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Abstract Let p(z)be a polynomial of degree Nand let « be any real or complex number, then the polar
derivative of p(z) denoted by D, p(z), is defined as
D, p(2) =np(2) +(a-2)p'(2)
The polynomial D, p(z) is of degree at most N —1and it generalizes the ordinary derivative p'(z)of p(z)
in the sense that
Lim
o —> 0

Dy P@) _ .
(04

For a polynomial p(z) having all its zeros in |Z| <k,k<landforall oa,a,...,a 1<t<n with |ocl| >k

o =k oy |2k e, oy |> k ,1<t<n, A.Zireh [J. Ineq. and Appl., 2011, 1-9] proved that

max
|z| =1

Dy, Doty Doy p(z)\

@+ k) (ol st )
x {(]oc1|—k) ..... (Ioct| )}| -1 |p(z)| {qa ‘—k)..(lad—k)}k n|r|n|n Ip ()|

In  this paper, we extend this result to the lacunary type of  polynomial

n .
p(z)=a,z"+> a, ;2"’, 1< u<n, havingallits zerosin |z] <k, k <1.
Our results generalize some of the well-known inequalities for the polar derivative of polynomials.
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Introduction

Let p(Z) be a polynomial of degree N, then according to a famous result known as Bernstein’s inequality (for
reference see [1]),

ma>1<| p'(z)| <n Ileﬁ p(2)| (1.1)

2=

The result is best possible and equality holds for P(2) = A 2", A(#0) being a complex number.
A
N
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Turan [2] considered the class of polynomials having all the zeros in | Z | <1and proved the following

Theorem A .If p(z) is a polynomial of degree N, having all its zeros in |Z|Sl, then
n
max| p'(z)| = — maxX p(z)
|z|:)1(| 23 E e, (1.2

The result is sharp and equality in (1.2) holds for the polynomial p(z) = (1+2)".
The following interesting refinement of Theorem A was proved by Aziz and Dawood [3].
Theorem B, If P(Z) is a polynomial of degree n, which has all its zeros in |Z| <1, then

n .
max |p'(z)| = = {maxX p(2)|+min[p(z)|;.
ol 5 [ mafocs oo 0
Malik [4] obtained the following generalization of (1.2).

Theorem C. If p(z) is a polynomial of degree n, having all its zeros in |Z| <k, k <1, then

. n
max |p'(2)| = - max |p(2)] (14)

The result is sharp and extremal polynomial is P(z) =(z +Kk)" .
Inequality (1.4) was generalized by Chan and Malik [5] to the lacunary type of polynomial and proved that if

n .
p(z)=a,z" +Z an_jZn_J, 1< <N, having all zeros in |Z|<k, k<1 ,then
i=n

T max Ip(2) (15)
1+k" 2= '

Let p(Z) be a polynomial of degree N, and let & be any real or complex number, then the polar derivative of
Pp(z) denoted by D, p(z), is defined as

Dy, P(2) =np(2) +(a-2)p'(2) (L6)
The polynomial D, P(z)is of degree at most N —1 and it generalizes the ordinary derivative P'(Z) of
p(z) in the sense that

max |p'(2)| 2

Lim Do p(@) _ p'(z) 1.7
(04

oL —> 0

The polynomial D, p(z)is called by Laguerre [6] the “emanant” of P(Z), by Polya and Szegd [7] the
“derivative of [P(Z) with respect to the point ¢« *, and by Marden [8] simply the “polar derivative” of P(Z).
It is obviously of interest to obtain estimates concerning growth of D, p(z).

