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Abstract In this paper, we introduce and investigate a subclass of analytic and bi-univalent functions of
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1. Introduction

Let A be the class of analytic functions in the form

f(z)=z+a,2° +a,2° +..+8,2" +..=z+ Y a,2" 4, €C, [N

n=2
which are analytic in the open unit disk U = {Z eC: |Z| < l}.

We denote by S the subclass of A consisting of functions which are also univalent in. Some of the important
subclass of S is the class R(cr, 3) defined by

Ra, f)= {f €S Re(f (2)+ pef (z))> a,zeU }a[o,l),ﬂ >0,
Gao and Zhou [9] investigated and showed some mapping properties of this class iR(a, ,B)

In the special case, we have subclass ‘.R(ﬁ) defined by

R(B) = {f es: Re(f'(z)+ﬂzf ' (z))> o,zGU}ﬂzo
fora =0.
Early, by Alinta$S et al. [1] were investigated a subclass iR(a,,B,z') of analytic and bi-univalent functions

consisting of function f T which satisfied the condition

Ut @t )1

Here T is the subclass of A consisting of the functions f in the form

<a,pel01]ac(01reC =C-{0},zeU.
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f(z2)=z-a,2°-a,2°~...—a

n - n
2"—..=z-Yaz"a >0.
n=2
Altinta$S et al. [1] found necessary and sufficient conditions for the functions belonging to this class.

It is well-known that (see, for example, [6]) every function f € S has an inverse f ~ which is defined by

f4(w)= w—a,w’ +(2a2 —a, W° — (52 —5a,a, +a, W* +...,
weD={w:w<r(f)) ro(f)zi.

A function f € A is said to be bi-univalent in U if both f and f ' are univalent. We denote by T the

subclass of bi-univalent functions in U given by (1).
In 1967, Lewin[14] showed that for every function of the form (1) the second coefficient satisfies the estimate

|a2| <1.51. In 1967, Brannan and Clunie [2] conjectured that |a2| <2 for f €X. In 1984, Tan [21]

obtained the bound for |a2|, namely, taht |a2| <1.485, which is the best known estimate for functions in the
class X . In 1985, Kedzierawski [12] proved the Brannan-Clunie conjecture for bi-starlike functions. Brannan
and Taha [3] obtained estimates on the initial two coefficients |a2| and |a3| for the functions in the classes of

bi-starlike and bi-convex functions of order o, @ € [0,1).

The study of bi-univalent functions was revived, in recently years by Srivastava et al. [19] and a considerably
large number of sequels to the work of Srivastava et al. [18] have appeared in the literature. In particular, several

results on coefficient estimates for the initial three coefficients |a2|,|a3| and |a4| were proved for various

subclasses of X (see, for example, [4, 7, 11, 16, 19, 20, 22, 23]).
Recently, Deniz [5] and Kumar et al. [13] both extended and improved the results of Brannan and Taha [3] by
generalizing their classes by means of the principle of subordination between analytic functions.

Despite the numerous studies mentioned above, the problem of estimating the coefficients |an|(n = 2,3,...) for

the general class functions X is still open (see also [20] in this connection).
Motivated by the aforementioned works, we define a new subclass of bi-univalent functions X as follows.

Definition 1 A function f € Z given by (1) is said to be in the class I (a,ﬂ, z') if the following conditions
are satisfied

Re{1+1 [f (2)+ pef (z)—1]} >a,reC =C—{0}e0,1),820,zeU
T
and

Re{1+%[g' (W)+ g (W)—l]} >a,reC =C—{0}, 0 e[0,1),#>0,we D

where the function g = f .

Remark 1 Choose 7 =1 in the Definition 1, we have function class

So(a, f1)=Hy(a, B). 2 €[0,1), >0 ; that s,
f eH, (o f) = Relf (2)+ et (2))>a,zeU

and

Re(g' (W)+ pwg (w))> a,weD

where g = f .
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Remark 2 Choose £ = 0 in the Definition 1, we have function class Sz(a,O, r), oe [O,l), 7eC" ; thatis,
1 [,
fe3,(a,07)= Re{1+— f (z)—l]} >a,zeU
oL

and

Re{1+1[g' (w)-1[t >a,weD
. .
where g = .

Remark 3 Choose £ = 0,7 =1 in the Definition 1, we have function class
3, (,0,1) = Ry (,0), @ €[0,1) ; that s,
f eR,(a,0)= Re(f | (z))> a,zeU
and
Re(g' (w))> a,weD

where g = f .

Remark 4 Choose /3 =1 in the Definition 1, we have function class I, (e,1,7), €[0,1),7 € C" ; that is
fes(alr)e Re{l+l[f (@)t (z)—l]} s a.zeU
and j
Re{1+%[g' (W)+wg (W)—l]} >a,we D,

where g = .

