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Abstract On the setting of the upper half-space 𝚮 of the Euclidian 𝑛-space, we give size estimates of partial 

derivatives of weighted harmonic Bergman functions. Also, we show that for any multi-index 𝛽 , there is a 

function 𝑢 ∈ 𝑏𝛼
𝑝
 satisfying 𝐷𝛽   𝑢 ∉ 𝑏𝛼

𝑝
. 
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1. Introduction 

For a fixed positive integer 𝑛 ≥ 2, let 𝚮 = 𝐑𝑛−1 × (0, ∞) be the upper half-space. We write point 𝓏 ∈ 𝚮 as 

𝓏 =  𝓏 ′, 𝓏𝑛  where 𝓏 ′ ∈ 𝐑n−1 and 𝓏n > 0. 

For α > −1, 1 ≤ 𝑝 < ∞, and Ω ⊂ 𝐑n , let 𝑏𝛼
𝑝 Ω  denote weighted harmonic Bergman space consisting of all 

real-valued harmonic functions  𝑢 on Ω such that  

 𝑢 
𝑏𝛼

𝑝  Ω ≔    𝑢 𝑧  𝑝
Ω

𝑑𝑉𝛼 (𝓏) 
1/𝑝

< ∞, 

Where 𝑑𝑉𝛼(𝓏) = dist 𝓏, ∂Ω α𝑑𝓏, dist 𝓏, ∂Ω  denotes the Euclidian distance from 𝓏 to the boundary of Ω and 

𝑑𝓏 is the Lebesgue measure on 𝐑𝑛 . We let 𝑏𝛼
𝑝

= 𝑏𝛼
𝑝 𝚮 .  Then we can check that 𝑑𝑉𝛼  𝓏 = 𝓏𝑛

𝛼𝑑𝓏 on 𝚮 and 

space 𝑏𝛼
𝑝
 is a Banach space. 

Harmonic Bergman spaces are not studied as extensively as their holomorphic counterparts and many results on 

Bergman spaces has been done for bounded domains. [4] and [9], for example, are good references for 

holomorphic Bergman spaces. 𝑏0
𝑝 Ω  is studied in [8] and [5] on the setting of upper half-space and bounded 

smooth domain in 𝐑n , respectively. 𝑏𝛼
𝑝 𝛣  where 𝛣is the open unit ball in 𝐑n  is studied in [3]. Also, we studied 

weighted harmonic Bergman spaces in [6] and [7]. 

This paper is organized as follows. In section 2, we review preliminary results about the extended Poisson 

kernel and the Cauchy’s estimates for harmonic functions. Also, we give size estimate of 𝐿𝑝 -norm of partial 

derivatives of extended Poisson kernel. In section 3 is devoted to prove several properties of functions in 𝑏𝛼
𝑝
 and 

its derivatives. 

Constants. Throughout the paper we use the same letter 𝐶 to denote various constants which may change at 

each occurrence. The constant 𝐶 may often depend on the dimension 𝑛 and some other parameters, but it is 

always independent of particular functions, point or parameters under consideration. For nonnegative quantities 

𝛢 and 𝛣, we often write 𝛢 ≲ 𝛣 or 𝛣 ≳ 𝛢 if 𝛢 is dominated by 𝛣 times some inessential positive constant. Also, 

we write 𝛢 ≈ 𝛣 if 𝛢 ≲ 𝛣 and 𝛣 ≳ 𝛢. 

 

2. Preliminary Results   

In this section, we first review some preliminary results about the extended Poisson kernel on the upper half-

space. 

