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1. Introduction

The fuzzy set was first explored in [35] and this concept extended to fuzzy topological spaces in [5]. More
recently much research has been done extending the theory of fuzzy topological spaces in various directions; in
particular, normality [13], uniformity [14] and regularity [2], topological representation [6], separations in fuzzy
topological spaces [3, 11, 27, 29], fuzzy topological groups [7], fuzzy bitopological spaces [3, 4, 12, 16, 23],
product of fuzzy topological spaces [15], strong-separation and strong countability [31], supra fuzzy topological
spaces [9, 10, 20] and infra fuzzy topological spaces[8, 32]. One of the important parts in fuzzy mathematics is
fuzzy bitopological space with separation axioms, which continuously attracted significant international
attention.

The research for fuzzy bitopological spaces started in early nineties [16]. The topic of fuzzy bitopological spaces
with separation axioms has become attractive area of research, as these spaces possess many desirable properties
and can be found throughout various areas in fuzzy topologies. Recent progress has been made constructing
separation axioms on fuzzy bitopological spaces [16, 24]. One most studied in separation axioms on fuzzy
bitopological spaces is T,separation [24].

The purpose of this paper is to further contribute to the development of fuzzy bitopological spaces, especially on
fuzzy T,bitopological spaces. In this paper, we define fuzzy T,bitopological space in quasi-coincidence sense
[24, 26, 28]. We show that the definitions of the T,separation satisfy the good extension property. We also
present the hereditary, order preserving, productive, and projective properties of these new concepts. In addition,
we discuss the initial and final fuzzy topologies of the T, separation.
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2. Basic notions and preliminary results

In this section, we review some concepts occurring in the papers [1, 35], which will be needed in the sequel. In
this paper, X and Y always presented non-empty sets.

Definition 2.1 [35] A function u from X into the unit interval | is called a fuzzy set in X. For every x € X,
u(x) € I is called the grade of membership of x in u. Some authors say that u is a fuzzy subset of Xinstead of
saying that u is a fuzzy set in X. The class of all fuzzy sets from Xinto the closed unit interval Iis denoted by I*.
Definition 2.2 [21] A fuzzy set u in X is called a fuzzy singleton if and only if u(x) = r,0 < r < 1, fora
certain x € X and u(y) = Ofor all points y of X except x. The fuzzy singleton is denoted by x, and x is its
support. The class of all fuzzy singletons in X will be denoted by S(X). If u € I* and x, € S(X), then we say
that x,, € uifandonly if r < u(x).

Definition 2.3 [34] A fuzzy set u in X is called a fuzzy point ifand only if u(x) = r,0 < r < 1, for a certain
x € Xandu(y) = 0 for all points y of X except x. The fuzzy point is denoted by x, and x is its support.
Definition 2.4 [16] A fuzzy singleton x, is said to be quasi-coincidence with u, denoted by x, quif and only if
u(x) + r > 1. If x, is not quasi-coincidence with u, we write x, qu and defined asu(x) + r < 1.
Definition 2.5 [5] Let f be a mapping from a set X into a set Y and v be a fuzzy subset of Y . Then the inverse of
v written as £~ (v) is a fuzzy subset of X defined by f~1(v)(x) = v(f(x)), forx €X.

Definition 2.6 [22] The function f : (X,t) = (Y, s) is called fuzzy continuous if and only if for every v €
s, f71(v) € t, the function f is called fuzzy homeomorphic if and only if f is bijective and both f and £~ are
fuzzy continuous.

Definition 2.7 [19] The function f : (X,t) — (Y, s) is called fuzzy open if and only if for every open fuzzy set u
in (X, t), f(w) is open fuzzy set in (Y, s).

Definition 2.8 [25] Let f be a real valued function on a topological space. If {x : f(x) > a} is open for every
real o, then f is called lower semi continuous function.

Definition 2.9 [5] A fuzzy topology t on X is a collection of members of I* which is closed under arbitrary
suprema and finite infima and which contains constant fuzzy sets 1 and 0. The pair (X, t) is called a fuzzy
topological space (fts, in short) and members of t are called t-open (or simply open) fuzzy sets. A fuzzy set u is
called a t- closed (or simply closed) fuzzy setif 1 — u € t.

