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Abstract In this paper, the concepts of interval valued ),( kq -anti fuzzy fantastic ideals in BCH-algebras 
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1. Introduction 

The concept of a BCH-algebra was introduced by Hu and Li [9] and gave examples of proper BCH-algebras 

[10]. In [22], Saeid et al. initiated notion of fantastic in a BCH-algebra and studied its properties (see [27]). The 

fundamental concept of fuzzy set given by Zadeh in his pioneering paper [24], of 1965 provides a natural 

framework for generalizing some of the basic notions of algebra. Extensive applications of fuzzy set theory have 

been found in various fields, for example, artificial intelligence, computer science, control engineering, expert 

system, management science, operation research and many others. In [1], Ahmad studied some classification of 

BCH-algebras.  

The notion of anti fuzzy subgroups of groups was introduced by Biswas [6]. In [2], Al-shehri defined the 

concept of generalized doubt fuzzy ideal in BCI-algebras and studied some of their properties.  

Rosenfeld formulated the elements of a theory of fuzzy groups [20], where he introduced the fuzzy subgroup of 

a group. A new type of fuzzy subgroup, which is, the ),( q -fuzzy subgroup, was introduced by Bhakat 

and Das [5] by using the combined notions of “belongingness” and “quasi-coincidence” of fuzzy points and 

fuzzy sets, which was introduced by Pu and Liu [19]. Murali [18] proposed the definition of fuzzy point 

belonging to a fuzzy subset under a natural equivalence on fuzzy subsets. It was found that the most viable 

generalization of Rosenfeld’s fuzzy subgroup is ),( q -fuzzy subgroup. In [3-4], Bhakat introduced the 

concept of ( q )-level subsets, ),( q -fuzzy normal, quasi-normal and maximal subgroups. Many 

researchers utilized these concepts to generalize some concepts of algebra [7-8, 26]. Jun defined the concept of 

(, )-fuzzy subalgebras (ideals) in BCK/BCI-algebras [11-12]. 

The theory of interval-valued fuzzy sets was proposed forty year ago as a natural extension of fuzzy sets. In 

[25], Interval valued fuzzy set was introduced by Zadeh, where the values of the membership function is interval 

of numbers instead of the number. An interval-valued fuzzy set is defined by an interval-valued membership 

function. In [13], Latha et al. initiated the notion of interval-valued (, )-fuzzy subgroups. In [14], Ma et al. 

introduced the concept of interval-valued ),( q -fuzzy ideals of pseudo MV-algebras. In [15-16], Ma et 

al. studied ),( q -interval-valued fuzzy ideals in BCI-algebras. Mostafa et al. initiated interval-valued 

fuzzy KU-ideals in KU-algebras [17]. In [21], Saeid defined the concept of interval-valued fuzzy BG-algebras. 
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Zhan et al. [26] initiated the notion of interval-valued ),( q -fuzzy filters of pseudo BL-algebras and 

investigated some of their related properties. Recently Zulfiqar [28], introduced the concept of (,   qk)-fuzzy 

fantastic ideals in BCI-algebras and investigated its properties.  

In this paper, we show that an interval valued fuzzy set 
~

 of a BCH-algebra X is an interval valued 

),( kq -anti fuzzy fantastic ideal of X if and only if the set 
~ ~

t

(  ) is a fantastic ideal of X, for all 








 

2

1
,

2

1 kk
< t

~
 ≤ [1, 1]. We prove that if 

~
 and ~  be an interval valued ),( kq -anti fuzzy 

fantastic ideals of BCH-algebra X, then (
~
 ~ ) is an interval valued ),( kq -anti fuzzy fantastic ideal 

of X   X. Finally, we prove that if ζ : X → Y is an epimomorphism of BCH-algebra and let 
~

 and ~  be an 

interval valued anti fuzzy fantastic ideal of X and Y respectively, then ζ( 
~

) defined by 

ζ(
~

)(y) = inf{
~

(x) |  ζ(x) = y, for all y  Y} 

and )~(1  
 defined by 

)~(1  
(x) = ~ (ζ(x)), 

for all x  X are interval valued anti fuzzy fantastic ideals of Y and X, respectively. Furthermore, if 
~

 and ~  

are interval valued anti fuzzy fantastic ideal with thresholds (~ ,
~

), then also ζ(
~

) and )~(1  
 are interval 

valued anti fuzzy fantastic ideal with thresholds (~ ,
~

). 

