in the Definition 1, we have function class S:(a) = lim S;,s(a)’ ae [0,1).
gl

Remark 3 Choose  —>1 and a =0 in the Definition 1, we have function class S. =S (0)

In this paper, given sharp estimates for the some initial coefficients of the inverse for the function belonging in

the subclass S;,s(“)- The Fekete-Szegd problem for the inverse of this function class is also examined. In

addition, in the study given upper bound estimate for the second Hankel determinant for the inverse of this

function class.

To prove our main results, we shall need the following lemmas concerning functions with real part (see e. g. [1,

6, 10, 15, 21]).
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Denote by P the set of functions p analytic in U with expansion p(z)=1+;°:1 p,Z" and satisfying
Rep(z)>0 for zeU.
Lemmal Let p e P, then |pn| < 2 issharp foreach N =1,2,3,...and
2p, = p; +(4-p)x,
4p, = p; +2(4— p) pix— (4 pf) pC +2(4— pf)(L-[x)w
for some complex valued X and w with |X| <land |W| <1.

Lemma2 Let p € P, then |pn| < 2 issharp foreach n=1,2,3,... and
2, if 0<v<2,
<max{2,2v—1}= {

P2=5 pl 2v-1,  elsewhere.
If V<0 or v>2, equality holds if and only if p(z)=(1+ez)/(1—ez).|e| =1.

If 0 <v <2 then equality holds if and only if p(Z)Z (1+ 5‘22)/(1—822). |€| =1.

For V = 0 equality holds if and only if

l-az

e o A2 aeajd=1.

p(z):= ATt

For u =2, equality holds if and only if p is the reciprocal of p,.
Lemma3 Let p e P, then

2, if 12[0,1],

‘ps — @+ u)p,p, +ﬂp13‘ < max{2,2|2ﬂ—]j}= {2|2y—]4 elsewhere

2. The Coefficient Inequalities for the Inverse Function
In this section, we give the following theorem on the sharp estimates for the some initial coefficients of the

inverse f * of function f belonging in the class S;’S(a).

Theorem1 Let f eS;]s(a) and f " be the inverse of the function f . Then,

<22 <22

5(1_a)[4]q i
(l a) 1+4W—ﬂ |f0.’€[ai,a2];
AT 51 a4
4 |2,u—1|+4Tq_,U ifae[oll]/[ai’aZ]’

e =l L) BLBL L ) el

1—
a, =1—T. The inequalities obtained for |A2| and |A3| are sharp.

Proof. Assume that f € S;]S(a), ae [O,l), ge (0,1) and f " be the inverse of the function f . Then,

S
)

)

=

7 Journal of Scientific and Engineering Research

48



Mustafa N & Korkmaz S Journal of Scientific and Engineering Research, 2020, 7(6):45-56

22D, f (2)
Re| ————|>a,z€U;
f(z)-f(-2)
that is,
22D, f (z

q—():a+(1—06)p(2),Z€U )

f(z)-f(-2)
where p e P.
By simple computation from (5), we have

247, [n}a,2" = (z +°, a2nflz“Xa + (1—04)(1+;°:1 p,z" )) (6)

As a result of simple simplification from (6) comparing the coefficients of the like power of Z in the both sides,
we get

[2]q a, = (1_ a)pl’ [3]qa3 =3 _(1_a)p2’[4]q a, = (1—0()(p3 +a3p1);
that is,

a:l__a,azl_ap'a:l__ap_{_(_—a)pp_ (7)
2 [z]q 1 3 [3]q -1 2 4 [4]q 3 1M2

Also, from (2) for the initial three coefficients of the inverse function f 1 we have
A, = -8, A = 2a; —a,, A, = -5a; +5a,3; 4, ©)
In this case, the inequality for |A2| is obvious on using the first equality of (7) and applying the inequality for

|a2| obtained in [[16], Theorem 1].

By replace @, and a, with expressions in (7) in the second equality (8), for A, we write the following
expression
A = 20-a) 0? l-a b
- 2 1 2¢
[2] 3], -1

q

From this for |A3| , We write

_1-a| 2Bl -1a-a) |
MR P
that is,
_ 1—C¥ V 2
|&| - [3]q 1 2 E pl '

with v = 4([3], ~1)1-a V[2}.
Since 4([3]q —1Xl—a)/[2]§ <2 for each q € (0,1) and o € [0,1), applying Lemma 2 easily gives desired

inequality for |A3| :

Using (7) and third equality of (8), we can write the expression for A, as

1—“{p3_<1—a><s[41q—[z1q> s~ af 4] }

A= PPt P
A EE e P

that is,
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A, = —1[4—]ﬂpg —(U+ 1)p,p, + s +[%—ﬂ}rﬁ]’
with = l(l_ 05)(5[4](] - [Z]q ) - [2]q ([3]q _1)J/ [Z]q ([3]q _1)

since 1e[0,1] for a €la,,a,] and 1 [0,1] for & €[0,1)[a,,a,] for every qe(0,1), using firstly
triangle inequality, then applying Lemma 3 gives the following inequality

5(1 - a)[4]q

A< 20-2) TR el
[4]q |2,u—1|+4%_“ ifaG[O,l]/[EHvazl
where
—1_M and a :1_1—_31.
2 2

o, =
' 5[4]q - [2]q
Thus, the required inequalities for |A2| |A3| and |A4| are proved.

