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Abstract In this paper, we completely characterize (semi-)commutativity of Toeplitz operators with harmonic
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1. Introduction

Let I be the unit disk in the complex plane ©© and dA the normalized area measure on ID. The Sobolev space S
is the completion of the space of smooth function f onllD) such that

2 af % | |ar|? 2
171 = {15, raal” + f, (|2 +[2]) aaf <o
Then S is a Hilbert space with inner product
_ af dg , of og
(f.g) = [, fdA [ gdA + [, (LE+2L%)ay
for f,g €S.

It is well known that the classical Drichlet space D is the closed subspace of S consisting of all holomorphic
functions in S, and D is a reproducing function space with reproducing kernel

K,(w)=1 +logﬁ =1+Y7, (Z:)n , w,z€€D.
The classical Dirichlet space D has been studied extensively, for more information see, for example, survey
paper [8] and [10].

In this paper we consider the harmonic Dirichlet space D, which consists of all harmonic functions in S. As in
the harmonic Bergman space (see [6]), it is easy to verify that

Dh =D + 5,
where D = {f|f € D}, and Dy, is also a reproducing function space with reproducing kernel
R,wW)=K,W)+K,w)—1, w,zeD @))

Recall that a nonnegative measure u on D is called a D-Carleson measure if
JplfI?du < ClIfII* , Vf €D,
for some nonnegative constant C. See [9] for the geometric characterization of Carleson measure.
Let H* (ID) be the space of all bounded analytic functions on . Denote
u=f+g f gEH™ (D) }

M = uisharmoniconlD)l 2
|f|"dA |§|?dA are D—Carleson measure

For u € M, define Toeplitz operator T, on D, as
T,(®) =Q®) , VO € Dy,
where Q is the orthogonal projection from S onto D,,, and for any ¢ € S,
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Q@) (2) = (o, R,).
A direct verification shows that T, is bounded for u € M.
Let P be the orthogonal projection from S on to D, then for any ¢ € S,
(Pp)(2) = (9, K,)
and by (1), we have
T,(®) = Q(u®) = P(ud) + P(ud) — P(u@)(0) , VO € Dy.

In this paper we will characterize the condition for u,v € M such that Toepliz operators T,, and T, on D,
commute.

The study of commutativity of Toeplitz operators traces back to 60s of last century. In [2], commutativity of
Toeplitz operators on the Hardy space was characterized. After that, the harmonic symbols of commuting
Toeplitz operators on the Bergman space and on the classical Dirichlet space were studied in [1] and [5],
respectively. The corresponding problem in harmonic Bergman space was studied in [3], and under certain
noncyclicity hypothesis, this problem was solved in [4].

Inspired by the ideal in [3], in this paper, we give a complete characterization for the commutativity of Toeplitz
operators on D, with symbols in M, which is different from the case in classical Dirichlet space D as shown in
[5]. Our main result is
Theorem 1.1 Let u,v € M, then T, T, = T, T,, on D, if and only if a nontrivial linear combination of u and v is
constant on D.

Using a similar method, we also characterize semi-commutativity of Toeplitz operators on D, with symbols in
M.

Theorem 1.2 Let u,v € M, then T, T,, = T, on D,, if and only if either u or v is constant.

2. The proof of the main results
In this section, {.,.), denotes the inner product in L? (D, dA), the Hilbert space of square integrable Lebesgue
measurable functions of the unit disk D.
Note that
{Lw wm|weD, n=123,..}
is an orthogonal basis of D, and for f € Dy,

s 9
f=2L, [ fda=f).
The proof of main results are based on the following lemmas.
Lemma 2.1 If f is holomorphic in M and
f(0) = f(0) == f"D(0) =0
for N >1,thenfor1 <m <N,
Trw™ =Trw™ = P(fw™)
Proof. By definition, for 1 <m < N,
Tw™ = Q(fw™) = P(fw™) + P(fw™) — P(fw™)(0)

and
P(fw™)(2) = (fw™ K,) = jfwmdAJI?ZdA +meW"’_11?Z’dA
= W + W ), = W £y, ’
since f(0) = £ (0) == fN D) =0andm —1 <N, (W™, fK,), = 0.
But
P(fw™)(0) = (fw™, 1) = [, fw™dA = (f,w™),.
Hence

Trw™ = P(fw™).
Since R, = R,, SO

(Trw™)(2) = (fw™,R,) = (fw™,R,) = (Trw™)(2).
Now we compute P(fw™).
Iff(z) =Ym-nya,z" (N =1),1 <m < N, then