 

2. Preliminaries 

Throughout this paper, X always denotes a BCH-algebra unless otherwise specified. We include some basic 

definitions and preliminary facts about BCH-algebras which are essential for our results.                               

Definition 2.1. [9] By a BCH-algebra, we mean an algebra (X,  , 0) of type (2, 0) satisfying the axioms: 

(BCH-I)   x  x = 0   

(BCH-II) x  y = 0 and y  x = 0 imply x = y 

(BCH-III) (x  y)  z = (x  z)  y 

                          for all x, y, z   X. 

We can define a partial order “≤” on X by x ≤ y if and only if x  y = 0.  

Proposition 2.2. [27] In any BCH-algebra X, the following are true: 

(1)  x  (x  y) ≤ y 

(2)  0  (x  y) = (0  x)  (0  y) 

(3)  x  0 = x 

(4)  x ≤ 0 implies x = 0 

             for all x, y   X. 

 

Definition 2.3. [23] A non-empty subset I of a BCH-algebra X is called an ideal of X if it satisfies (I1) and (I2), 

where 

(I1) 0   I, 

(I2) x   y   I and y   I imply x   I, 

             for all x, y   X. 

 

Definition 2.4. [27] A non-empty subset I of a BCH-algebra X is called a fantastic ideal of X if it satisfies (I1) 

and (I3), where 

(I1) 0   I, 
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(I3) (x  y)  z  I and z  I imply x  (y  (y  x))  I, 

             for all x, y, z  X.  

A fuzzy set λ of a universe X is a function from X to the unit closed interval [0, 1], that is λ : X  [0, 1]. Let λ 

be a fuzzy set of a BCH-algebra X. For t  [0, 1], the set  

λ
t
 = {x  X | λ(x) ≤ t} 

is called a lower t-level cut of λ. 

 

Definition 2.5. [23] A fuzzy set λ of a BCH-algebra X is called a fuzzy ideal of X if it satisfies (F1) and (F2), 

where 

(F1) λ(0)   λ(x),  

(F2) λ(x)   λ(x   y) ˄ λ(y),  

            for all x, y   X. 

 

Definition 2.6. [27] A fuzzy set λ of a BCH-algebra X is called a fuzzy fantastic ideal of X if it satisfies (F1) 

and (F3), where 

(F1) λ(0) ≥ λ(x),  

(F3) λ(x  (y  (y  x))) ≥ λ((x  y)  z) ˄ λ(z),  

            for all x, y, z  X. 

                

3. Interval valued anti fuzzy ideals 

An interval valued fuzzy set 
~

 defined on X is given by [15] 


~

 = {(x, [
 (x), 

 (x)])}, 

for all x   X (briefy, denoted by 
~

= [
 , 

 ]) where 
  and 

  
 are two fuzzy sets in X such that 

 (x) ≤ 

 (x), for all x   X. 

Let 
~

(x) = [
 (x), 

 (x)], for all x   X and let E[0, 1] denotes the family of all closed subintervals of [0, 1]. 

If 
 (x) = 

 (x) = c (say) where 0 ≤ c ≤ 1, then we have 
~

(x) = [c, c] which we also assume, for the sake of 

convenience, to belong to E[0, 1]. Thus 
~

(x)   E[0, 1], for all x   X and therefore the interval valued fuzzy 

set 
~

 is given by 

                                          
~

 = {(x, [
 (x), 

 (x)])}, for all x   X  

where 
~

 : X  →  E[0, 1].  

Then, E[0, 1] with ≤ is a complete lattice, with ˄ = rmin, ˅ = rmax, 0
~

 = [0, 0] and 1
~

 = [1, 1] being its least 

element and the greatest element, respectively. 

Let 
~

 be an interval valued fuzzy set. Then, for every [0, 0] < t
~

 ≤ [1, 1], the set                      


~ ~

t

= {x  X | 
~

(x) ≤ t
~

} 

is called the interval valued lower t-level cut of 
~

. 