Shah [9] extended Theorem A due to Turan to the polar derivative of polynomial p(z) by proving the
following
Theorem D . If all the zeros of a polynomial p(z) of degree N, lie in | Z | <1, then for every real or complex

number ¢ with |a| >1,
n
mgfl Do P(2)] = 7 (o =) |r;13>14 p(2)| L8)

The result is best possible and extremal polynomial is p(z) = (z —1)" with real o >1.
As a refinement of Theorem D, Aziz and Rather [10] also proved the following result.
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Theorem E. If all the zeros of the n™ degree polynomial p(z) lie in |Z| <1, then for every real or complex

number o with |a| >1,

r‘rg‘§1x| D, p(z)|= g{ (Joy —1)r‘12g<| p(2)|+ (o +1)r‘rz1‘1{1| p(z)| } (1.9)

Govil [11] extended Theorem C to the polar derivative of a polynomial by proving the following result.
Theorem F. If p(z) is a polynomial of degree n having all its zeros in |Z| <k, k<1,, then for every real or

complex number o, with |0c| >k,

.o 20 S ot @10

|2l

Next result due to Dewan and Upadhye [12] extends the above result to polar derivative and also generalizes it
to lacunary type of polynomial and proved

n .
Theorem G. If p(Z)=anZ”+Z a, ;2"', 1<pu<n, is a polynomial having all zeros in

|Z| <k, k<1, then for every real or complex number & with |(x| >k*,

o - K
maxD, p(Z)IZn[ T J max|p(z)]. (111)
As an extension of of inequality (1.11) Jain [13] proved that if p(z) is a polynomial of degree n, having all its
Zeros in |Z|£1,then forall o, 0, ...,a, 1<t<n, with |oc1|21 , |oc2|21 , |(x3|21 ....... |0Lt|2k , 1<t
<n, we have
max ee(n—t+1)

n
|Z|—=1‘D°‘t Docz Docl p(z)‘

(z)tt

max t(Io‘1||°‘2|----|0‘t|) (1.12)
| el 2l B o2 |

Inequality (1.12) is generalized by Zireh [14] and proved that if a polynomial p(z) having all its zeros in

lzZ|<k, k<1, andforall o0, ...,0 I<t<n with o |2k , o>k |, |a,[2k ..., oo |2k
1<t<n, then we have
max n(n-1)....[n-t+1)
|Z| =1‘D0Lt "'D(XZ DOL]_ p(Z)‘ 2 (1+ k)tt
@+ k) (ocg o2 ot ) (1.13)

PRl -k T o |

n -
In this paper, we consider the lacunary type of polynomial pP(z)=a, z" + Z a, ;2" 1<pu<n,
i=u

and generalize inequality (1.13) for polar derivative of polynomial.

n .

Theoreml. If p(z)=a, 2"+, a,;2"’, 1<pu<n, is a polynomial having all its zeros in
i=u

|lzZ|<k, k<1 ,andforall ay,a, ...,0 1<t<n  with fo,|>k", |o,|>k" ..., o[> k", 1<t<n, and

|z| =1then we have

%

& O
=
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Doy Doty Doy p(z)‘

| (1.14)
)y st

—{Q“ \—k“)-ﬂatl—k“)}k " |T'” )| |

Equality in (1.14) holds for p(z) = (z —k* )n .

Remark2.1f we take p =1in above theorem, we get inequality (1.13) due to Zireh [14]. For k=1 above theorem
reduces to inequality (1.12) proved by Jain [13].

If we divide the inequality (1.14) by |o;ct,....... |and letting |o; 0, ......a | = o0, we get the following

n .

Corollary3. If p(z)=a,z" +Z a, ;2"’, 1<u<n) is a polynomial having all its zeros in
i=u

|z|<k, k<1 then for |z|=

‘pp(z)\z”(”_lé';'i;;()':t_t“) maxlp(z)H{(@m“) )k ”|r|n'n Ip(z)lH

If we take t=1 in Corollary 3, we get the following result, which improves upon the bound of inequality (1.11)
due to Dewan and Upadhye [12].

n .