Definition 2.10 [30] A bitopological space (X, S, T) is called pairwise- T; (PT;in short) if for all x,y € X, x #
y,thereexist U € S,V € T suchthatx € U,y € Uandx ¢ V,y € V.

A fuzzy bitopological property P is called hereditary if each subspace of a fuzzy bitopological space with
property P, also has property P.

Definition 2.11 [33] Let {(X;,s;t):i€ A} is a family of fuzzy bitopological spaces. Then the
space(I1X;, I1s;, I1t;)is called the product fuzzy bitopological space of the family {(X;, s;, t;): i € A}, where [Is;
and IIt; denote the usual product fuzzy topologies of the families {Iis;:i € A} and {Iit;:i € A} of the fuzzy
topologies respectively on X.

A fuzzy bitopological property P is called productive if the product of fuzzy bitopological spaces of a family of
fuzzy bitopological space, each having property P, has property P.

A fuzzy bitopological property P is called projective if for a family of fuzzy bitopological space {(X;, s;, t;):i €
A}, the product fuzzy bitopological space (11X, I1s;, I1t;) has property P implies that each coordinate space has
property P.

Definition 2.12 [17] Let (X, T) be an ordinary topological space. The set of all lower semi continuous functions
from (X, T) into the closed unit interval | equipped with the usual topology constitutive a fuzzy topology
associated with (X, T) and is denoted by (X, w(T)).

Definition 2.13 [18] The initial fuzzy topology on a set X for the family of fts{(X;,t;)}icr
and the family of functions {f;: X — (X;,t;)}ica is the smallest fuzzy topology on X making each f; fuzzy
continuous. It is easily seen that it is generated by the family {£f;™(w;): ;€ t;}ien-

Definition 2.14 [18] The final fuzzy topology on a set X for the family of fts{(X;,t;)}ica
and the family of functions {f;: (X;,t;) — X}ia IS the finest fuzzy topology on X making each f; fuzzy
continuous.
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Definition 2.15 [23] A function f from a fuzzy bitopological space (X, s,t) into a fuzzy bitopological space
(Y,sy,tp) is called fuzzy FP —continuous if and only if f:(X,s) = (Y,s;) and f:(X,t) = (Y,t;) are both
fuzzy continuous.

Theorem 2.1 [4] A bijective mapping from an fts (X, t) to an fts (Y, s) preserves the value of a fuzzy singleton
(fuzzy point). Note: pre-image of any fuzzy singleton (fuzzy point) under bijective mapping preserves its value.

3. Fuzzy T, bitopological space

In this section, we present some new notions on fuzzy T, bitopological spaces and their relevant results. We also
discuss existing some well-known properties using these new concepts and establish relationships among them
with other existing notions.

Definition 3.1 A fuzzy bitopological space (X, s, t) is called

(a) FPT, (i) if and only if for any pair x,,,y, € S(X) with x # y, there exist u, v € s U t such

that x,, qu, y,qrand u N v = 0.

(b) FPT,(ii) if and only if for any pair x,,,y,, € S(X) with x # y, there exist u, v € s U t such that x,, qu, y, qv
and ugv.

(c) [16] FPT, (iii) if and only if for any pair of fuzzy singletons x,,, y, in X with x # y, there existu,v € s U

t such that x,,, € u,y, € vand ugv.

(d) [1] FPT,(iv) if and only if for any pair of distinct fuzzy singletons x,,, y,, in X, there existu, v € s U t such
that x,, € u,y, € vandu nv = 0.

Example 3.1 Let X = {x,y} and u,v € I* with u(x) = 1,u(y) =0, v(y) = 1,v(x) = 0 and t be the fuzzy
topology on X generated by {0,u, v, 1} and s be the fuzzy topology on X generated by {constants}. Also, let
Xm,Vn € S(X) withx # y, then u(x)+m>1 and v(y) +n > 1for m,n € (0,1]. Thus x,,qu and y,qv.
Again, min{u(x),v(x)} =0 and min{u(y),v(y)} =0 which imply that unv = 0.Hence (X,s,t) is
FPT,(i)as u,v €sUt. Also, u(x) +v(x) <1 and u(y) +v(y) <1 which imply that ugv. Therefore,
(X, s,t) is FPT,(ii).