Let 𝐵 𝓏, 𝑟  be the open ball in 𝐑𝑛  centered at 𝓏 ∈  𝐑𝑛  with radius 𝑟 > 0 and let 𝑃 𝓏, 𝜔  be the extended 

Poisson kernel on 𝐇, i.e., 
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𝑃𝓏 𝜔 ∶= 𝑃 𝓏, 𝜔 =
2

𝑛𝑉 (𝐵 0,1 )

𝓏𝑛 +𝜔𝑛

 𝓏−𝜔  𝑛
 ,                   (2.1) 

where 𝓏 ∈ 𝚮, ω ∈ 𝚮 , ω = (ω′, −ωn) and 𝑉(𝐵 0,1 ) is the volume of the unit ball in 𝐑𝑛 . Then it is well known 

that for each 𝓏 ∈ H and for every ω ∈ 𝚮 . 

 𝑃 𝓏, 𝜔 𝑑𝜔′
𝜕𝚮

= 1.                              (2.2) 

Here 𝜕𝚮 = 𝐑𝑛−1 denote the boundary of 𝐇. See [1] for details. 

From (2.1), we see that for multi-indices β  = (β
1

, … , β
n

) and γ = (γ
1

, … , γ
n

), 

𝐷𝑧
𝛽   
𝐷𝜔

𝛾   
𝑃 𝓏, 𝜔  = 𝐷𝓏1

𝛽1 ⋅⋅⋅ 𝐷𝓏𝑛

𝛽𝑛 𝐷𝜔1

𝛾1 ⋅⋅⋅ 𝐷𝜔𝑛

𝛾𝑛 𝑃 𝓏, 𝜔  

            =  −1 𝛾1+∙∙∙+𝑟𝑛−1𝐷𝓏1

𝛽1+𝛾1 ⋅⋅⋅ 𝐷𝓏𝑛

𝛽𝑛 +𝛾𝑛 𝑃 𝓏, 𝜔  

         =  −1 𝛾1+∙∙∙+𝑟𝑛−1
𝑓(𝓏−𝜔 )

 𝓏−𝜔  
𝑛+2 𝛽    +2 𝛾    

 ,  (2.3) 

where 𝑓 = 𝑓𝛽   ,𝛾    is a homogeneous polynomial of degree 1 +  𝛽  + |𝛾 |. (Here 𝛽𝑗 , 𝛾𝑗  are nonnegative integers for 

each j=1,…,n and  𝛽  = 𝛽1 + ⋯ + 𝛽𝑛 .) 

In the following lemma, we give estimate 𝐿𝑝 -norm size of 𝐷𝑧
𝛽   
𝑃(𝓏,  0, 𝛿 )  for 𝛿 > 0. 

 

Lemma 2.1. Let𝛿 > 0, 𝛽  be a multi-index satisfying  𝑛 +  𝛽  − 1 𝑝 > 𝑛 + 𝛼 and let 

𝑢 𝓏 = 𝐷𝓏
𝛽   
𝑃(𝓏,  0, 𝛿 ) 

on 𝜢. Then we have  

 𝑢 
𝑏𝛼

𝑝 ≈ 𝛿
 𝑛+𝛼 /𝑝−𝑛− 𝛽    +1. 

 

Proof.  First note from (2.3) that 

𝑢 𝓏 =
𝑓 𝓏 +  0, 𝛿  

 𝓏 +  0, 𝛿  𝑛+2 𝛽    
 

for some homogenous polynomial f of degree 1 +  𝛽  . Then we see from the change of variables 𝓏 ↦ δ𝓏 and 

the homogeneity of 𝑓 that 

 𝑢 
𝑏𝛼

𝑝
𝑝

=  
 𝑓 𝓏 +  0, 𝛿   

𝑝

 𝓏 +  0, 𝛿  𝑝 𝑛+2 𝛽     
𝓏𝑛

𝛼𝑑𝓏
𝚮

 

                                                =  
𝛿𝑝  𝛽    +1 +𝑛+𝛼

𝛿𝑝 𝑛+2 𝛽     
 

 𝑓 𝓏 +  0,1   
𝑝

 𝓏 +  0,1  𝑝 𝑛+2 𝛽     
𝓏𝑛

𝛼𝑑𝓏.                               (2.4)
𝛨

 