Remark 5 Choose 5 =1,7 =1 in the Definition 1, we have function class 3 (a,l,l) = SRE(a,l), ae [0,1)
; that is,
feR,(a,]) = Re(f (2)+2f (z))> a,zeU
and
Relg (w)+ Awg (w))> ar,we D
where g = f .
Recently, the class S(a, £, T) were investigated by Mustafa et al. [15]. They give the sufficient, and sufficient

and necessary conditions for the functions belong to this class. Also, they find the upper bound estimates for the
some initial coefficients of the functions belonging to this class and its special cases.

The class 3. (a,O,l) =R, (a,O) = Nz(a) were investigated by Srivastava et al. [19].
Recently, by Frasin [8] investigated subclass Sz(a,ﬂ,l)Z Hz(a,ﬂ),ae[O,l), £ >0 with condition

n-1
2(1—0{)::1 ( ) 1 <1. He found estimates on two first coefficients for the functions in this class.
+

=
(f\.:'l—\\
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The object of the present paper is to find the upper bound estimates for three initial coefficients |a2|,|a3| and

|a4| of the functions belonging to the class 3. (a,ﬂ, r) and its special cases.

To prove our main results, we need require the following lemmas.

Lemma 1 (See, for example, [17]) If p € P, then the estimates |pn| <2,n=1,23,... are sharp, where P
is the family of all functions p , analyticin U for which p(O) =1 and Re( p(z)) >0,z€U and
p(z)=1+p,z+ p,2% +...z€U. @)

Lemma 2 (See, for example,[10]) If the function p € P is given by the series (2), then
2p, = p; + (4= po)x,
4p, = p} +2(4— p) pix—(4- pl) pyx° +2(4— pf)(L—[xw

for some X and z with |X|S1 and |Z|Sl.

2. Coefficient bound estimates for the function class 3 (a, B, T)
In this section, we prove the following theorem on upper bound estimates for the initial three coefficients of the
function belonging to the class Sz(a,ﬂ, r).

Theorem 1 Let the function f given by (1) be in the class 3 (a,ﬂ, T). Then,

l a)r| ifir] (0,7
| | l a)|r|| | (3(1+)~2|ﬂ|) '|| ('o),
? % 1-a Ve )
(1+ ,8)2 if |r| > 7,
where 7, = 2(1+ﬂ)2
° 3M-a)i+2p)
Also,
la,| <hy(a, B oks +2hy (e, B, 7 ) +hy(e, B, 7),
where
(1-a)d 5(1—a )|’
e )= hlen o) g oy M PO St g o,
(-2l 6(L+ B)1+2)

e 8= ) = S 3)+ 0L A 25

Proof. Let f eﬁz(a,ﬂ,r),ae[O,l),,BZO,TeC and g = £t

Then,

121 @t @)1 0 0ol ?
and T

125 e g )1} 0 ¢
{'*i)I‘LP\TE Journal of Scientific and Engineering Research
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where functions p(z) =1+ p,z+ p,2° +... and q(W) =1+Q,W+Q,W +... are in the class P .

Comparing the coefficients in (3) and (4), we have
_l-a) _l-a) _l-a)

%= 2(1+ ) P8 = 3(1+2p) P8 = 4(1+3p) P ©
and
_tll-a) r(l-a) 3 r(l-a)
— , — = 1_5 5 — =
2 (l ﬂ) ql a3 3(1+ zﬂ) q2 a2 + a2a3 a‘4 4(1+3ﬂ) 3 (6)
From the first equality of (5) and (6), we find that
r(l-a) (1 a)
S PiT &= G\ P, =~ ) )
2(l+ﬂ) 1 2 (1 ﬂ) l( l)
Also, from the second equality of (5) and (6), considering (7), we get
*l-af , tl-a)
= -, ) 8
= 2 g +6(1+2ﬂ)(p2 d, ) (®)
Subtracting the third equality of (6) from the third equality of (5) and considering (7), we can easily obtain that
Y ) N P P el NP ©
Y241+ pYa+2p) T P 8(143p8) 0 ¢
In view of Lemma 2, since (see (7)) P, = —0; , we can write
_4A-p
P, =0, =— = (x-) (10)
and
2 2
D, —0, = 21 Py (42— pl)(x+ y)- p1(4; pr) (Xz N yz) 1)
4_ 2
+Tp1[(1—|x|2)z —(1—|y|2)w]
for some X,y and z, W with |X| £1,|y| £1,|Z| <1 and |W| <1.
Since |pl| <2, we may assume without any restriction that t € [0,2], where t = | p1|.
From (7), we easily see that
la,| < ekl i 2]
201+ p)
that is,
la,| < L-a)] (12)
1+ 4
Substituting the expression (10) in (8) and using triangle inequality, taking |X| = §,|y| =1, we can easily see
that
8| <C, (NS +1)+C, ()= F (&), (13)
where
c,(t)= (-a)dfa—t )ZO,CZ(t)= %tz >0,te[0,2]
12(1+2p) @+ )
K/‘I\?\: Journal of Scientific and Engineering Research
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Itis clear that the maximum of the function F(&,7) occurs at (£,7)=(1,1). Therefore,
F(& )< max{F(£n): & €[0.1]} = F(1,2)= 2C,(t)+ C, (¢). (14)
Define the function G :[0,2] =R as follows
G(t)=2C,(t)+C,(t) (15)
for fixed value of 7€ C".
Substituting the value Cl(t) and C, (t) in (15), we obtain