Theorem 3.1 Let (X, s,t) be a fuzzy bitopological space and (X, s U t) be a fuzzy topological space. If(X, s, t)
is FPT, then (X, s U t)is fuzzy T, topological space.

Proof: Let (X,s,t) is FPT,.Since s S sUtandt S s U t, it follows that (X,s U t) is FT,.

Theorem 3.2 If the fuzzy topological space (X, s) and (X, t) are both fuzzy T, (j) topological spaces, then their
corresponding fuzzy bitopological space (X, s, t) is FPT,(j), for j = i, ii. But the converse is not true in general.
Proof: Let (X,s) and (X,t) are both FT,(j). Then their corresponding fuzzy bitopological space (X,s,t) is
FPT,(j), forj=iiiassSsuUtandt S sUt. Toprove (X,s,t) is FPT,(j) does not imply (X,s) and (X,t)
are both FT,(j), for j = i, ii, the following is it’s a counter example.
Counter example: Let X = {x,y} and u,v € [¥and t be the fuzzy topology on X generated by {u,v} U
{constants}, with u(x) = 1,u(y) =0 and v(y) = 1,v(x) = 0. Also, let s be the fuzzy topology on X
generated by {constants}. Then, forany 0 <m <1and 0 <n < 1,u(x) +m>1and v(y) + n > 1, which
imply that x,, qu,y,qv.Again, min{fu(x),v(x)} =0 and min{u(y),v(y)} = 0 which imply that unv =
0.Hence (X,s,t) is FPT,(i)as u,v € sUt. Also, u(x) + v(x) <1 and u(y) + v(y) <1 which imply that
ugv. Therefore, (X, s, t)is FPT,(ii). But (X, s) is not FT,(j), for j = i, ii.
Theorem 3.3 For a fuzzy bitopological space (X, s, t) the following implications are true:

FPT,(i) = FPT,(ii) # FPT,(i),

FPT,(iv) = FPT,(i) = FPT,(iv),

FPT,(i) # FPT,(iii) # FPT,(i).
Proof of FPT,(i) = FPT,(ii): Let (X, s, t) bea FPT,(i). We have to prove that (X, s, t) is FPT,(ii) . Let
Xm,Yn be fuzzy singletons in X with x # y. Since (X, s, t)is FPT, (i) there exists u, v € s U t such that
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X, qu, ¥, qv, and un v = 0. To prove (X, s, t)isFPT,(ii), it is only needed to prove that ugv.
Now,unv = 0= (unv)(x) = 0= min (u(x), v(x)) =0 2ux)+vx) < 1=ugv.

Hence, (X, s, t) is FPT,(ii).

To show FPT,(ii) # FPT,(i), there is a counter example.

Counter Example: Let X = {x, y}and u,v €I¥ be given byu(x) =0.8,u(y) =0.1, v(y) =0.8,
v(x) = 0.1. Let us consider the fuzzy topology son X generated by {0, u, v,1}. Also, let t be the fuzzy
topology on X generated by {constants}. For 0.2 < m < 1,02 < n < 09,u(x) + m > 1 = x,,quand,
v(y) + n < 1= y,qv. Nowu(x) +v(x) <land u(y) + v(y) < 1= ugv. But min(u(x), v(x)) =
0.1#0=(unv)xr# 0=>unv# O.Hence, (s, t)is FP72(:7) butnot FP72(7). In the similar way one can prove the
other implications.

Theorem 3.4 Let (X,S,T) be a bitopological space. Then (X,S,T) is PT, if and only if (X, w(S), w(T))is
FPT,(j), where j = i, ii, iii, iv.

Proof: Let (X,S,T) be a PT, topological space. We shall prove that (X, w(S), w(T)) is FPT,(i). Let x,y in X
with x # y. Since (X,S,T) be a PT, topological space hence there exists U,V € SUT such that x e U,y €
Vand UnV = 0.From the definition of lower semi continuous function, 1;,1, € (w(S) U w(T)). Then
1yx)=1=21x)+m>1= x,q1y.