Let 𝐼 denote the integral in (2.4). Because 𝑓 is a polynomial of degree 1 + |𝛽 |, we have from (2.2) that 

0 < 𝐼 ≲  
𝓏𝑛

𝛼

 𝓏 +  0,1   𝑛+|𝛽   |−1 𝑝
𝑑𝓏

𝐻

 

≲  
𝓏𝑛

𝛼

(𝓏𝑛 + 1) 𝑛+|𝛽   |−1 𝑝−𝑛+1
 

𝓏𝑛 + 1

 𝓏 +  0,1  𝑛𝜕𝐻

𝑑𝓏 ′𝑑𝓏𝑛

∞

0

 

                 ≲  
1

(𝓏𝑛 +1)
 𝑛+|𝛽   |−1 𝑝−𝑛−𝛼+1

 𝑃(𝑧,  0,1 ) 
𝜕𝐻

𝑑𝓏 ′𝑑𝓏𝑛
∞

0
< ∞ , 

where we used the fact (𝑛 + |𝛽 | − 1)𝑝 > 𝑛 + 𝛼. 

Therefore, we have 

  𝑢  
𝑏𝛼

𝑝 ≈ 𝛿 𝑛+𝛼 /𝑝−𝑛−|𝛽   |−1 , 

as desired and this completes the proof. 

 

Lemma 2.2 which is called Cauchy’s estimates for harmonic functions is proved in [1] 

Lemma 2.2 If 𝛽  be a multi-index, then 
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|𝐷𝛽   𝑢 𝓏 | ≲
𝑀

𝑟 𝛽    
 

for all functions 𝑢 harmonic and bounded by 𝑀 on 𝐵 𝓏, 𝑟  

 

3. Main Result 

Before we prove the main results, we first show one lemma which implies point evaluation is a bounded linear 

functional on 𝑏𝛼
𝑝
 and convergence in 𝑏𝛼

𝑝
-norm implies the uniform convergence on each compact subset of 𝐇. 

 

Lemma 3.1 Let 𝑢 ∈ 𝑏𝛼
𝑝
 and let 𝓏 ∈ 𝐇. Then we have 

|𝑢 𝓏 | ≲
 𝑢 

𝑏𝛼
𝑝

𝓏𝑛
 𝑛+𝛼 /𝑝

 . 

Proof. Let 𝑟 = 𝓏𝑛 /2 and apply the volume version of the mean-value property to 𝑢 on 𝐵 𝓏, 𝑟 . After taking 

Jensen’s inequality, we have 

 𝑢 𝓏  𝑝 =  
1

𝑉 𝐵 𝓏, 𝑟  
 𝑢 𝑤 𝑑𝑤
𝐵 𝓏,𝑟 

 

𝑝

 

≲
1

𝑉 𝐵 𝓏, 𝑟  
  𝑢 𝑤  𝑝𝑑𝑤
𝐵 𝓏,𝑟 

 

≈
1

𝓏n
n
  𝑢 𝑤  𝑝

 𝑤𝑛
𝛼

 𝓏𝑛
𝛼

𝑑𝑤.
𝐵 𝓏,𝑟 

 

Therefore we have 

|𝑢 𝓏 | ≲
 𝑢 

𝑏𝛼
𝑝

𝓏𝑛
 𝑛+𝛼 /𝑝

 , 

as desired. 

From Lemma 2.2 and Lemma 3.1, we estimate size of partial derivatives of functions in 𝑏𝛼
𝑝
. 

Theorem 3.2. Let 𝑢 ∈ 𝑏𝛼
𝑝
 and let 𝛽  be a multi-index. Then we have 

 𝐷𝛽   𝑢(𝓏) ≤
 𝑢 

𝑏𝛼
𝑝

𝓏𝑛

 𝛽    +(𝑛+𝛼)/𝑝
 

For 𝓏 ∈ 𝐇. 

