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Abstract: The level of air pollution caused by pollutants has reached significant levels in some countries. Most 

people in the world breathe polluted air. This causes health damage associated with exposure to air pollution. It 

is also the cause of climate change, which has an impact on ecosystems and environments. 

Human activities play an important role. They are the source of emissions of gases and particles into the 

atmosphere. In order to combat this phenomenon, it is necessary to reduce or control emissions of pollutants into 

the atmosphere. This would contribute to an improvement in air quality and a less uncertain future for mankind. 

Air pollution can be represented by a mathematical model using a system of partial differential equations. In this 

article, we study an optimal pollution control problem governed by a system of partial differential equations 

describing the evolution of the concentration of a given pollutant in the atmosphere. 

 

Keywords: Partial differential equations - Variational methods applied to PDEs - Atmosphere pollution - 
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1. Introduction 

The optimal control problem, the objective of our work, is a distributed control problem. Control theory allows 

us to study the possibility of acting on a time-dependent dynamic system in such a way that we can bring the 

state of this system to a given state (or target state) at a given time. Note here that we are trying to act at source 

in order to control pollutant emissions. The structure of our article is as follows: 

In the first part, we present the model problem. 

Then, in the second part, we proceed to the theoretical study: we prove the existence and the uniqueness of the 

problem on the functional spaces which are the natural functional frameworks of the system of partial 

differential equations. 

In the third part, we determine the adjoint problem. Determining the latter leads to the resolution of two 

optimisation problems instead of one, which is more practical especially as the optimality condition obtained 

from the first problem cannot be exploited directly. 

The fourth part is devoted to the numerical solution. Since we have to solve an optimisation problem, we use the 

gradient descent algorithm. However, calculating the direction of descent requires the primal and adjoint 

systems to be solved numerically. These two systems will be solved using the Lagrange P1 finite element 

method. 
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2. Presentation of the problem 

Our optimal control problem is a distributed control problem given by: 

min
𝑣∈𝑈

𝐽(𝑣)  (1) 

 with:  

𝐽𝑢(𝑣) =
1

2
∫

𝑇

0
∫
𝐶

[𝐷𝑢(𝑣) − 𝑧𝑐𝑖𝑏]2𝑑𝑟𝑑𝑡 +
𝛽

2
∫

𝑇

0
∫
𝐶

𝑣2𝑑𝑟𝑑𝑡 (2) 

under constraints:  

{
 
 
 

 
 
 

𝜕𝑢

𝜕𝑡
+ 𝑑𝑖𝑣(𝛼𝑢) + 𝜎𝑢 −

𝜕

𝜕𝑥3
(𝜂

𝜕𝑢

𝜕𝑥3
) − 𝜇. Δ2𝑢 = 𝑓 + 𝑣,    𝑜𝑛   [0; 𝑇] × 𝐶,

𝑢 = 𝑢𝑆,    𝑜𝑛   𝑆,
𝜕𝑢

𝜕𝑥3
= 𝑑. 𝑢,    𝑖𝑓   𝑥3 = 0,

𝜕𝑢

𝜕𝑥3
= 0,    𝑖𝑓   𝑥3 = 𝐻

𝑢 = 𝑢0,    𝑖𝑓   𝑡 = 0

 (3) 

where 𝑈, space of admissible controls is a sub - closed convex space of 𝐿2([0, 𝑇] × 𝐶), 𝐷 is a continuous linear 

observation operator.𝑍 is the Hilbert space which is the space of observations with :𝐷 ∈ 𝐿(𝐿2(0, 𝑇; 𝑉); 𝑍). 

𝑧𝑐𝑖𝑏 ∈ 𝑍 is a given observation function. 𝛽 is a given positive real 𝑣 is the control used to act on the system. 

 

3. Existence and uniqueness of control 

Let’s ask 𝑓1 = 𝑓 + 𝑣. 𝑣 ∈ 𝐿2(0, 𝑇; 𝐶). 