 

Definition 3.1. An interval valued fuzzy set 
~

 of a BCH-algebra X is called an interval valued anti fuzzy ideal 

of X if it satisfies (IVAF1) and (IVAF2), where 

(IVAF1)      
~

(0) ≤ 
~

(x),  

(IVAF2)      
~

(x) ≤ λ(x  y) ˅ 
~

(y),   

                     for all x, y  X. 
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Definition 3.2. An interval valued fuzzy set 
~

 of a BCK-algebra X is called an interval valued anti fuzzy 

fantastic ideal of X if it satisfies (IVAF1) and (IVAF3), where 

(IVAF1)      
~

(0) ≤ 
~

(x),  

(IVAF3)      
~

(x  (y  (y  x))) ≤ 
~

((x  y)  z) ˅ 
~

(z),  

                    for all x, y, z  X.  

 

Definition 3.3. An interval valued fuzzy set 
~

 of a BCH-algebra X of the form  


~

(y) = 









,

,

]0,0[

])0,0[(
~

xyif

xyift
 

is said to be the interval valued fuzzy point with support x and value t
~

 and is denoted by 
t

x~ . An interval 

value fuzzy point 
t

x~  is said to belong to (resp. be quasicoincident with) an interval valued fuzzy set 
~

, written 

as 
t

x~  
~

(resp. 
t

x~ q
~

) if 
~

(x) ≥ t
~

 (resp. 
~

(x) + t
~

 > [1, 1]).  

If 
t

x~  
~

 or (resp. and) 
t

x~ q
~

, then we write 
t

x~ q 
~

 (resp. 
t

x~    q
~

).  

  

4. Interval valued ),( kq -anti fuzzy fantastic ideals  

In this section, we introduce the concept of interval valued ),( kq -anti fuzzy fantastic ideals in BCH-

algebras and investigate some of their related properties. 

Let k denote an arbitrary element of 0 ≤ k < 1 unless otherwise specified. By 
t

x~ qk
~

, we mean 
~

(x) + t
~

 + k 

> 1, [0, 0] < t
~

≤ 






 

2

1
,

2

1 kk
. The notation 

t
x~   ˅ qk

~
 means that 

t
x~   

~
 or 

t
x~ qk

~
.  

 

Definition 4.1. An interval valued fuzzy set 
~

 of a BCH-algebra X is called an interval valued ),( kq -

anti fuzzy ideal of X if it satisfies (A) and (B), where 

(A) 
~

(0) ≤ 
~

(x) ˅ 






 

2

1
,

2

1 kk
,  

(B) 
~

(x) ≤ 
~

(x  y) ˅ 
~

(y) ˅ 






 

2

1
,

2

1 kk
, 

             for all x, y  X. 

 

Definition 4.2. An interval valued fuzzy set 
~

 of a BCH-algebra X is called an interval valued ),( kq -

anti fuzzy fantastic ideal of X if it satisfies (A) and (C), where 

(A) 
~

(0) ≤ 
~

(x) ˅ 






 

2

1
,

2

1 kk
,  

(C) 
~

(x  (y  (y  x))) ≤ 
~

((x  y)  z) ˅ 
~

(z) ˅ 






 

2

1
,

2

1 kk
, 

            for all x, y, z  X.  

 

Example 4.3. Let X = {0, a, b, c} in which  is defined as follows: 

 0 a b c 

0 0 0 0 0 
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a a 0 a 0 

b b b 0 0 

c c b a 0 

Then (X, , 0) is a BCH-algebra. We define an interval valued fuzzy set 
~

 in X by 
~

(0) = [0.44, 0.45], 
~

(a) 

= 
~

(b) = [0.62, 0.67], 
~

(c) = [0.32, 0.37]. By simple calculations show that 
~

 is an interval valued 

),( kq -anti fuzzy fantastic ideal of X for k = 0. 

 

Theorem 4.4. An interval valued fuzzy set 
~

 of a BCH-algebra X is an interval valued ),( kq -anti 

fuzzy fantastic ideal of X if and only if the set 
~ ~

t

(  ) is a fantastic ideal of X, for all 






 

2

1
,

2

1 kk
< t

~
 

≤ [1, 1]. 

Proof. Let 
~

 be an interval valued ),( kq -anti fuzzy fantastic ideal of X. Then 


~

(0) ≤ 
~

(x) ˅ 






 

2

1
,

2

1 kk
. 

For all x  
~ ~

t

, we have 
~

(x) ≤ t
~

. Thus  

   
~

(0) ≤ t
~

 ˅ 






 

2

1
,

2

1 kk
 

                                                             = t
~

 

So that 0  
~ ~

t

. Let x, y, z  X be such that 

(x  y)  z  
~ ~

t

 and z  
~ ~

t

. 