P(fo™)(2) = (Fw™ K,) = [, fw"dA [, K;dA+ [ fw"K;dA

={f, W™ WKy, = By auw, W) Sy na, wt L wm BE_ 2w,
= (S W WY, + (S W, By 7T W,

Soform =N,
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P(fW™)(2) = =+ Bty G gvan, 2)
andfori1<m<N-1, N2=2,

P(FW™)(2) = By anz™ ™. (2)
Hence, we obtain

Z"P(fW™)(2) = f(2) —~ayz®, if m=N (3)
and

zZ"P(fwm™)(z) =f(z) if 1<m<N-1,N=2. (3)

The next lemma has been presented in [7] with a different form. But for the completeness, we include its proof
here.
Lemma 2.2. If f is holomorphic in M, ¢ € S, then

P (FP(9)) = P(FP()) (0) = P(Fp) — P(Fp)(0).
Proof. By definition,
P(FP(9)) @) — P (FP(9)) (0) = (FP(¢), K,) = (FP(0), 1)

= [, ) L w) 22 (wydAw) = (L2, r e, @
and
P(fo)(2) — P(f)(0) = (fo.K,) — (fo — 1)
= [, fW) 22 (W) S (w)dA(w) = (2, £ 22),, ®)
Since
— ap 0K,
h P()W) = (p,K,) = [, 0dA [ K, dA + [ 222w dA(e),
We have
P (p) _ [ 9 9°K,
=~ w) —megmd/l(t)-
It is well known that ZWIX (t) is the Bergman kernel L, (t) = m .
Hence 2 (w) = (%2, L,,)), , which implies that
P(p) 0K, a K, a K,
(B F 2y, = (G5 Lo f 22, = (2, F 50, 6)

The conclusion follows from Egs. (4)-(6).
The following theorem gives a necessary condition for two Toeplitz operators to be commuting.
Theorem 2.3. Letu = f +g,v = h + k in M with f, g h, k holomporphic such that T, T, = T,T, on D,,.
(i) If both £ and h are not constant, then h = af + y for some constants a,y with a # 0

(ii) If both g and k are not constant, then g = Bk + & for some constants 8, with g # 0.
Proof. Without loss of generality, assume
f(0) =g(0) = h(0) = k(0) = 0.
(i) Suppose that both £ and h are not constant.
Claim. For any integer N > 2, if £(0) = --- = f®=1D(0) = 0, then
h'(o) = eee — h(N_l)(O) = 0
Let f(z) = Yoy a,z" and h(z) = X7_y byz™ , where M > 1.
If1 <M< N —1, then since

h(0) = (0) = - = RMD(0) = 0,

f(0) = £(0) = - = fM=D(0) = 0,
by Lemma 2.1

T,(w") = P(hw™), T,(w") = P(fw").
Hence

T T, (W") = T;(P(hw")) = fP(hw™)
T, T, (W") = T(P(hw™)) = P(gP(hw™)) + P(gP(hw™)) — P(gP(hw™))(0).
A straightforward computation shows that
T; T w") = Ty (kwM) = P(fkwM) + P(kaM) - P(fkwM)(O),
T;Tr (W") = gkw™.
It follows that
3 N
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T,T,w") = T, T, W") + T, Ty W") + T;T, W) + Tz T (W)
= fP(hw™) + P(fkw™) + P(flkw™) — P(fkw™)(0)
+P(gP(hw™)) + P(gP (hw")) — P(gP(hw™))(0) + gkw™.
Similarly,
T,T,W") = T, Ty (W") + T, T (W") + T T (W) + T T;(W™)
= hP(fw") + P(hgw") + P(hgw) — P(hgw™)(0)
+P (kP(fw™)) + P(kP(fw™) — P (kP(f#™)) (0) + kgw™.
By Lemma 2.2., we have
P(fkw™) — P(fkw™)(0) = P (EP(fWM)) —P (IEPQCWM)) (0).
P(hgw™) — P(hgw™)(0) = P(gP(hw™)) — P(gP(hiw™))(0).
Since T, T, =T,T, and f(0) = h(0) = 0, by taking the holomorphic part on both sides of T,T,w" and
T, T,w", we have
fP(hw™) = hP(fw™M).
By (3) and (3),
M f@)P(h")(2) = f(2) (h(2) — o= buz),
2" h(2)P(fw")(2) = h(2)f (2).
It follows that b,, = 0, completing the proof of the claim.
By the above reasoning, if f(0) = --- = f®-D(0) = 0, f™M(0) # 0, then
r(0) = - =h"D0)=0