G(t)= Ale, B, 72 +B(a, B, 7),

(1_0‘)2|T|2 Dd_ 2(1+,3)2
1-a)1+2p

where

)}, B(a, p,7)=

Now, we must investigate the maximum of the function G(t) in the interval [0,2].
By simple computation, we can easily show that

G (t)= Aler, B 7).
It is clear that G‘(t)<0 if A(a,,B,r)<0; that is, the function G(t) is a decreasing function if

21+ g)
7] €(0,7,), where 7, = 3(1—(05)(lﬂ+)2ﬁ)'
Therefore,
2(1—a)|r|
G(t)< G(t):tel0,2[;=G(0)=2C,(0)= .
(< max{a():t<[o2]}=6(0)=2¢,0)= 3 5 5 0o
Also, G (t) >0 if |T| 2 7, ; that is, the function G(t) is an increasing function for |T| 27,.
Therefore,
(1—05)2|z'|2
G(t)< max{G(t):t €[0,2]}= G(2) = 2C,(2) = — ;. (17)
(L+5)
Substituting the expressions (10) and (11) in (9) and using triangle inequality, putting |X| = §,|y| =G, we can
easily see that
o e (tNg? +¢2)+ o, (NS +6)+cs(t) = 9(C5) (18)

where
_(-a)a-t?)t-2)]
s)= 203p)
o (0)= (- Ya—t2)elt[Ble|1—a Y1+ 3B)+ 31+ A1+ 28)]
= 48(L+ AL+ 28)1+35)
G(t)= 1(;(1ﬁ;|) (° -2t +8)>0,te[0,2]
Now, we need to maximize the function ¢(§, g) on the closed square 2 = {(é’, g); Cice [0’1]}.

>0,

P »':‘_‘
TR

)I\ \

Q‘\
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Since the coefficients Cl(t), Cz(t) and C3(t) of the function ¢(§,g) is dependent to variable t, we must
investigate the maximum of ¢(g“ , g) respect to t taking into account these cases t =0,t =2 and t € (0,2).
Letus t =0. Then, we write

1 a)|z'| 1—a)|z'|

41+3p) 21+3p)

In this case, we will examine the maximum of the function ¢(é’,g) taking into account the sing of

AC6)=¢. (o) (¢.0)-[p. (o)

By simple computation, we can easily see that

#¢og)=- (c2+¢%)+

4.(¢c)=- 51(11“31;')4, 4.(¢c)=- 3(11“3);')?
and
6.(£6)=¢.(¢.6)=0,4.(¢6)=6.(C.c)=- gl(l_+a3)|;|),(é,g)e Q
Thus,

A(é,mgo): [21_4-0{3];)} >0and ¢§"§(§0’g0)<

that is, (£, &, ) is a maximum point for the function (<, <), where (£, ¢, )= (0,0). Therefore, in the case
t=0

) _ : (1—05]2'|
#ewg)=max{(¢ic): ¢ e [0t =4l0.0)= o5 o (19)
For t = 2, the function ¢(é’, g) is a constant function as follows
_ A-a)d
¢(§’ g) % (2) (1+ 3,3) (20)

In the case t € (0,2), we will examine the maximum of the function ¢(§ g) taking into account the sign of

A¢.)= 9. () (C6)-p. (o)

By simple computation, we can easily see that

¢;(§'§) = 2C1(t)é’+C2(t), ¢;(§!g): 2C1(t)§+cz(t)

and
$.(¢.6)=0.(5.5)=0
#:(£.6)= 4.0 0) =2t g)e0
Thus (é’o,go), where &, =g, ((tt)) is likely a critical point of the function ¢(§’ g) We can easily
show that (g”o,go)eQ; that is, lt) <1 for t<t,, where t, = 61+ pYL+25)

2¢,(t) ° 5(1-a)d1+38)+6(1+B)1+28)
It can easily be see that t, <1. Therefore, the function $(<,¢) cannot have a critical point for t & (t,,2).

