Available online www.jsaer.com

Journal of Scientific and Engineering Research, 2018, 5(10):272-276

Research Article CODEN(USA): JSERBR

Y \a,;"‘o,_ . -
/e i -‘:.n%‘\ ISSN: 2394-2630

Some Inequalities for the Frobenius Norm of Complex Matrix

TU Yuanyuan*!, LI1U Shihui®

!Department of Mathematics, Taizhou College, Nanjing Normal University, Taizhou 225300, China

“College of Mathematics and Statistics, Nanjing University of Information Science and Technology, Nanjing,
210044, China

Abstract In this paper, we use the existing conclusions of unitary invariant norm inequalities to present some
inequalities under certain conditions of the Frobenius norm of the complex matrix, at the same time, we extend
the corresponding results.
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1. Introduction

For a complex number X = @+ ib , where a,b are all real, we write Rex = a, ImX =D, asusual , let C™"
be the set of Mx N complex matrices, U, be the set of all N x N unitary matrices, A be an Nx N matrix,

denote the eigenvalues of A by A, (A) the singular values of A by o; (A) the trace of A by trA  the

associate matrix of A by A" , and the Frobenius norm of MXN complex matrix by

1A, = A A} (zuj A= (ay )™

A great deal of work on the topic has been done by a number of authors [2-6] | in 1979, Marshall and Olkin

gave the following inequality [3]

|a-B(UV")

. <|A-BI], (1.1)

Where A, B are complex matrices, U,V T are unitary matricesand B"A=U (B*A)GV

In1999, Wang boying extended the (1.1), made it also valid in unitary invariant norm (4] , and got the equality
A, -8.], <[A-UBvl, <|a, +B,], a2

Where A, B are complex matrices, U,V are unitary matrices , || . ||ui is the unitary invariant norm.

The purpose of this paper is to use the existing conclusions to present some inequalities under certain conditions
of the Frobenius norm of the complex matrix, and extend the results of Wang boying.

2. Main Results
Theorem 1. Let A and B be NxN complex matrices, and C be Mx M complex matrix, W be mxn
complex matrix,
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@) 1fRetr (A(B" ~W"C"W )= 0and|W "CW|_ = [B],, then |A- B, <|A-w"CwW]|_;
@ 1fRetr(A(B" ~W"C"W ))<0and|W "CW|_ <[B],, then |A-B], > |A-w"CwW]|_;
3) 1fRetr(AB" ~W"CHW ))=0and W " CW|_= B[, then [A- B, =[A-w"CW]_.
Proof. We first show (1).
Retr(A(B" -W"C"W)) > 0 < 2Retr(AB") > Retr(AW"C"W)
< tr(AB" +B"A) > tr(AWHCHW + A"wHCw)
|wrcw HF >|B|. < tr[W"cw)"Ww"cw)]=>tr(B"B)

< tr(wCfww " Ccw) > tr(B"B)
Thus, we have

| A-wrew || = tr(A-w"cw)" (A-w"Ccw)
=tr(A" A+wHCchwwHcw — AfwHcw — AwHCHw)
> tr(A"A+B"B—AB" —B"A)
= tr(A-B)"(A-B) =|| A-B|".
Then we show (2).
Retr(A(B" ~W"C"W)) < 0 < 2Retr(AB") < Retr(AW"C"W)
< tr(AB" +B"A) < tr(AWHCHW + A"WHCW)
|wrcw HF <|B], e tr[W"cw)"w"cw) | <tr(B"B)

< tr(w"Cifww " Cw) < tr(B"B)
Thus, we have

| A-wHew || = tr(A-w"cw)" (A-w"cw)
— tr(A" A+ W CHWWHCW — AMWHCW — AWHCHW)
< tr(A"A+B"B— AB" —B"A)

=tr(A-B)"(A-B) =| A-B|".
The (1) and (2) yield the right of (3). The proof is completed.
If W is any unitary matrix , and its Frobenius norm is unitary invariant norm, then,

HWHCW HF = || C ||F < || B ||F , it satisfy the conditions of Theorem1, thus, the following result holds.