and
fP(hw") = hP(fw").
Again by (3) and (3’), we have

N F@PRT) () = £2) (hD) - 57 baz"),

N+1
— N
Nh@PFIV) () = h(z) (f(2) - L= ayz").
Hence
byz" f(z) = ayzVh(2).
It follows that by # 0. Let a = Z—N ,thena # 0 and h(z) = af (2).
N
(ii) If both 2 and k are not constant, by the symmetry of the holomorphic part and the anti-holomorphic part of
u, v and functions in Dy, we also have that there exist nonzero § such that k = fg.
For the proof of the main result, the following lemma is needed.
Lemma 2.4. If f is holomorphic in M,
f(0) = £(0) == f¥"D(0) = 0
forN = 1and f(z) = X7_ya,z", then
(i) form=N, )
(Trw™)(2) = Nay + N Ty =7,
foril<m<N-1,N=2,

(T w™)(2) = m By =z

and
(T7m) (2) = (T7w™) (2);
(i) form =1, (Tfw™)(2) = m¥7_yim “"T—mzn.
Proof: (i) A straightforward computation shows that
(w™, fK,) = [w™dA [, fK,dA + [, mw™ ' fK,dA
=m [ w" K, f dA = m(w" 'K, ),
= mwn =t (T, Swn 4+ 1), Ty na, whh),

Z_n -m

=m(Ermi—— wt L ye na, whl), + mwm™ L Yo na, wh),.
Soform =N,

(w™, fK,) = Nay + N Tir_y =2 7m,

?%ﬁ
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and fori<m<N-1,N2=2,
(W™, fK,) = m Ty —
Also, it is easy to verify that form = N,
(Wmﬂsz>=NaNl (Wmﬂf)szN1
andforl<m<N-1,N2>=2,
(wh,fK;)=0, (w™ f)=0.

Sn—m

Since
(Trw™)(2) = (Tfw™, R} = (W™, fR,) = (W™, fK,) + (W™, fK,) — (W™, f)
we have .
(Tfw™)(2) = Nay + N X = 2"
if m=N,and

(Tfw™)(2) = m By -z
if1<m<N-1,N2>=2.
By definition,
(Trw™)(2) = (Tfw™,R,) = (#", fR,)
= (w™, fR,) =(Tfw™,R,) = T;w™(2).
(if) For m > 1,
(Trw™)(@) = (Trw™, R,) = (W™, fR,) = (W™, fK,) + (W™, FK,) — (w™, f).

Since

(w™, fK,) =0,
w™, f)=0

and L L
(w™, fK,) = [,w"dA [ fK,dA + [, mw™ ' fK,dA

=m f wnTHfK dA = m(w™ L, Ky), = m(wml Z a,w" ,Z Z"wnhly,
n=N n=1
= M tm G- W Ty 2 W)y = Ty 2"
we get
(Trw™)(2) = m Ty 2
The following theorem is a key step in the proof of Theorem 1.1

Theorem 2.5. Let f, g be holomorphic functions in M and g is not constant. If T,T; = T;T; on D, then f is
constant.
Proof. Without loss of generality, assume f(0) = g(0) = 0. We will prove that if T;T; = TgT; on D, with
g+ 0,then f =0.
Letg(z) = Yp_y bpz™ Withby #0,N > 1,and f(z) =Ygy anz" , M > 1.
By Lemma 2.1 and Eq (2)
(Tew")(2) = i3t Zvca boawzr.
By Lemma 2.4, )
(Trw")(2) = May + M i = 7,

* o byp—
(Tyw")(2) = ME5_ym nM z".

Hence

(T wh, wh) = (Tgw", Trwh) = <N—+1+Zn 1 Byzn, My + M Eip 2 7m)

= bNaM + MYy by Gy = il —byay + M X5 _y41 Gnbyin_m

[oe] [oe] le—
= <T‘TfW ) = (TfW Tgw M) =Xy @ 2", MYy nM z"

by
= (n=N+M On-nZ" M XN m n) =M Yy_N+m A an m=MYr- Manbn+N M-

Since TfT— = TyTy, we obtain
Vil —byay = Mayby.

It follows from by # 0 that ay, = 0.
By induction on M, we have f = 0.

(3\ ‘\\
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Now we give the prove of Theorem 1.1.
Proof of Theorem 1.1. Since the "if" part is easy to verify, we only give the proof of the "only if" part.
Without loss of generality, assume both u and v are not constants.
Letu = f +g,v = h+ k with f, g h, k holomorphic.
If at least one of f, g, h, k is constant, without loss of generality, assume f is constant, then Z is not constant.