Similarly, we can prove that y,q1,. Also, 1; N1, = 0.If 1 N1, # 0, then it is to be find ¢ in X which
implies

Iy Nn1,)E) #0=1y(6) # 0Oand 1y(§) # 0

implythat U(§) =1and V(&) =1

imply that e U e€eV=&feUnV=UnV=x4¢, a contradiction. So, 1yn1l, =0. Hence
(X, w(S), w(T)) is FPT,(i).

Conversely, let (X, w(S), w(T)) is FPT,(i). It is to be proved that (X, S, T) be a PT, topological space. Let x, y
in X with x # y. Since (X,w(S), w(T))is FPT,(i), then for any fuzzy singletons x,,, ¥, in X, there exists
u,v € (w(S) U w(T)) such that x,, qu,y,qvand u N v = 0.

Now, x,qu=u(x)+m>1=u(x)>1-m=a=x € u (a,1]

Similarly, we can prove that y € v=1(a, 1].

Again,unv = 0= (unv)(€) = 0= minfu(),v(é)} = 0.

We claimthat u™ (a, 1] n v=! (a, 1] = ¢. For, if £ € u™ (a, 1] n v~ (a, 1], then

Eeul(a1]landé evi(a, 1] > u@) > aandv(®) > a = min{u(é),v()} > a, acontradiction.
Thus, u™t (@, 1] N v (a,1] = ¢. Also, u~(a,1],v (e, 1] € S U T. Hence (X, S, T) be a PT, topological
space.Proof for j = ii, iii, iv is similar to above.

4. Hereditary, productive and projective properties

In this section, we describe the hereditary, productive and projective properties on our given concepts. The first
theorem is on hereditary property and the second one is on productive and projective properties.

Theorem 4.1 If (X,s,t) be a fuzzy bitopological space and A € X, s, = {u/A:u € s},t, = {v/A:v € t} and
(X,s,t) is FPT,(j) then (A, s4,t4) is FPT,(j), where j = i, ii, iii, iv.

Proof: We first prove this theorem for j = ii and similar to others.

Let (X,s,t) is FPT,(ii) and x,,, y, are fuzzy singletons in A with x # y. Since A € X, x,,,, y,, are also fuzzy
singletons in X. Also since (X, s,t)is FPT,(ii), there exists u,v € s U t such that x,,qu,y,qv and ugv. For
A € X, we have u/A, v/A € s, Ut,.

Now, xpqu=>u(x) +m>1L,x€X2uf/A(x)+m>1,x€ A< X = x,,qu/A

And similarly y, qu/A.

Again, uqv = u(x) + v(x) < 1= u/Ax) + v/A(x) < 1 = u/Aqv/A. Therefore, (4, sy, ty) is FPT, (ii).
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Theorem 4.2 If {(X;, s;, t;): i € A} is a family of fuzzy bitopological spaces then the product fuzzy bitopological
space (I1X;,IIs;, I1t;) = (X,s,t) is FPT,(j) if and only if each coordinate space (X;,s;,t;)is FPT,(j), where
Jj =111, iii, iv.

Proof: Letforall i € A,(X;,s;,t;) is FPT,(ii) space. We have to prove that (X, s, t) is FPT,(ii). Let x,,,, y,, be
fuzzy singletons in X with x # y. Then (x;),,, (v;), are fuzzy singletons with x; = y; forsomei € A.
Since(X;, s;, t;) is FPT,(ii), there existsu;, v; € s; U t;such that (x;),, qu;,(¥;),qv; and u;qv;. But we have
m(x) =x;and m; (¥) = y;.

Now, (X )mqu; @ u;(x;) + m > 1=2u,(m) + m > 1= (wem)x)+m> 1= x,,q; o).
Similarly, we can show that y,, q(v; o ;).

Again, u;qv; = u;(x) +v,(x) <1=u(mx) +v(m@) <1

= (W om)(x) + (w om)(x) <1 = (w; om;)q(v; o ;). Hence(X, s, t) is FPT, (ii).