Note that equality is attained in the inequality for |A2| and |A3| , respectively, when p, =2 and

p,=0=p,-
Thus, the proof of Theorem 1 is completed.
From the Theorem 1, we arrive at the following results.

Corollary 1 Let f €S; and f ™ be the inverse of the function f . Then,
20[4], +[2f
Al<——,|Al<—— and |A,|< | by ——F—— |,

4
where £t = l5[4]q — [Z]q [3]qJ/ q([3 — ) Al the inequalities obtained here are sharp.

Corollary 2 Let f €S (ar) and ™ be the inverse of the function f . Then,
|A|<1-a,n=23and

10-17a if a e O,%}
1- 2+3a ifa (l §j,
A<= 5 7
8a-3 Iifa [— —},
99
7
17¢-10 if e [5,1J

The inequalities obtained for |A2| and |A3| here are sharp.

Corollary 3 Let f €S and ™ be the inverse of the function f . Then,
|A,|<1,n=23and|A,|<5.

The inequalities obtained for |A2| and |A3| here are sharp.
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3. The Fekete-Szego Problem for the function class S;’S(a)
In this section, we will prove the following theorem on the Fekete-Szegd problem of the inverse of the function
fe S;,s(a)'
Theorem 2 Let the function f given by (1) be in the class S;‘S(a), f ! be the inverse of the function f
and 1 € C. Then,
if [z +k(cr)
1 S
2(3—05) " 2(-a)[2],-1)

B | og-alfe), 1) 1etaa-ifz) -0 )

- [2],
‘ 2], g [2], | 2 21-a)[2],-1)’
1+ (4 -3)(2], -1)

20-a)[2],-1)

Proof. Let f e S;]S(a),q €(0,1), @ <[0,1) f* bethe inverse of the function f and z € C.

ITHE

where K(cr) =

Using firstly the equality (8), then the expression for the coefficients @, and @, from the first and second

_l-a (1_a)([3]q _1) 2
a; = [3]q _1|: [2]2 (Z_ﬂ)pl =P, | )

q

equality of (7), we find

A —uhy =(2- pa; -

1
Substituting the expression == |p2+(4— p? x| from Lemma 1, in (9) and using triangle inequality,
P, 5 P, Py

putting t = | pl|, |X| =1, we can easily obtain that

\Ag—yA;\sﬂg%l)[dl<t>+dz<t>n1:w<n>, (10

where
(1 o )([3]q 1)

q

t> > 0andd,(t)=4-t*>0.

di(t)=

It is clear that the maximum of the function lI’(I]) occurs at 77 =1. Therefore,

1—
\P(U)S max{\P(n): ne [011]} = \P(l) = 5 [3] Oil [dl(t)+ dz(t)]- (11)
g
Let us define the function H :[0,2] - R as follows
H(t)=d,(t)+d,(t) (12)
Substituting the value dl(t) and dz(t) in (12), we obtain
H(t)=C(a,q, u)t* +4, (13)
where
Mi‘l\\; Journal of Scientific and Engineering Research
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Cla 0, u)=

21-a)[3], -1) %

1 1 (2-pu)-1
[2;

It is clear that the function H(t) is an increasing function if C(a,q,,u)ZO and decreasing function if

C(a,q,y)SO.

Therefore,

H () < max(H ()t <(0.2)) = {40(“"1 upea EEZZ z;ig W)

From (10)-(14), we obtain the following inequality for ‘AS —,uAZZ‘
21-«) [Cla,q,1)+1 if Cle,q,p)>
[3], -1 1 if Ca,q, 1)<

This completes the proof of Theorem 2.
From the Theorem 2, we obtain the following results.