Corollary4. If p(z)=a,z" +Z a, ;2"’, 1<u<n) is a polynomial having all its zeros in
i=u

|Z|<k, k<1 then for |z]=1

PENTO.
p'(2)] W) |r?|<':\:>i||o(z)|+ i np@)-

Remark5. If we take p=1in corollary 4, it reduces to an inequality, which sharpen upon the bound of
inequality (1.10) due to Govil [11].
1. Lemmas

We need the following lemmas for the proof the theorem.
Lemma 1. If all the zeros of a polynomial of degree n lie in a circular region C and w is any zero of D_p(z),
then at most one of the points w and o may lie outside C.
The above Lemma is due to Laguerre (for reference see [6] , p. 52).

n -
Lemma 2. If . If p(z)=a,z" +Z an_jZn_J, 1< u<n, is a polynomial having all its zeros in
i=u

|z|<k,k£1,andforal| o0, ..., 1<t<n  with |(x1|2k“,|(x2|2k“, ..... , |0Lt|2k“,1£t<n

, and |z| =1then we have

Dy Doy Dy p(2)| > ML (Tt_m){{ﬂall—k”) ----- el )}II Ip(z)l} @)

I

=/
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Proof of Lemma 2. If |ocj | =k* for at least one j; 1< j<t, then inequality () is trivial. Therefore, we assume
that |0,j|> k* for j; 1< j<t. In the rest, we proceed by mathematical induction. The result is true for t=1, by

inequality (), that means if |or,| > k* , then

o
D Z)| =z n ————— max|p(z)|. 2.2
Doy P& 20 =22 max|o(o) (2.2)
Now for t=2, since

D, p(z) =a,na,z"* +pa, z"* + e+, o +o(—pa, , 2"+ 208, +(n—L)a, J2 + a3, +na,

and |0c1| > kM, D, p(2) s a polynomial of degree (n-1). Since all the zeros of p(z) lie in |z <k, k<1,
therefore by Lemmal, all the zeros of D, p(z) lie in |Z| <k, k<1
applying Inequality (2.2) to D, p(z) , a polynomial of degree (n-1), and |oc2| >k*, we conclude that
Ao — kH
a2 max‘Dm1 p(z)‘.
1+k* J|zZ=t

Substituting the term D,, p(z) from (2.2) in this inequality, we obtain

(-t Dlei-—v)

Dy, Doy P(2)|2 (-1

‘Daz Dg, p(z)‘ > n(n-1) > max|p(z)|. (2.3)
(1+ k“) 2=
This implies that result is true for t=2. Now we assume that the result is true for t=s<n : it means that for |z| =1
we have
n(n—1)....[n—s+1) “) H) max
‘D% Dy, Dy p(z)‘ > ﬁ - ag|—kH)..... ast| -k |z|_—l| p(2) | (2.4)
+kH -

Now we shall prove that the result is true for t=s+1<n. According to the above procedure, using Lemmal, the
polynomial Das‘ D, D, p(z) is a polynomial of degree (n-s) for all o;,0, ...,04 1<s<n, with |0L1| >k*

1<s<n, and has all zeros in |Z|<k, k<1 Therefore, for |0c5+1|2k”, applying inequality (2.4) to
D, --D,, D, p(z), we have

}Z(n_sﬂasﬂ_kuD ‘D

‘Dasﬂ{Das ...... Dy, Do, P(2) T mex P (25)

On combining the inequalities (2.4) and (2.5), we get

aq p(z)| 2 n(n_l).“(n_S(é[al_kMD”“Uasﬂ—k“D

(2.6)

This implies that the result is true for { — g 4 1. The proof is complete.
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3. Proof of the Theorem: Let M= \T\—Iw p(2))- 1 P(z) has a zero on |z| =k, then m=0 and the result follows

from Lemma2. Therefore, we suppose that all the zeros of p(z) lie in |z| <k ,sothat m>0. Now m< | p(z)| for
7 n

.
k

Since all the zeros of p(z) lie in |z| <k , by Rouche’s Theorem, we deduce that all the zeros of the polynomial

<|p(z)| for |

|z| =k, therefore if j is any real or complex number such that |x| <1, then z| =k.

n
G(2) = p(z)—%m(ij lie in |z| <k . Applying Lemma 2 for the polynomial G(z) of degree n which has all
k

zeros in |z <k andforall o0, ...,a, 1<t<n with |ql|2ku , |0L2|Zk“ - |0Lt|2k“ 1<t

<n

‘Dat Dy, Da]_G(Z)‘ S n(n-1).....(n-t+1) [{Qaﬂ _ ku) _____ qat| _KM )}g;ixﬂe(z)@.