Then                                                       


~

((x  y)  z) ≤ t
~

  and  
~

(z) ≤ t
~

. 

Then by Definition 5.1(C), we have  

                                     
~

(x  (y  (y  x))) ≤ 
~

((x  y)  z) ˅ 
~

(z) ˅ 






 

2

1
,

2

1 kk
 

                                                                     ≤ t
~

 ˅ t
~

 ˅ 






 

2

1
,

2

1 kk
  

                                                                     ≤ t
~

 ˅ 






 

2

1
,

2

1 kk
 

                                                                     = t
~

 

This implies that  

x  (y  (y  x))  
~ ~

t

 

and so 
~ ~

t

 is a fantastic ideal of X.  

                             Conversely, assume that 
~ ~

t

(  ) is a fantastic ideal of X for all 






 

2

1
,

2

1 kk
< t

~
 ≤ [1, 

1] and there exists x1  X such that             
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~

(0) > 
~

(x1) ˅ 






 

2

1
,

2

1 kk
. 

Hence 
~

(0) > 
~

(x1). Setting  

                                             0
~s  = 

2

1
{

~
(0) + 

~
(x1)}. 

Then 

[0, 0] ≤ 
~

(x1) < 0
~s  < 

~
(0) ≤ [1, 1]. 

It follows that  

x1  
~ 0

~s

and 
~ 0

~s

  . 

Since 
~ 0

~s

 is a fantastic ideal of X, so 0  
~ 0

~s

. Thus  


~

(0) ≤ 0
~s , 

a contradiction. Hence  


~

(0) ≤ 
~

(x) ˅ 






 

2

1
,

2

1 kk
, 

for all x  X. Suppose there exists x1, y1 , z1  X be such that  


~

(x1  (y1  (y1  x1))) > 
~

((x1  y1)  z1) ˅ 
~

(z1) ˅ 






 

2

1
,

2

1 kk
. 

We have  


~

(x1  (y1  (y1  x1))) > 
~

((x1  y1)  z1) ˅ 
~

(z1). 

Let 

0
~s  = 

2

1
{

~
(x1  (y1  (y1  x1))) + (

~
((x1  y1)  z1) ˅ 

~
(z1))}. 

Then 

0
~s  < 

~
(x1  (y1  (y1  x1))) and [0, 0] ≤ 

~
((x1  y1)  z1) ˅ 

~
(z1) < 0

~s  ≤ [1, 1]. 

Thus 

0
~s  > 

~
((x1  y1)  z1) and 0

~s  > 
~

(z1). 

This implies that  

(x1  y1)  z1  
~ 0

~s

 and z1  
~ 0

~s

. 

As 
~ 0

~s

is a fantastic ideal of X, it follows that  

x1  (y1  (y1  x1))  
~ 0

~s

. 

Thus  


~

(x1  (y1  (y1  x1))) ≤ 0
~s , 

a contradiction. Hence 


~

(x  (y  (y  x))) ≤ 
~

((x  y)  z) ˅ 
~

(z) ˅ 






 

2

1
,

2

1 kk
. 

Therefore, 
~

 is an interval valued ),( kq -anti fuzzy fantastic ideal of X. 
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Next, we characterize of an interval valued ),( kq -anti fuzzy fantastic ideal in BCH-algebras. 

Theorem 4.5. Let 
~

 be an interval valued ),( kq -anti fuzzy fantastic ideal of a BCH-algebra X. Then 

the following inequality holds: 

(D) 
~

(x  (y  (y  x))) ≤ 
~

(x   y) ˅ 






 

2

1
,

2

1 kk
. 

Proof. Let 
~

 be an ),( kq -anti fuzzy fantastic ideal of X. Then by taking z = 0 in (C), we have 


~

(x  (y  (y  x))) ≤ 
~

((x   y)   0) ˅ 
~

(0) ˅ 






 

2

1
,

2

1 kk
 

                                       ≤ 
~

(x   y) ˅ 
~

(0) ˅ 






 

2

1
,

2

1 kk
    (by Proposition 2.2(3)) 

By using condition (A) of Definition 5.1, we get 


~

(x  (y  (y  x))) ≤ 
~

(x  y) ˅ 






 

2

1
,

2

1 kk
. 