Corollary 4 Let the function f given by (1) be in the class 3;,5 , £ be the inverse of the function f and

€ C. Then,
B
- ] < 2 1 " A, Ty
- [3]q -1 |2([2]q _1)’u_+_ 1_3([2]q _1)| if |ﬂ+ k| > [Z]q
‘ [2]q [2]q ‘ 2 [z]q -1

Corollary 5 Let the function f given by (1) be in the class S:(a) , T be the inverse of the function f

and 1 €C. Then,

1 if ‘wz"‘_lsi,

A - il <(1-a zl_fl 1_1a
|(1—a),u+(2a—1] if |+ . P

l-a| l-a

Corollary 6 Let the function f given by (1) beintheclass S; , f ™ be the inverse of the function f and
1€ C. Then,
) 1 if ju-12>1,
A _%‘S{Iﬂ—ﬂ f |I/in <1,
In the case £ € R, Theorem 2 can be given as follows.
Theorem 3 Let the function f given by (1) be in the class S;VS(a) , T be the inverse of the function f

and ¢ €R. Then,

S
)

)

A
)
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‘Ag_ﬂA;‘gz(l _“ <u<2, (15)

Proof. Let f e S;’S(a), ge (0,1), A= [0,1), f 7 be the inverse of the function f and 1R Then,.
From (2.4) and (2.3), we find that

» _l-«a 1 a)( ) 2 .
A —ph, = []q 1|: [2]2 (Z_ﬂ)pl_pz},

that is,

As—ﬂA§=éﬁfl{—(pz—%pfﬂ (16)
with v = 2(2 - ufL—a (3], ~L)[2F

Using Lemma 2 to equality (16), we obtain the following inequality for ‘Ag —,uAQZ‘
2—u)l- 2], -1
1 it o< -1,

[2] o
- ] < 25 . Y
%22 /J)(l[z] )([2] )_4 if (2 /J)(l[z]q)([z]q 1)u¢[0,1]
This completes the proof of the inequality (15).

Now, let’s see that obtained result is sharp.
Really, as seen from Lemma 2 the result is sharp for the function , which satisfies following condition

2:D,f(2) _ ~ _1+(1-2a)e
m—aJr(l a)li)(z)——l_éz

(1-2a)(2],-1)-1

,|g|:1

if 1< or 4> 2 and for the function f , which satisfies following condition
1-a)f2],-1)
2:D,f(z) _ _1+(-2a)2® | _
f- g @ el =
(1—20{)([2]q _1)_1 <pu<2.

if
(1_a)([2]q _1)
For u=2,
22D, f(2) :/11+52 +(1_l)1—82
f(z2)-f(-2) 1-¢ez 1+e&z

(1_2a)([2]q _1)_1 . . . . .
For = , equality holds if and only if p is the reciprocal of P, .
1-a)(2],-1)

= p,(z), A[0,1] |¢] =1

Thus, the proof of Theorem 3 is completed.

)

R

s;
A
=/
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Notation 1 It should be noted that Theorem 3 could also be given as a direct result of Theorem 2. But, here we
give shorter proof in the case e€R.
Choose =0 in Theorem 3, we obtain the following inequality for |A3| , which confirm the inequality

obtained in Theorem1 and Corollaries 1,2 and 3, respectively.
Corollary 7 The following inequalities are provided:

If fe S;’S(a) then,

20— a)
Al < .
| | [3]q -1
If feS, then,
2
A< :
| | [3]q -1
If feS:(a) then,
A <1-a.
If feS, then,
A <1.

4. The Second Hankel Determinant of the function class S;s(a)
In this section, we prove the following theorem on upper bound of the second Hankel determinant for the

inverse of the function f €S, ().

Theorem 4 Let the function f given by (1) be in the class S;’S (a) , T be the inverse of the function f .

Then,

RO L R R
2L |4k (3, -1y
Proof. Assume that f € S;,s(a)’ q<(0,1), €[0,1) and ™ be the inverse of the function f . Then, from
the equality (8) and (7) we have

AA A =al(a] -a,)+ (a8, -a})
Using triangle inequality, then applying inequality obtained for |a2| in the Theorem 1, inequality obtained for
‘a3 —azz‘ in the Theorem 3 (when g =1) and inequality obtained for ‘a2a4 —ag‘ in the Theorem 4 in the

paper [16] to the last equality, we obtain

e M-af 21-a) 4l-af . [2],[4], |
AA - A< 2] {1 ( )2}

L BL-t RLEL | (L -

a)z |: 1 n [2]q + 2([2]q _1X1_a)i|
[4]q ([S]q _1)2 l

that is,

BVPL S
A~ A< 2]

Thus, the proof of Theorem 4 is completed.

q
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From the Theorem 4, we obtain the following results.
Corollary 8 Let the function f given by (1) be in the class S;,s and f " be the inverse of the function f .
Then,
411 32],-2
A A, — A< + o :
AR R B L o

Corollary 9 Let the function f given by (1) be in the class S:(a) and f " be the inverse of the function f .

Then,

\A2A4—A§\s@(5—2a).

Corollary 10 Let the function f given by (1) be in the class Ss*(a) and f ! be the inverse of the function f .

Then,

5
‘A2A4_A32‘SE
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