For |z|=1.
Equivalently

n
 n(n-1)......n-t+1) {Qaﬂ—k“) ..... %d—k“)}ﬂ p(z)—km[i) . 3.1)
ﬁ u)tt |Z| =1 k
+k
By Lemma 1, the polynomial T(z) = Dy .....D, Do, G(z hasall its zeros in |z <k.
That is to say
T(2)=Dgy-+-Dg, Dy G(z#0 for [z]>k.
Now substituting G(z) in T(z) above, we conclude that for every A, with [A| <1
and |z]> k.,
T(2) =Dy, Doty Doy P2) 1~ - fnn=1).....n—t+Logaz .o ot #0. (3.2)
k

If the above inequality is not true, then there is a point z=z, with |20|> k. such that

‘Dat ..... Des, Doy p(z)‘ < kkﬂn{n(n—l) ....... (n—t+Laqoy...o 2"t

Now if we take

Doy +Da, Doy P(20)|
m

—{(n=1)....(n—t+agas...ar Jzo"

q ‘\\;
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Then [A| <1and with choice of X, we have T(zg)=0for |zp|> k. from (3.2). But this contradict the fact that
T(z)=0for |z|>k.. Hence for |z|> k., we have

m _
Doy +Da, Doy P(2) 2 kk—n{n(n—l) ....... (n—t+Dogay...op Jz" (3.3)
Taking a suitable choice for the argument of A, in inequality (3.1), we get

e ™

i

Thus equivalently for |z| =1,

[Dg, D, Do, P()| 2 n(

t
max (1+ku) (|°°1||0°2| ----- |at|)

| floa k4 ).... Qat|—k“)}|z|—:1|p(z)|+|k| RIS

Finally making |A| -1, the theorem follows.

References

[1]. S. Bernstein, Lecons Sur Les Proprietes extrremales et la meillure approximation des functions
analytiques d’une functions reele, Paris, 1926.

[2]. P. Turan, Uber die ableitung von polynomen, Compositio Math., 7(1939) 89-95.

[3]. Aziz and Q.M, Dawood , Inequalities for a polynomial and its derivative, J. Approx. Theory, 54(1988)
306-313.

[4]. M.A.Malik, On the derivative of polynomial, J. London Math. Soc., 1(1969) 57-60.

[5]. N.Chanand M.A.Malik, On Erd 0 s-Lax Theorem, Proc. Indian Acad. Sci., 92(3) (1983) 191-193.

[6]. E.Laguerre, “Oeuvres”, Gauthier-villars, Paris, (1898).

[7. G.POlyaand G.Szeg O, “Problems and Theorems in Analysis” vol-1, Springler- Verlag, Berlin, 1972.

[8]. M. Marden, Geometry of polynomials, lind ed. Syrveys, NO-3, Amer. Math. Soc. Providence, R.I.,
1966.

[9]. W.M.Shah, A generalization of a Theorem of Paul Turan, J. Ramanujan Math. Soc., 1(1996) 67-72.

[10]. Aziz and N.A. Rather, A refinement of a Theorem of Paul Turan concerning polynomials, Math.
Inequal. Appl. 1(1998) 231-238.

[11]. N. K. Govil, Some inequalities for derivative of polynomials, J. Approx. Theory, 66(1991) 29-35.

[12]. K. K. Dewan, C. M. Upadhye, Certain Inequalities for the polar derivative of a polynomial having
zeros in closed interior or closed exterior of a circle, Southeast Asian Bull. Math., 31(2007), 461-468.

[13]. V. K. Jain, Gene ralisation of an inequality involving maximum moduli of a polynomial and its polar
derivative, Bull. Math. Soc. Sci. Math Roum Tome., 98(2007), 67-74.

[14]. A. Zireh, On the maximum modulus of a polynomial and its polar derivative, J. Inequ. Appl.,
2011:111, 1-9.

‘lk Journal of Scientific and Engineering Research

505