Theorem 4.6. Every ),( kq -anti fuzzy ideal 
~

 of a BCH-algebra X satisfying the condition (D) of the 

Theorem 4.5 is an ),( kq -anti fuzzy fantastic ideal of X.   

Proof. Suppose 
~

 is an ),( kq -anti fuzzy ideal of X. For any x, y in X, by conditions (D) of Theorem 

4.5, we have 


~

(x  (y  (y  x))) ≤ 
~

(x   y) ˅ 






 

2

1
,

2

1 kk
. 

Since 
~

 is an ),( kq -anti fuzzy ideal of X, we have 


~

(x  (y  (y  x))) ≤ 
~

((x  y)  z) ˅ 
~

(z) ˅ 






 

2

1
,

2

1 kk
 ˅ 







 

2

1
,

2

1 kk
 

                                         ≤ 
~

((x  y)  z) ˅ 
~

(z) ˅ 






 

2

1
,

2

1 kk
       

Therefore 
~

 is an ),( kq -anti fuzzy fantastic ideal of X. 

 

Theorem 4.7. Let 
~

 be an ),( kq -anti fuzzy ideal of a BCH-algebra X . T h e n  
~

 is an 

),( kq -anti fuzzy fantastic ideal of X if and only if 
~

 satisfies the condition 

                           
~

(x  (y  (y  x))) ≤ 
~

(x   y) ˅ 






 

2

1
,

2

1 kk
                           (1) 

Proof. Suppose 
~

 is an ),( kq -anti fuzzy fantastic ideal of X . It follows from Theorem 4.5. 

Conversely, assume that 
~

 satisfies (1). As 
~

 is an ),( kq -anti fuzzy ideal of X, hence  

                                
~

(x   y) ≤ 
~

((x  y)  z) ˅ 
~

(z) ˅ 






 

2

1
,

2

1 kk
                  (2) 

for all x, y, z   X. Combining (1) and (2), we get  
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~

(x  (y  (y  x))) ≤ 
~

((x  y)  z) ˅ 
~

(z) ˅ 






 

2

1
,

2

1 kk
 ˅ 







 

2

1
,

2

1 kk
 

                                         ≤ 
~

((x  y)  z) ˅ 
~

(z) ˅ 






 

2

1
,

2

1 kk
 

Hence 
~

 is an ),( kq -anti fuzzy fantastic ideal of X. 

Definition 4.8. Let 
~

 and ~  be interval valued fuzzy subsets of a set S. Then interval valued anti Cartesian 

product of 
~

 and ~  is defined by  

(
~
 ~ ) (x, y) = 

~
(x) ˅ ~ (y) ˅ [

2

1 k
,

2

1 k
], 

 for all x, y  S. 

Theorem 4.9. Let 
~

 and ~  be an interval valued ),( kq -anti fuzzy fantastic ideals of BCH-algebra X. 

Then (
~
 ~ ) is an interval valued ),( kq -anti fuzzy fantastic ideal of X   X. 

Proof. Let (x, y)  X   X. Then 

(
~
 ~ ) (0, 0) = 

~
(0) ˅ ~ (0) ˅ 







 

2

1
,

2

1 kk
 

≤ (
~

(x) ˅ 






 

2

1
,

2

1 kk
) ˅ (~ (y) ˅ 







 

2

1
,

2

1 kk
) ˅ 







 

2

1
,

2

1 kk
  

= 
~

(x) ˅ ~ (y) ˅ 






 

2

1
,

2

1 kk
   

= (
~
 ~ ) (x, y) 

Suppose (x1, x2), (y1, y2), (z1, z2)  X   X. Then 

{(
~
 ~ )(((x1, x2)  (y1, y2))  (z1, z2)) ˅ (

~
 ~ )(z1, z2) ˅ 







 

2

1
,

2

1 kk
} 

= {(
~
 ~ )((x1  y1 , x2  y2)  (z1, z2)) ˅ (

~
 ~ )(z1, z2) ˅ 







 

2

1
,

2

1 kk
} 

= {(
~
 ~ )((x1  y1)  z1), (x2  y2)  z2)) ˅ (

~
 ~ )(z1, z2) ˅ 







 

2

1
,

2

1 kk
} 

= {
~

((x1  y1)  z1) ˅ ~ ((x2  y2)  z2) ˅ 






 

2

1
,

2

1 kk
} ˅ {

~
(z1) ˅ ~ (z2) ˅  

     






