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Abstract In this paper we obtain generating functions for the modified Bessel polynomials Yn(“”‘)(x) by the

application of Weisner's group-theoretic method with the suitable interpretations of N and « of the side

polynomials. Whereas, we deployed it to determine the generating relations between the modified Bessel
polynomials and with easy way. The ideas in consent with proofs are originated from the book of McBride [7]
and we use it to determine some generating relations which involve modified Bessel polynomials. Some
particular cases of interest are also discussed.
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1. Introduction

The unification of generating functions has great importance in connection with ideas and principles of special
functions. Group Theoretic Method proposed by Louis Weisner in 1955, and he employed this method to find
generating relations for a large class of special functions. Weisner discussed the group-theoretic significance of
generating functions for Hypergeometric, Hermite, and Bessel functions in his papers [13, 14] and [15]
respectively. McBride [7] deployed Weisner's method to determine the new generating relations that involves
Hermite, Bessel, generalized Laguerre, Gegenbauer polynomials. In this directions some important steps has
been made by researchers namely Singhal and Srivastava [10], Chaterjea [1, 2] and Chongdar [3].

Now continuing the work in connection with class of generating functions, we extend our ideas to obtain
generating relations that involves between the modified Bessel polynomials.

The modified Bessel polynomials is defined by

Y (x)=,F,(-n,2n + & —1;—;—%), (1.1)
The Bessel Polynomials Yn(“) (X) as introduced by [6], (cf.[9] or [11]) is defined by

Y@ (x)=,F,(-n,n+«a —L‘—;—%). (1.2)
is the solutions of ordinary differential equation:
x23—)2(2/+((a+n)x+ﬂ)%—n(2n+a—1)y:0 (1.3)

The object of the present paper is to derive some generating functions of modified Bessel polynomials by
interpreting N and « simultaneously with the help of Weisner’s group theoretic method [7].
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2. Group theoretic method
. d 0 0 0 . : .
Replacing —by—, nby (y—), aby(z—)and yby u(X,y,z) in (1.3), we get the following partial
dx ~ ox oy 0z

differential equation
2 2 2 2 2
2(SL;erzau+xyauJrﬂa—u—2y2—8sz—ya—u—yz—au =0 2.1)
OX 0z0OX OyOX OX oy oy oyoz

Thus U (X, Y,2) =Y. “"™(x)y"z* is a solution of the differential equation (2.1). We now seek linearly

independent differential operators A, B and C such that:

A[Yn(‘“”) (x)y“z"’]= a Y (x)y"z” (2.2)
B[Yn‘“*“’ (x) y”z“]= b, Y & (x)yntz a2 (2.3)
Cly @™ (x)y"z¢ |=c, Y& 27D (x)yiz 2 (2.4)
where a,,b, and c, are coefficients involving ¢, £ and n. This necessitates the bringing into use of the
recurrence relations.
DY,“*"(x) = ; [Ym (x) — v, ()] (25)
and
DY (x) = % [BY, D (x) = (B + 2nx + ex = )Y, (%)] (2.6)
where D is the differential operator D = %
With the help of (2.5) and (2.6), it follows form (2.2), (2.3) and (2.4) that
0

R = y@ (2.7)
R, = zg (2.8)
R, = xy 'z % - 22% (2.9)
R, = X’y z2%+2xy222%+xyzl§+(,3—x)yz2 (2.10)
Which satisfy the following rules:

Rl[Yn““”)(x)y”z“]= nY“(x)y"z* (2.11)
R,V (9)y"2% |= a Y () y" 2 (212)
RV, (x)y"2% | = =Y, (x) y" 1z (2.13)
RIY M 0y"2” |= BY T 0y (214)

Now, we use the commutator notation [A,B] = (AB - BA). Henceforth, we consider a function U =u(X, Y, z),

isa |® function in three independent variables X , y and z. Therefore, an action of a commutator operator on u is
that

[A,B]Ju = (AB - BA)u = A(Bu) - B(Au).