It follows from T, T, = T, T, that
TgTh+k = ThakTg 7
If k is constant, then TzT, = T, T; by Theorem 2.5, k- is constant, which contradicts to the assumption that v

is not constant.
If k is not constant, then by Theorem 2.3, k = fg + & with g # 0. By (7), we have T;T, = T, T; and, by

Theorem 2.5, h is constant, and thus a nontrivial linear combination of u and v is constant on D.

Otherwise, none of f, g, h and k is constant, then by Theorem 2.3,
h=af+y , k=pg+4

for some constant a, y, 8,6 with a = 0 and 8 # 0.

It follows from T,,T,, = T, T, that

(a = B)TyTy = (a = )Ty Ty

By Theorem 2.5, we must have @ = 8. Thus v = au + y + &. The proof is completed.

By Theorem 1.1, we have the following results. The corresponding problem in harmonic Bergman space has
been described in [3].
Corollary 2.6. Let u € M, then T, T; = T;T, on D,, if and only if u(ID) is contained in a straight line.
Proof. It is enough to prove the necessity.

Let u =f +g with f,g holomorphic. If u is not constant, then by Theorem 2.5, both f and g are not

constant. Assume f (0) = g(0) =

By Theorem 1.1, there exist nonzero a such that g = af.

By T, Tz = T T, , we have (1 — |a|*)T;Tf = (1 — |a|*)TfT;. Since f is not constant, we must have |a| = 1,
which implies that u(ID) is contained in a straight line.

Usually in the harmonic Dirichlet space Dy, T,; # Ty for u € M, which will be showed in Theorem 2.8. So it is
necessary to describe the normal Toeplitz operators with symbols in M.

Lemma 2.7. If f, g are holomorphic in M, then

(Tf*l)(z) = <Kz'f)2 ’ (Tg*l)(z) = (g' Kz)Z'

Proof. It easy to verify by definition.

Now we compute ;1 and Tg*l for the use in the following.

Suppose f(z) = Yo Oanz . 8(2) =X7_yb,z", then

(1)@ = 1+ T w0 + Sl aaw™)y = G0 + 57 ln(fi;l)m, ®)
(T 1)(2)—(b0+2n 1bW 1+Zn 1 W )2_b0+2n ln(n+1)zn (9)

Theorem 2.8. Letu=f+ginM W|th f.g holomorphlc, then T,; = Ty on Dy, if and only if u is constant.
Proof. Suppose f(z) =Y,_pa,z", g(z) =X,- 0b z", then by (8), (9).
(D@ = (Tr1+T{1)(@) = @y + 35 7"+ b + Doy s 2
On the other hand,
(Te D) (2) = (Tl + T,1)(2) = @ + L1 @n 2" + by + Yooy by 2.
Comparing the coefficients on both sides of T,;1 and T;1 , for n > 1, we have,

an b

( +1)

n(n+1) = n(n+1) = bn
Hence a, = b, = 0forn > 1, and it follows that u is constant.
The sufficiency is obvious.
Theorem 2.9. Letu = M, then T,,T,; = T,;T,, on D,, if and only if u is constant.
Proof: It suffices to prove the necessity
Letu = f + g with f,g holomorphic. Suppose
f@ =% a,2",  g(z) = Tiob,z",
then by (8), (9),
(T,T1,1) = (Tf+gT;+g1,1) (TF1+ T, T 1 + T 1)

by |2
+
Zn ln n+1

’

an

n+1

_ w 1
=lay + bol* + Xy=1 -

n

fsﬂ“

\
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On the other hand,
(TJTu 1'1) = (Tf*+ng+§1'1) = (f + g'f + g)
= |@ + bol* + Tr_1 nla, > + Xy nlb,|?
Therefore
et (n = ) lan 2 + 2 (= 52) 1 = 0,
which implies a, = b, = 0 forn = 1, and thus u is constant.
In the following, we characterize semi-commuting Toeplitz operators on D, with harmonic symbols in M.
Theorem 2.10. Letu = f + gand v = h + k in M with £, g, h, k holomorphic. If T, T, = T,, on Dy, then
(i) either f or h is constant,