 

2

1
,

2

1 kk
} ˅ 







 

2

1
,

2

1 kk
 

= {
~

((x1  y1)  z1) ˅ 
~

(z1) ˅ 






 

2

1
,

2

1 kk
} ˅ {~ ((x2  y2)  z2) ˅ ~ (z2) ˅  

      






 

2

1
,

2

1 kk
} ˅ 







 

2

1
,

2

1 kk
 

≤ 
~

(x1  (y1  (y1  x1))) ˅ ~ (x2  (y2  (y2  x2))) ˅ 






 

2

1
,

2

1 kk
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 (by Definition 4.2 (C)) 

= (
~
 ~ )(x1  (y1  (y1  x1)), x2  (y2  (y2  x2)))        (by Definition 4.8) 

Therefore, (
~
 ~ ) is an interval valued ),( kq -anti fuzzy fantastic ideal of X   X. 

Definition 4.10. Let [0, 0] ≤ ~  < 
~

 ≤ [1, 1] and ~  < 
~

. Then an interval valued fuzzy set 
~

 of a BCH-

algebra X is called an interval valued anti fuzzy fantastic ideal with thresholds ( ~ ,
~

) of X if it satisfies (E) 

and (F), where 

(E)  
~

(0) ˄ 
~

 ≤ 
~

(x) ˅ ~ ,    

(F) 
~

(x  (y  (y  x))) ˄ 
~

 ≤ 
~

((x  y)  z) ˅ 
~

(z) ˅ ~ , 

             for all x, y, z  X.   

 

Example 4.11. Let X = {0, 1, 2, 3, 4} be a BCH-algebra with the following Cayley table: 

 0 1 2 3 4 

0 0 0 0 0 0 

1 1 0 1 0 0 

2 2 2 0 0 0 

3 3 3 3 0 0 

4 4 3 4 1 0 

Let 
~

 be an interval valued fuzzy set in X defined by 
~

(0) = [0.51, 0.57], 
~

(1) = [0, 0], 
~

(2) = [1, 1] and 


~

(3) = 
~

(4) = [0.82, 0.89]. By simple calculations show that 
~

 is an interval valued anti fuzzy fantastic ideal 

with thresholds ~  = [0.51, 0.57] and 
~

= [0.82, 0.89] of X. 

 

Theorem 4.12. An interval valued fuzzy set 
~

 of a BCH-algebra X is an interval valued anti fuzzy fantastic 

ideal with thresholds (~ ,
~

) of X if and only if 
~ ~

t

(  ) is a fantastic ideal of X for all ~  ≤ t
~

 < 
~

. 

Proof. Let 
~

 be an interval valued anti fuzzy fantastic ideal with thresholds ( ~ ,
~

) of X and ~  ≤ t
~

 < 
~

. 

Let x  
~ ~

t

. Then 


~

(x) ≤ t
~

. 

So 

  
~

(0) ˄ δ ≤ 
~

(x) ˅ ~  

             ≤ t
~

 ˅ ~  

      ≤ t
~

 

       < ~ . 

Thus  


~

(0) ≤ t
~

. 

We get 0  
~ ~

t

. Let (x  y)  z  
~ ~

t

 and z  
~ ~

t

. Then 


~

((x  y)  z) ≤ t
~

 and 
~

(z) ≤ t
~

. 

Now we have 

                
~

(x  (y  (y  x))) ˄ 
~

 ≤ 
~

((x  y)  z) ˅ 
~

(z) ˅ ~  

                                                         ≤ t
~

 ˅ t
~

 ˅ ~                                                          

                                                         ≤ t
~

 ˅ ~  

                                                         ≤ t
~
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                                                         < ~  

This implies that  


~

(x  (y  (y  x))) < t
~

, 

 

 

and so  

x  (y  (y  x))  
~ ~

t

. 

Hence 
~ ~

t

 is a fantastic ideal of X. 

Conversely, let 
~

 be an interval valued fuzzy set of X such that 
~ ~

t

(  ) is a fantastic ideal of X for all ~  

≤ t
~

 < 
~

. It is easy to verify that  


~

(0) ˄ 
~

 ≤ 
~

(x) ˅ ~  

for all x  X. If there exist x, y, z  X such that  


~

(x  (y  (y  x))) ˄ 
~

 > 
~

((x  y)  z) ˅ 
~

(z) ˅ ~  = t
~

. 