Corollary 1. Let A,Band C be NxN complex matrices, W be N XN unitary matrix, then
(1) If Retr(A(B-W"CW))20 and |C|. >|B]., then

| A-B|. <|A-w"cw|_;
¥ If Retr(A(B-W"CW)) < 0 and [C|. <|B]., then
| A-B], =|A-w"cw |_

=/
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®) If Retr(A(B-W"CW))=0 and [C|  =|B].. then
| A-BJ, = | A-w"cw | .

Remark 1. If C =B in Corollaryl , it is easy to see the following inequalities hold.
(1) 1f Retr(A(B-W"BW)) 20, then

| A-BJ, <] A-wHcw|_; 2.2)
(20 1f Retr(A(B-W"BW)) < 0, then

| A-BJ, | A-whcw|_; (22)
(3) 1f Retr(A(B-W"BW)) =0, then

| A-BJ, =] A-w"cw | . 23)

The (2.1) is the inequality of the theorem 2.4 in [5].
Theorem 2. Let A, Band C be Nx N complex matrices, W be Nx N unitary matrix, if

Retr(AW"C"W + A"B) > Oand [C . <||B]., then
| A-whew || <[ A+B|.. (2.4)
Proof. ||C|. <|B|. < tr(C"C) <tr(B"B),
Retr(AW"C"W -~ A"B) >0 <« tr(AW"CH'W + A"W"CW + A"B+B"A) > 0

<= tr(AH B+ BHA) > —tr(AWHCHW + AHWHCW)
thus

| A-wHew | = tr(A-w"cw)" (A-wHcw)

tr(A"A+wHc"cw - ArwHCwW — Aw FCw)
tr(A" A+C"C)-tr(A"W"CW + AW"C"W)
< tr(A"A+B"B+A"B+B"A)

H 2
= tr(A+B)"(A+B) = | A+B|_.

The proof is completed.

A

Corollary 2 Let A and B be positive semidefinite matrices, W be any unitary matrix, then
| A-wHBwW|_ <[ A+B|.. (25)

Proof. For A>0, B >0, noticethat WHBW >0, then

tr(AWHBW) = Y4 (AW BW) > 3 A WHBW)A, ,.1(A)

i=1 i=1

- iﬂi(B)ﬂ’n—iﬂ(A) 2 O,

tr(A"B) = tr(AB) = anﬂ,,(AB) > EH:/L(A),I

n—i+1
i=1 i=1

(B) >0,

o
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Hence, we get

Retr(AW"CHW + A"B) = tr(AW"BW) +tr(A"B) > 0.
Particularly, for C = B, by Theorem2, the inequality(2.5) is completed.
Remark 2. The Theorem2 in [4] point that : If A, B are complex matrices,

A =diag(oc,(A), o,(A), -+, 0,(A), B, =diag(o,(B), 0,(B),:-, o,(B)) where
o,(A)=---20,(A)20, 0,(B)=--->20,(B)=0. Let U,V are unitary matrices, then
| A-VvBU | < || A +B, |.
Where || : || is the unitary invariant norm.
Particularly, let unitary invariant norm be Frobenius norm such that V =U A then, we get
| A-utBU | <[ A +B,|. (26)

if Aand B are diagonal and positive semidefinite matrices, then ,there is an unitary matrix P , leads to
P'AP=A, , P"BP=A, , w here A = diag(c; (A, o, (A, 0, (A)
A, = diag(O'kl(B) , akz(B) ot Oy (B)).
So by Theorem 2, we get

| A+l = | P (a+BP .

- | diag((2, (A)+ A, (B) +---+ (4, (A) + 4, BN) .
=| A +A, L = i(ah (A)+4 (B))

= DA DA B) $23 A (WA

< S AR + Y A7(B) +23 A (A4(B)

n

= 2 (AA+A(B) = | A +B, |,

i=1
Thus,

| A-U"BU | <[ A+B|. <[ A +B,|..

Obviously, the Corollary2 extended the conclusions of [4].
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