The functional framework is therefore the triplet (V, H, V*) such that: 

𝑉 = 𝐻2(𝐶) ∩ 𝐻0,Γ𝑆

1 (𝐶) et 𝐻 = 𝐿2(𝐶) 

Theorem 3.1 Suppose that the function 𝑣 ↦ 𝐽(𝑣) is strictly convex, differentiable and coercive, then 

the problem (1) has a unique solution 𝑢 ∈ 𝑈 and is characterised by : 

(𝐽′(𝑢), 𝑣 − 𝑢) ≥ 0    ∀𝑢 ∈ 𝑈 

 

3.1 Convexity results 

(a) Let us call 𝑋 the set of pairs (𝑢, 𝑣) such that 𝑣 ∈ 𝑈 and 𝑢 a solution of the PDE satisfying the edge and 

initial conditions. These two pairs are therefore solutions of the optimal problem 

Let 𝑥 = (𝑢1, 𝑣1) ∈ 𝑋 , 𝑦 = (𝑢2, 𝑣2) ∈ 𝑋 et 𝑡 ∈]0,1[, 

let 𝑧 = 𝑡𝑥 + (1 − 𝑡)𝑦 = (𝑡𝑢1 + (1 − 𝑡)𝑢2, 𝑡𝑣1 + (1 − 𝑡)𝑣2) 

The linearity of the gradient and the second-order differential operators means that if 𝑥 and 𝑦 are solutions of 

the PDE, then so is 𝑧. 

Hence 𝑧 ∈ 𝑋, which leads to the conclusion that X is a closed convex.  

 

(b) Let’s show that the functional 𝐽 is convex: 

𝐽(𝑧) =
1

2
∫

𝑇

0

∫
𝐶

|𝐷(𝑡𝑢1 + (1 − 𝑡)𝑢2) − 𝑧𝑐𝑖𝑏|2𝑑𝑟𝑑𝑡 +
𝛽

2
∫

𝑇

0

∫
𝐶

(𝑡𝑣1 + (1 − 𝑡)𝑣2)2𝑑𝑟𝑑𝑡 

let say: 𝐽(𝑧) =
1

2
𝐼1 +

𝛽

2
𝐼2,  

with 𝐼1 = ∫
𝑇

0
∫
𝐶

|𝐷(𝑡𝑢1 + (1 − 𝑡)𝑢2) − 𝑧𝑐𝑖𝑏|2𝑑𝑟𝑑𝑡 et 𝐼2 = ∫
𝑇

0
∫
𝐶

(𝑡𝑣1 + (1 − 𝑡)𝑣2)2𝑑𝑟𝑑𝑡 

•  

𝐼2 = ∫
𝑇

0

∫
𝐶

(𝑡𝑣1 + (1 − 𝑡)𝑣2)2𝑑𝑟𝑑𝑡 

we have: ∥ 𝑡𝑣1 + (1 − 𝑡)𝑣2 ∥2= (𝑡𝑣1 + (1 − 𝑡)𝑣2, 𝑡𝑣1 + (1 − 𝑡)𝑣2) 

= 𝑡2 ∥ 𝑣1 ∥2+ (1 − 𝑡)2 ∥ 𝑣2 ∥2+ 2𝑡(1 − 𝑡)𝑣1𝑣2 

= [𝑡 + 𝑡(𝑡 − 1)] ∥ 𝑣1 ∥2+ [1 − 𝑡 + 𝑡(𝑡 − 1)] ∥ 𝑣2 ∥2+ 2𝑡(1 − 𝑡)𝑣1𝑣2 

= 𝑡 ∥ 𝑣1 ∥2+ (1 − 𝑡) ∥ 𝑣2 ∥2+ 𝑡(𝑡 − 1) ∥ 𝑣1 − 𝑣2 ∥2 

hence  

𝐼2 = ∫
𝑇

0

∫
𝐶

[𝑡𝑣1
2 + (1 − 𝑡)𝑣2

2 + 𝑡(𝑡 − 1)(𝑣1 − 𝑣2)2]𝑑𝑟𝑑𝑡 
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−𝑡(1 − 𝑡) < 0, then we deduce:  

𝐼2 ≤ 𝑡 ∫
𝑇

0
∫
𝐶

𝑣1
2𝑑𝑟𝑑𝑡 + (1 − 𝑡) ∫

𝑇

0
∫
𝐶

𝑣2
2𝑑𝑟𝑑𝑡 (4) 

•  

𝐼1 = ∫
𝑇

0

∫
𝐶

|𝐷(𝑡𝑢1 + (1 − 𝑡)𝑢2) − 𝑧𝑐𝑖𝑏|2𝑑𝑟𝑑𝑡 

we have: 𝐷(𝑡𝑢1 + (1 − 𝑡)𝑢2) − 𝑧𝑐𝑖𝑏 = 𝑡(𝐷𝑢1 − 𝑧𝑐𝑖𝑏) + (1 − 𝑡)(𝐷𝑢2 − 𝑧𝑐𝑖𝑏) 

Using the same reasoning as above, we have: 