Hence, we must investigate the maximum of the function ¢(é’, g) forte (O,to] notfor t € (0,2). Since

p ‘\\‘
l Journal of Scientific and Engineering Research
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A(go’go): 4C12(t) > Oand@;; (5@): ch(t)< 0,

(4’0 , go) is @ maximum point for the function ¢(é’ g). Therefore,

c(t)

2¢, (t

#¢.c)<smax{($.¢): .5 €[0,1] = 6(¢0.50) = cylt)-

N—"

Let the function H : (O,to]—> R defined as follows

H(t) = c,(t)- c:(t). (21)

26,(t)

Substituting the value Cl(t), Cz(t) and C3(t) and in (21), we write

H(t)= h(e, B, 7 +2h, (e, B, 7 X% +hy(ax, B.7),

where
h(a, B,7)= hz(a,ﬂ,r)+§1_+—0;)';|),
3 5(1—a)2|f|2 3 (1—alr|
(e 5.7)= 24(L+ pY1+25), ol 7)= 20+35)

By simple computation, we have
H (t)=[3h (e, 8, 7)e+ 4h, (@, 4. 7))
since h(a,8,7)>0 and h,(a, B,7)>0 for each « 6(0,1),ﬁ20,|f| >0, then H'(t)> 0. So, the

function H (t) is an increasing function on (0, t,].

Therefore,
max{H(t):te(0,t,]}= H(t,) = (e, B,2)5 +hyla, B,2)S +hy(a, B.7) (22)
Thus, inthe case t (0,2), we have
|a4|3h1(a’ﬂ! r)t§+h2(a,,6’,r)t§+h3(a,,8,z'). (23)
It is clear that
(1—alr|

[hl(a’ﬂ’ T)[o + 2h2(05,,6’,1')]t§ + h3(a,ﬂ,2') > hs(a,,b',r) =

Consequently, inequality (23) is satisfied for all t € [0,2].
Thus, from (12), (16), (17) and (23) the proof of Theorem 1 is completed.
In the special cases from Theorem 1, we arrive at the following results.

Corollary 1 Let the function f given by (1) be in the class 3 (a,ﬂ,l)Z Hz(a,ﬂ). Then,

2(1+3p)

L-af .
if ael0,a)
|a2|§;l'-__a, a3|§ g-d—ﬂ)z) 0
+p LT a e (a,.1)
31+2p)
2
where o, =1— 21+ p) :
3(1+2p)
t’/@\\ Journal of Scientific and Engineering Research
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Also,

la,| <hy(a, B)s + 20, (e, B); + (. B),

where

_ l1-a _ S1-af
(e )=yl f)+ 8(1+3,B)’h2(a"8)_ 24(L+ pYL+28Y,

_ e 6(1+ B)1+2p)
21+38)"° 51-a)1+38)+6(1+B)1+2p)

Corollary 2 Let the function f given by (1 be in the class (a 0, r) Then,

l-a)r| .
la,| < L-a )] |ay| < : 3 i if|z] < (0,7,)
(1—a)2|f|2 if |7 > 7,
where 7, :L_
31-a)
Also,

la |<(1—06XT| {1+[ (- a]r|+3][25(1 Q) |r| +60(1— 06)|T|+18]}
s B—a+o]

Corollary 3 Let the function f given by (1) be in the class 3y (e,0,1) = Ry (,0) = Ny ().
Then,

(l—a)2 if 6‘:0,%}
la,|<1-afay| <
M if o e(l,lj,
3 3

and

a a6 50)(25a ~110a+103) |
4 2 (11-5a)°

Corollary 4 Let the function f given by (1) be in the class 3y (a 1 r). Then,
1 a)|r|

| | )M < if [/ €(0,7,),
a, 4 =
M |f|z—| > TO’
4
where 7, 8
0
1-a)
Also
SR
‘7@\\ Journal of Scientific and Engineering Research
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(-a)d [, Boc-ad+ 9J5001— cr o +180(1— cr )] +81]
8 45(L- )| +Of '

Corollary 5 Let the function f given by (1) be in the class 32(0{,1,1) =R, (a,l).

Then,

and

@ if ae [O,%},
ta) i, [1,)

2 lay| <

l-a], . (19-10)(50c* — 280cr +311)
414 -5a) '

3. Results and Discussion

In this paper, was introduced a new subclass SZ (Oc, £, T) of the analytic functions on the open unit disk in the

complex plane. The various geometric properties of the functions belonging to these classes have examined.
Also, sharp inequalities for the coefficient bound estimates for the functions belonging to these classes are

given.
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