(ii) either g or k is constant.
Proof. Without loss of generality, assume both u and v are not constant and f(0) = g(0) = h(0) = k(0) = 0.
(i) Let f(z)=Yr_ma,z" and h(z) =Y, _yb,z" with M,N =1, then we can write (fh)(z) =
Yn=n+m CnZ™.
Suppose f is not constant.
By Lemma 2.1. T,w" = P(hw") and Ty,w" = P(fhw") , so
T,T,w" = T T,w" + T;T,w" + T, Tpw" + ToTpw"
= fP(hw") + Q(8P(hw")) + Q(fkw™) + gkwV
= fP(hw") + P(gP(hw")) + P(gP(hw")) — P(gP(hw"))(0) + Q(fkw") + gkw"
and
TwW" = T W + T W + Tppw" + Tgpw"
= P(fhw™) + Q(@8hw") + Q(Fkw") + gkw"
= P(fhw") + P(ghw") + P(ghw") — P(8hw")(0) + Q(fkw") + gkw".
By Lemma 2.2,
P(gP(hw")) — P(gP(hw"))(0) = P(ghw") — P(ghw")(0).
Since P(fhw")(0) = (fhw",1) = (fh,w"), = 0 and £(0) = 0, by taking the holomorphic part on both sides
of T, T,w" and T, w", we have
fP(hw") = P(fhw")
By (3) and (3),
NPT () = f(2) (h(2) - 5 byz"),
Z"P(fRw")(2) = f(2)h(2),
it follows that by = 0.
By induction on N, we have h = 0.
(ii) By symmetry of the holomorphic part and anti-holomorphic part of u, v and functions in D, we have the
desired conclusion.
Theorem 2.11. Let f, g be holomorphic functions in M. If
on Dy, , then one of f and Z must be constant.

Proof. By symmetry, we only give the proof that if Tr; = T;Tg, then one of f and g is constant. Without loss of
generality, assume f(0) = g(0) = 0.
Let f(2) = Yp_ya,z" and g(z) = Yoy b, 2" with M, N > 1.
Suppose g is not constant and by # 0.
As in the proof of Theorem 2.5, we have
M 7 o -
(TrTawN, W) = o7 bvam + MYy @by n-u- (10)

Since

Trgw" = Q(fgw") = T, vg
and (fw")(2) = X2 yim @n_nz™, by Lemma 2.4(i),

(T W) (2) = M By 2 70 M = Mg, Tt 2
and hence B

(Trgw, w") = (g, T;WN wM) = (X y b, 2" ,MZ:{J:NM%Z_N)

= MZZO:N Bn An+M-N = MZ;O:M an En+N—M- (11)

?%ﬁ
“’/@?
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Since T Tz = Tyg and by # 0, by (10) and (11), we get ay, = 0.

By inductionon M, f = 0, the proof is completed.

Now we present the proof of Theorem 1.2.
Proof of Theorem 1.2. Assume both u and v are not constant. Let u = f + g and v = h + k with f, g, h, k
holomorphic.

By Theorem 2.10, either f or F is constant. Without loss of generality, assume f is constant.

If £ is constant, then g is not constant and, by Theorem 2.10, k is constant. Hence T5T; = Tg),. By Theorem

2.11, we must have h is a constant, a contradiction.
Corollary 2.12 If f is holomorphic in M, ¢4, ¢, € S, then

P (fp(q’l + (Pz)) - P (fP((Pl + Qﬂz)) 0)=rp (f(§01 + <P2)) - P (f_(% + <P2)) 0).

Proof. By definition, in [11], we have,

(fp(ﬁl’l + (Pz)) (z)—-P (fP(¢1 + (Pz)) (0) = (fP(p1 + 92). K,) — (fP(p1 + ¢2), 1) =

i Fw) 22002 (1) T ()4 ) = (2LL0120D) 0K,
and

(f_(% + (l’z)) (z) - P (f(‘Pl + <Pz)) 0) = (f(p1 + 92). K;) = (f(p1 + @) — 1) =
o Fw) 222292 () 5 (wyda(w) = (220D p 02,
Since

P(@1 + @)(W) = {(p1 + 02), Kyy) = [ (@1 + 92)dA [ K, dA + [ M"KW dA(D),
we have

P (p1+¢2) _ 3(¢1+fp2)3 Ky
ow w) = le) at  awat awar 44D

2
It is well known that Koy (t) is the Bergman kernel L, (t) =

P@ies) ) = (W,L ), , which implies that

oP(p1+p2) L 0K, d(p1+02) 0K, a(p1+p2) L 0K,
(lerten) ¢ _ (Q@LeD) )y, £ o), = (LoD 0

_r
(1-wt)2 ’

Hence

aw
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