Then we have the operators R, R,, R; and R,, which satisfy the following commutator relations:

SN

P
(a;

Y
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[R.R]=0. [R.R]=-R. [R.R]=R
[Rz’ R3]= 2R;, [R2' R4]=_2R4’ [R37 R4]=_ﬂ-
Hence, we define a linear partial differential operator L as
2 2 2 2 2
L= xa—2+xz 0 + Xy 0 ﬁ—— 26——yi—y 0
ox 020X ayax o2 oy O oyoz

Which can be express as:

XL=R,R, + AR + 5,

It can be easy verified that the operator R, (1 =1,2,3,4) commute with XL,
ie, [xL,R]=0.

3. Extended form of the group of Operators
In this section, we extend the operators R, R,, R;and R,, which we defined in the previous section to the

exponential form. Consider an arbitrary function f = f(X,y,z) in three independent variables. Also, we
consider the arbitrary constants a,b,c and d. exp(aR,),exp(bR,),exp(cR,)and exp(dR,) are called
the extended form of the transformation groups generated by R, R,, R;and R,. For doing this business, we

will follow the method suggested by Weisner [13]. One may refers McBride [7] for similar kind of analysis.

In order to find the extended form of the group generated by operators R;, R,, R;and R, , we will change the
0 0 0 0 0 0

form of differential operator R=R,—+R,—+R,—+R, to E=R —+R,—+ R, —, and finally

OX oy oz OX oz

%y

by change of variable to D = § If @(X, Y, z)is any solution of C[#(X,Y,2)]=0, then

_ 0 0 0
¢1R¢:R1&+R 8y+R EzE.
The extended form of the group generated by R, (i =1, 2, 3,4) are given by
e’ f(x,y,2)=f(xey,z) (3.1)
e™ f(x,y,2) = f(x,y,e°2) (3.2)
CR3f(xyz)—f( Xyz,y cz’ ] (3.3)
y—Cz

(. =1_dﬁj (d&jf x oy oz (3.4)
° (Xyz)( 22 )7 7)1 dby /27 -y 2 1-dly/7)

where a,b,c and d are arbitrary constants.

We proceed to determine e®e®  Hence, we consider its action on an arbitrary function f (X, Yy, z).

e®e® f (x,y,2) = (1 d ijexp(d ’byj f(n, u, &) (3.5)
where

2
y= Xy _ =) g *

@L-dxy/z* )Ny -cz?) ﬂ_(l—dxy/zz)z C1-dlxy/z%)

=)

'i;“ﬂ "F§\
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4. Generating functions
In this section we have determined the new generating relations between modified Bessel polynomials. To

obtain the generating function for {Yn(‘“”)(x)}, we now transform f (X, Y, Z) by means of the operator

e®se" We shall consider the following cases:

Case 1:
If we substitute c = 0 and d = 1 in (3.5), then it will gives us
Xy 15 X y Z
e®f(x,y,2)= (1— —)exp(—j f , , : (4.1)
72 ) (1-09/2°) - xy/22f '1-(y/2%)
Hence, if we take T (X,Y,z) =Y " (x)y"z* and putting lz =W then it will be result into following
z
relation
“E(xy,2) = (- wx) e (wﬂ)v“”“’[ : jy“z“ . *2)
1-wx

Also, we notice from (2.14) that
R4 |:Yn(a+n) (X) ynza ] — ﬂY (a+n-1) (X) yn+lZoz—2

n+1
On other hand, we can expand left hand side of (4.2) in series form and then repeated application of (2.14) on
the same side of (4.2), we get

Z(ﬂ) Y(a+n p)(x) yn+pza—2p (4.3)

n+p
Let us put lz = W in above equation, we get
VA

i(wﬂ) (a+n- p)(X)y Z (4.4)

1 n+p
0 P

Equating the result (4.2) and (4.4) we get
1— Wx (1—2n7a)e W Y(a+n)( X J: S (Wﬂ Y(a+n p) X) . 45
(L wx) PWs) Y| % o T 0 (45)