Then  

~  ≤ t
~

 < 
~

, 
~

(x  (y  (y  x))) > t
~

, (x  y)  z  
~ ~

t

 and z  
~ ~

t

. 

So  

x  (y  (y  x))  
~ ~

t

. 

This implies that 

F
~

(x  (y  (y  x))) ≤ t
~

. 

This contradicts with  


~

(x  (y  (y  x))) > t
~

. 

Thus 


~

(x  (y  (y  x))) ˄ 
~

 ≤ 
~

((x  y)  z) ˅ 
~

(z) ˅ ~ , 

for all x, y, z  X. Therefore 
~

 is an interval valued anti fuzzy fantastic ideal with thresholds (~ ,
~

) of X. 

 

Theorem 4.13. Let ζ : X  →  Y  be an epimomorphism of BCH-algebra and let 
~

 and ~  be an interval valued 

anti fuzzy fantastic ideal of X and Y respectively. Then ζ( 
~

) defined by 

ζ(
~

)(y) = inf{
~

(x) |  ζ(x) = y, for all y  Y} 

and )~(1  
 defined by 

)~(1  
(x) = ~ (ζ(x)), 

for all x  X are interval valued anti fuzzy fantastic ideals of Y and X, respectively. Furthermore, if 
~

 and ~  

are interval valued anti fuzzy fantastic ideal with thresholds (~ ,
~

), then also ζ(
~

) and )~(1  
 are interval 

valued anti fuzzy fantastic ideal with thresholds (~ ,
~

).  

Proof. Suppose 
~

 is an interval valued anti fuzzy fantastic ideal with thresholds ( ~ ,
~

) and let x1, y1, z1  Y. 

Since ζ is an epimomorphism, we have   

x1 = ζ(x), y1 = ζ(y) and z1 = ζ(z), 

for some x, y, z  X. Then 

min{ζ(
~

)(x1  (y1  (y1  x1))), 
~

}  

= min{inf{
~

(x  (y  (y  x)))} | ζ(x  (y  (y  x))) = x1  (y1  (y1  x1))), 
~

} 
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= inf{min{
~

(x  (y  (y  x))), 
~

} | ζ(x  (y  (y  x))) = x1  (y1  (y1  x1))} 

≤ inf{max{
~

((x  y)  z), 
~

(z), ~ } | ζ((x  y)  z) = (x1  y1)  z1, ζ(z) = z1}  

= max{inf{
~

((x  y)  z)  |  ζ((x  y)  z) = (x1  y1)  z1}, {inf{
~

(z)  |  ζ(z) = z1}, ~ } 

= max{ζ(
~

)((x1  y1)  z1), ζ(
~

)(z1), 
~

}  

Hence ζ( 
~

) is an interval valued anti fuzzy fantastic ideal with thresholds ( ~ ,
~

). Similarly, if ~  is an 

interval valued anti fuzzy fantastic ideal with thresholds ( ~ ,
~

), then for any x, y, z  X. 

    )~(1  
(x1  (y1  (y1  x1))) ˄ 

~
= ~ (ζ(x1  (y1  (y1  x1)))) ˄ 

~
 

                                                          ≤ ~ (ζ((x1  y1)  z1)) ˅ ~ (ζ(z1)) ˅ ~  

                                                          = )~(1  
((x  y)  z) ˅ )~(1  

(z) ˅ ~ . 

 

6. Conclusion 

In the study of fuzzy algebraic system, we see that the interval valued anti fuzzy fantastic ideals with special 

properties always play a central role.  

In this paper, the concepts of interval valued ),( kq -anti fuzzy fantastic ideals in BCH-algebras are 

introduced and related properties are investigated. Also we define the concept of interval valued anti fuzzy 

fantastic ideals with thresholds in BCH-algebras and investigate some of its properties. 

We believe that the research along this direction can be continued, and in fact, some results in this paper have 

already constituted a foundation for further investigation concerning the further development of interval valued 

fuzzy BCH-algebras and their applications in other branches of algebra. In the future study of interval valued 

fuzzy BCH-algebra perhaps the following topics are worth to be considered: 

(1) To characterize other classes of BCH-algebras by using this notion; 

(2) To apply this notion to some other algebraic structures; 

(3) To consider these results to some possible applications in computer sciences and information 

systems in the future. 
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