Proof.  Fix 𝓏 ∈ 𝐇 and let r = 𝓏𝑛 /2. Then we know from Lemma 3.1 that for w ∈ 𝐵(𝓏, 𝑟), 

 𝑢(𝑤) ≲
 𝑢 

𝑏𝛼
𝑝

𝑤𝑛
(𝑛+𝛼)/𝑝

≈
 𝑢 

𝑏𝛼
𝑝

𝓏𝑛
(𝑛+𝛼)/𝑝

, 

because 𝑤𝑛 ≈ 𝓏𝑛  on 𝐵 𝓏, 𝑟 . Therefore we get from Lemma 2.2 that 

 𝐷𝛽   𝑢(𝓏) ≲
1

𝑟 𝐵   
∙

 𝑢 
𝑏𝛼

𝑝

𝓏𝑛
(𝑛+𝛼)/𝑝

≈
 𝑢 

𝑏𝛼
𝑝

𝓏𝑛

 𝛽    +(𝑛+𝛼)/𝑝
. 

This completes the proof  

In the following theorem we show that for any multi-index 𝛽 ≠ 0   and for any 𝑝 ∈ [1, ∞), there exists a 

function 𝑢 ∈ 𝑏𝛼
𝑝
 satisfying that 𝐷𝛽   𝑢 does not belong to 𝑏𝛼

𝑝
. 

Theorem 3.3. Let 𝛽  be a nonzero multi-index and let 1 ≤ 𝑝 < ∞. Then there is a function 𝑢 ∈ 𝑏𝛼
𝑝
 such that 

𝐷𝛽   𝑢 ∉ 𝑏𝛼
𝑝

. 

Proof. To derive a contradiction, suppose that for all 𝑢 ∈ 𝑏𝛼
𝑝

, 𝐷𝛽   𝑢 ∈ 𝑏𝛼
𝑝

. Then we see from Theorem 3.2 and the 

closed graph theorem that the map 𝑢 ↦ 𝐷𝛽   𝑢 is a bounded map on 𝑏𝛼
𝑝

. 

First, we choose a nonnegative integer k satisfying  

 𝑛 + 𝑘 − 1 p > 𝑛 + α 

and let 𝑢 𝓏 = 𝐷𝑛
𝑘𝑃(𝓏, 0) for 𝓏 ∈ 𝐇. Then we see from (2.3) that u is harmonic on H and 
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𝑢 𝓏 =
𝑓(𝓏)

 𝓏 𝑛+2𝑘
,   𝐷𝛽   𝑢 𝓏 =

𝑔(𝓏)

 𝓏 𝑛+2𝑘+2 𝛽    
,  

where  f  and  g  are homogenous polynomial of degree 1+k and 1 + 𝑘 +  𝛽  , respectively. 

Let 𝑢𝛿 𝓏 = 𝑢(𝓏 +  0, 𝛿 ) for δ > 0. Then we see Lemma 2.1 that 

 𝑢𝛿 
𝑏𝛼

𝑝 ≈ 𝛿 𝑛+𝛼 /𝑝−𝑛−𝑘+1. 

Note that  𝛽  > 0 and so (𝑛 + 𝑘 + |𝛽 | − 1)𝑝 > 𝑛 + 𝛼. Then we also see from Lemma 2.1 that 

 𝐷𝛽   𝑢𝛿 
𝑏𝛼

𝑝 ≈ 𝛿
 𝑛+𝛼 /𝑝−𝑛−𝑘− 𝛽    +1. 

These yield that 

 𝐷𝛽   𝑢𝛿 
𝑏𝛼

𝑝

 𝑢𝛿 
𝑏𝛼

𝑝
≈ 𝛿− 𝛽    → ∞ 

as δ → 0. Hence the map 𝑢 ⟼ 𝐷𝛽   𝑢 is not bounded on 𝑏𝛼
𝑝
, which is a contradiction. Therefore the proof is 

complete. 
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