If we put & =a —2n in (4.5), we get

(1 WX)(l a) eXp(Wﬂ)Y(“ n)( X j i Wﬁ)pYn(fpn p)(X) (4.6)

1-wx) =

this was derived by [4, 5].
Case 2:
If we choose ¢ =1 and d=0 in (3.5) we get

eRSf(x,y,z):f(%,y—zz,z). 4.7

Since, we have

R3 [Yn(a+n) (X) ynza ] — _nYn(le+n+1) (X) yn -1,a+2

For the purpose to use it repeatedly, we expand the left hand side of (4.7) in series form and then simplifying,
we obtain the following relation

n a+n+ n-kja+
Z( )kY( k)(X)y k 2k

=
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2
YA
Let us replace — = W in above simplified form so that we able to determine one more new generating

y
function for the modified Bessel polynomials which is as given below.
(1 W) Y(a+n) X j _ Z_( n) Y(a+n+k)(x) ) (48)
1_ k=0 k'
If we put & = ¢ — (M~ n)in (4.8), we get
(L-w)"Y, m’( : ]= Z—( n), Y, " (%) (49)
1- o k!

Which obtained by [8]
Case 3: putting c=1, d=w in (3.5), we get

ee™ f(x,y.2) = ( z)?/)ex'o(p?:yj]c((l—\/vxy/?g)(y—zz)’(1—y><;/z;)2’1‘(";‘3’/22)J

:[1_\,2_)?) exp[ﬁz\zlyj((l—)v/v;yz/zzz)z]n(1—(Wiy/zz)jaY”(M)((l—ny/);yz)(y—zz)j

(4.10)

and we write exponential operators in series form so that we have the following relation.

a+n nNoo n a+n+ n+ OH—
RseR4[Y( ’(x)y 7 ]_ Z (ﬂ)pfk' )k Yn(+p kk p)(x)y p—k 2k-2p (4.12)
p,k=0

Equating (4.10) and (4.11) and then putting z> =t™ and o =a —(n+m), we get

L _(1+a+n-m) l_i]nY(am)( th j
(1—wxyt) exp(ﬁWyt)( yt) " (L—wxyt )(yt -1)

Z (B (= n)k (a—m+k—p)(X)(yt)P—k (4.12)

n+p-k
p,k=0 plkl

Which obtained by [8]

Case 4:
Now we assign the value to arbitrary constants ¢ and d. Let us take ¢ =1 and d = 1, so that (3.5) becomes

et Dol ) g o )

(4.13)
Hence, if we take T (X,Y,z) =Y “*™(x)y"z“ then it will be result into following relation

IR

y (@) Xy .
XY, ((_’]__Xy/zz)(y_zz)j (4.14)

Separately, we consider the left hand side of (4.14) and we write exponential operators in series form so that we
have the following relation.
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eR3eR4[Yn(a+n)(X)ynza Zw: (ﬁ) ( n)k (a+n+k—p)(x) yn+p Koa+2k-2p (4.15)

St lk' n+p-k

Equating (4.14) and (4.15) and then putting lz =W, we get
z

o YA20=a) 0 an (a+n) WX
(1= w7 (w1 e (Aw)Y, [—(1_WX)(W_1)J

i (B)° Ny (aneicepy

p.k=0

p'k' n+p k (X) Wn+p—k (4-16)

Which is believed to be new generating function.

5. Conclusion
In this section, we conclude the findings of this paper. Basically we adopt the Weisner method to determine the
new generating functions for modified Bessel polynomial. In the beginning of this paper, we defined the linear

operators R,R,,R;, R,and L. In section 2, we discuss the commutative properties of these operators. We

extend these operators in exponential form and we used them to determine the new and known generating
functions such as (4.5), (4.6), (4.8), (4.9), (4.12), and (4.16). We also believe that the operators

{LR;i=1,2,3,4)}, where 1 stands for the banality operator form a Lie group.
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