Conversely, let the product fuzzy bitopological space (X, s,t) is FPT,(ii). It is to be proved that for all i €
A, (X, s, t) is FPT,(ii) space. Let a; be a fixed element in X;. Let
A = {x €X =1Ilig, €X;: x; = a; forsome i # j}. Then A;is a subset of X, and hence (4;,s4,, ts,) isa
subspace of (X, s, t). Since (X, s, t) is FPT,(ii), S0(A;, sa,, ta,) Is FPT,(ii). Again, 4; is homeomorphic image
of X;. Therefore, foralli € A, (X;,s;,t;)is FPT,(ii) . In the similar way we can prove the others.

5. Mappings in fuzzy T, bitopological space

We discuss in this section about order preserving property of the notions under one-one, onto, fuzzy open and
fuzzy continuous mappings.

Theorem: 5.1 Suppose (X, s, t) and (Y, s1,t;) are two fuzzy bitopological spaces and f:X — Y is bijectiveand
fuzzy open map. If (X, s, t) is FPT,(j) then(Y, s, t;) is FPT,(j), where j = i, ii, iii, iv.

Proof: Let (X,s, t)is FPT,(i) and x,,, ¥, be fuzzy singletons in Y with x”  y". Since f is onto then there exist
x, vy € Xwith f(x) = x', f(y) = y'and x,,, y,are fuzzy singletons in X with x # yasf is one-one.

Again, (X, s, t) is FPT, (i), there exists u, v € s U tsuch that x,,qu, y,qvand unv = 0.

Now, x,,qu = u(x) +m > 1. Now, f(u)(x) = {supu(x): f(x) = x}= fw)(x) = u(x), for some x
and f(wW)(y) = {supu®): f(y) = y} = f(wW)() = u(y), for some y Also, since fis a fuzzy open
hencef(u) €s;Ut; as u EsU t.

Again, u(x)+m>1= (fw)(x) +m>1= x,q f(w). Similarly, it is easy to show that y, q f(v).
Again, u N v =0 = min{u(x),v(x)} =0

= min{(fW)(x), (f@))(x)} = 0= fw) n f(v) = 0. Also since f is fuzzy open, f(u),f(v) € s; Ut;.

Thus,(Y, s1,t1)is FPT,(i). Similarly, one can prove the others.

Theorem: 5.2 Suppose (X, s, t) and (Y, sq, t;) are two fuzzy bitopological spaces and f: X — Y is one-one and
fuzzy FP —continuous map. If (Y, sy, t1) is FPT,(j), then (X, s, t) is FPT,(j), where j = i, ii, iii, iv.

Proof: Let (Y, sy, t;) is FPT,(ii) andx,,, y, be fuzzy singletons in X with x # y. Then(f(x))_, (f()) are
fuzzy singletons in Y with f(x) # f(y) as fis one-one. Also, since (Y, s, t1) is FPT,(ii), there exists u, v €

s1 U tysuch that (f(x))m qu, (f(y))n gqvandunv=0.

Now,(f(x))m qu= u(fx) + m>1= f(ukx) +m>1= (f‘l(u)) x)+m>1=>

x,, q(f~1(w)) and in the same way, it is easy to prove that y, q(f~(v)).

Again, ugv = u(f(x)) + v(f()) <1 = @) + fE) <1 fF@E) + f1WE) <
1= f1(w)q f~(v). As f is fuzzy FP —continuous mapping and u, v € s; U tythen f~1(uw), f~1(v) €sU
t. Therefore, (X, s, t)is FPT,(ii). The proof of others is similar to above.
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6. Initial and finalfuzzy T, bitopological space

Initial and final fuzzy bitopologies are defined and discussed with some properties in this section.

Definition 6.1 The initial fuzzy bitopology on a set X for the family of fuzzy bitopological spaces
{(X;, 55, t)}iepaand the family of functions {f;: X — (X;,s; Ut;)}iea IS the smallest fuzzy bitopology on X
making each f; fuzzy continuous. It is easily seen that it is generated by the family {£;™1(w;): u;€ s; U t;}ica.
Definition 6.2 The final fuzzy bitopology on a set X for the family of fuzzy bitopological spaces
{(X;, si, t)}ieaand the family of functions {f;: (X;,s; U t;) — X} is the finest fuzzy bitopology on X making
each f; fuzzy continuous.