[𝐷(𝑡𝑢1 + (1 − 𝑡)𝑢2) − 𝑧𝑐𝑖𝑏]2 = 𝑡(𝐷𝑢1 − 𝑧𝑐𝑖𝑏)2 + (1 − 𝑡)(𝐷𝑢2 − 𝑧𝑐𝑖𝑏)2 + 𝑡(𝑡 − 1)[𝐷(𝑢1 − 𝑢2), 𝐷(𝑢1 − 𝑢2)] 

or: 𝑡(𝑡 − 1) < 0 hence:  

𝐼1 ≤ 𝑡 ∫
𝑇

0
∫
𝐶

|𝐷𝑢1 − 𝑧𝑐𝑖𝑏|2𝑑𝑟𝑑𝑡 + (1 − 𝑡) ∫
𝑇

0
∫
𝐶

|𝐷𝑢2 − 𝑧𝑐𝑖𝑏|2𝑑𝑟𝑑𝑡 (5) 

from (3) and (4), we deduce:  

1

2
𝐼1 +

𝛽

2
𝐼2 ≤ 𝑡[

1

2
∫

𝑇

0

∫
𝐶

|𝐷𝑢1 − 𝑧𝑐𝑖𝑏|2𝑑𝑟𝑑𝑡 +
𝛽

2
∫

𝑇

0

∫
𝐶

𝑣1
2𝑑𝑟𝑑𝑡] 

+(1 − 𝑡)[
1

2
∫

𝑇

0

∫
𝐶

|𝐷𝑢2 − 𝑧𝑐𝑖𝑏|2𝑑𝑟𝑑𝑡 +
𝛽

2
∫

𝑇

0

∫
𝐶

𝑣2
2𝑑𝑟𝑑𝑡] 

hence:  

𝐽(𝑡𝑥 + (1 − 𝑡)𝑦) ≤ 𝑡𝐽(𝑥) + (1 − 𝑡)𝐽(𝑦) 

We conclude that the functional 𝐽 is convex. 

 

(c) Let us prove that 𝐽 is inferiorly semicontinuous: 

Consider a sequence (𝑢𝑛 , 𝑣𝑛) which converges strongly to (𝑢, 𝑣) in  

𝐿2(0, 𝑇; 𝑉) × 𝐿2(0, 𝑇; 𝐻) . There then exists an extracted sub-sequence (𝑢𝑛(𝑡), 𝑣𝑛(𝑡)  converging strongly to 

(𝑢(𝑡), 𝑣(𝑡)) in 𝑉 × 𝐻. 

𝐾𝑛(𝑢𝑛(𝑡), 𝑣𝑛(𝑡)) =
1

2
∫

𝐶

|𝐷𝑢𝑛(𝑣) − 𝑧𝑐𝑖𝑏|2𝑑𝑟 +
𝛽

2
∫

𝐶

𝑣𝑛
2𝑑𝑟 

𝐾𝑛(𝑢𝑛(𝑡), 𝑣𝑛(𝑡))𝑛→+∞ ⃖              𝐾(𝑢(𝑡), 𝑣(𝑡)) 

we have: lim𝑛→+∞inf𝐾𝑛(𝑢𝑛(𝑡), 𝑣𝑛(𝑡)) = lim𝑛→+∞inf[
1

2
∫
𝐶

|𝐷𝑢𝑛(𝑣) − 𝑧𝑐𝑖𝑏|2𝑑𝑟 +
𝛽

2
∫
𝐶

𝑣𝑛
2𝑑𝑟] 

= lim
𝑛→+∞

inf
1

2
∫

𝐶

|𝐷𝑢𝑛(𝑣) − 𝑧𝑐𝑖𝑏|2𝑑𝑟𝑑𝑡 + lim
𝑛→+∞

inf
𝛽

2
∫

𝐶

𝑣𝑛
2𝑑𝑟𝑑𝑡 

≥
1

2
∫

𝐶

|𝐷𝑢(𝑡) − 𝑧𝑐𝑖𝑏|2𝑑𝑟 +
𝛽

2
∫

𝐶

𝑣(𝑡))2𝑑𝑟 

hence  

𝐾(𝑡) ≤ lim
𝑛→+∞

inf𝐾𝑛(𝑢𝑛(𝑡), 𝑣𝑛(𝑡)) (6) 

⇒ 𝐽(𝑢, 𝑣) = ∫
𝑇

0

𝐾(𝑡)𝑑𝑡 ≤ ∫
𝑇

0

lim
𝑛→+∞

inf𝐾𝑛(𝑢𝑛(𝑡), 𝑣𝑛(𝑡))𝑑𝑡 

According to Fatou’s lemma we have:  