Theorem 6.1 If {(X;,s;, ti)}iea is @ family of FPT,(j) fts and {f;: X — (X;,s; U t;)}ica » @ family of one-one
and fuzzy continuous functions, then the initial fuzzy bitopology on X for the family {f;};.n is FPT,(j), for
Jj =11, i, iv.

Proof: We shall prove the above theorem for j = ii and the remaining is similar. Let ¢, s be the initial fuzzy
topologies on X for the family {f;};.A. Let x,,,, ¥, be fuzzy singletons in X with x # y. Then f;(x), fi(y) € X;
and f;(X)# fi(y) as f; is one-one. Scince (X;,s;, t;)is FPT,(ii), then for any two distinct fuzzy singletons
;O » (i), In X;, there exist fuzzy sets u;, v; € s; U t; such that (f;(x)),,q u;,(f; (¥)),q v;, and u; qv;.
Now,(fi(x)) q u; = w(fi)+m>1=f1w)(x)+m>1 This is true for every ieA. So,
inff () (x) + m > 1. And (f;, ). qv; = v; (fi(y)) +n>1= £ 1(v,)(y) + n> 1.This is true for every
ieA.So, inf 1 (w) () +n > LAgain, wgv, = w(fi(x) + v (fi(x)) < 1= 1 w) @) + £ (w)(x) < 1.
So, inf £ (u)(x) +inf £ (v)(x) < 1. Letu = inf £ (w;) and v = inf £ (v;). Thenu, v € s; U t; as
fi is fuzzy continuous. So u(x) + m > 1,v(y) +n > 1 and u(x) + v(x) < 1. Hence, x,,qu, y,qv and ugv.
Therefore, (X, s, t) is FPT,(ii).

Theorem 6.2 If {(X;,s;, t))}ica 1S @ family of FPT,(j) fts and {f;: (X;,s; U t;) — X}, @ family of fuzzy open
and bijective function, then the final fuzzy topology on X for the family {f;};.a is FPT,(j), for j = i, ii, iii, iv.
Proof: We shall prove the above theorem for j = ii and the remaining is similar. Let s,t be the final fuzzy
topologies on X for the family {f;};cr. Let x,,,y, be fuzzy singletons in X withx # y. Then £f71(x), £ 1(y)
€ X; and f1(x)# £ (y) as f; is bijective. Since (X;,s; t;) is FPT,(ii), then for any two distinct fuzzy
singletons (71 (x))m » (f1(¥)). in X;, there exist fuzzy sets u;, v; € s; Ut; such that (£ 1(x)),q u;,

(fi_l(y))nq v; and u;qv;. Now, (fi‘l(x))mq u; = ui(fi_l(x)) +m>1= fi(y,)(x) +m > 1. This is true
for every ieA. So, inf f,(u)(x) + m > 1.And (£ (¥)nqv; = vi(fi_l(y)) +n>1>= f,(v,)(y)+> 1. This

is true for every ieA. So, inf fi(v;))(y) +n>1. Again, wqv; = ui(fi'l(x)) + vi(fi‘l(x)) <1=>
fitu)x) + fi(v)(x) < 1. This is true for every ieA. So,inf fi(u)(x) +inf f;(v))(x) < 1. Let u=
inf f;(w;) and v = inf f7'(v;). Then w,v €s; Ut; as f; is fuzzy open. So, u(x) +m>1v()+n >1
and u(x) + v(x) < 1. Hence, x,,qu, y,qv and ugv. Therefore, (X, s, t) is FPT,(ii).

7. Conclusion

The main result of this paper is introducing some new definitions of fuzzyT; bitopological spaces in sense of
quasi-coincidence. We present their good extension, hereditary, productive and projective properties. We
compare our results with other existing notions and their counter parts’ examples [1, 24, 30]. These concepts
would be interesting to more expansion on fuzzy bitopological spaces than [30] and extending to general fuzzy
topological space [5].
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