𝐽(𝑢, 𝑣) ≤ lim
𝑛→+∞

inf[
1

2
∫

𝑇

0

∫
𝐶

|𝐷𝑢𝑛(𝑡) − 𝑧𝑐𝑖𝑏|2𝑑𝑟𝑑𝑡 +
𝛽

2
∫

𝑇

0

∫
𝐶

𝑣𝑛(𝑡))2𝑑𝑟𝑑𝑡] 

We deduce:  

𝐽(𝑢, 𝑣) ≤ lim
𝑛→+∞

inf𝐽(𝑢𝑛, 𝑣𝑛) (7) 

 

3.2 Différentiabilité du critère: 

the application: 𝑣 → 𝑢(𝑣) is affine and therefore 𝑙(𝑣) = 𝑢(𝑣) + 𝑢(0) is linear. Let’s ask 𝐽(𝑢, 𝑣) = 𝐽𝑢(𝑣). Let’s 

calculate:  

lim
ℎ→0

𝐽𝑢(𝑣 + ℎ𝜃) − 𝐽𝑢(𝑣)

ℎ
 

We have:  
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𝐽𝑢(𝑣 + ℎ𝜃) =
1

2
∫

𝑇

0

∫
𝐶

[𝐷𝑢(𝑣 + ℎ𝜃) − 𝑧𝑐𝑖𝑏]2𝑑𝑟𝑑𝑡 +
𝛽

2
∫

𝑇

0

∫
𝐶

(𝑣 + ℎ𝜃)2𝑑𝑟𝑑𝑡 

𝐷𝑢(𝑣 + ℎ𝜃) − 𝑧𝑐𝑖𝑏 = 𝑢(𝑣) + ℎ𝑙(𝜃) 

hence: 

∥ 𝐷𝑢(𝑣 + ℎ𝜃) − 𝑧𝑐𝑖𝑏 ∥2= (𝐷𝑢(𝑣) + 𝐷ℎ𝑙(𝜃) − 𝑧𝑐𝑖𝑏 , 𝐷𝑢(𝑣) + 𝐷ℎ𝑙(𝜃) − 𝑧𝑐𝑖𝑏) 

=∥ 𝐷𝑢(𝑣) − 𝑧𝑐𝑖𝑏 ∥2+ 2ℎ(𝐷(𝑢(𝑣) − 𝑧𝑐𝑖𝑏 , 𝐷𝑙(𝜃)) + ℎ2 ∥ 𝐷𝑙(𝜃 ∥2 

hence:  

𝐽(𝑣 + ℎ𝜃) =
1

2
∥ 𝐷𝑢(𝑣) − 𝑧𝑐𝑖𝑏 ∥2+

ℎ2

2
∥ 𝐷𝑙(𝜃 ∥2+ ℎ(𝐷(𝑢(𝑣) − 𝑧𝑐𝑖𝑏 , 𝐷𝑙(𝜃)) +

𝛽

2
[∥ 𝑣 ∥2+ 2ℎ(𝑣, 𝜃) + ℎ2

∥ 𝜃 ∥2] 

⇔ 𝐽(𝑣 + ℎ𝜃) − 𝐽(𝑣) =
ℎ2

2
∥ 𝐷𝑙(𝜃 ∥2+ ℎ(𝐷(𝑢(𝑣) − 𝑧𝑐𝑖𝑏 , 𝐷𝑙(𝜃)) + 𝛽(𝑣, 𝜃) +

𝛽ℎ2

2
∥ 𝜃 ∥2 

Passing to the limit, we have:  

lim
ℎ→0

𝐽(𝑣 + ℎ𝜃) − 𝐽(𝑣)

ℎ
= (𝐷(𝑢(𝑣) − 𝑧𝑐𝑖𝑏 , 𝐷𝑙(𝜃)) + 𝛽(𝑣, 𝜃) 

with 𝑙(𝜃) = 𝑢(𝜃) − 𝑢(0)) We conclude that:  

(𝐽𝑢′(𝑣), 𝜃) = ∫
𝑇

0
∫
𝐶

[(𝐷𝑢(𝑣) − 𝑧𝑐𝑖𝑏)]𝐷[𝑢(𝜃) − 𝑢(0)]𝑑𝑟𝑑𝑡 + 𝛽 ∫
𝑇

0
∫
𝐶

𝑣𝜃𝑑𝑟𝑑𝑡 (8) 

 

and therefore, J is  Gateau - differentiable. 

let’s ask: 𝜃 = 𝑣 − 𝑢 ⇒ 𝑙(𝜃) = 𝑙(𝑣 − 𝑢) = 𝑢(𝑣) − 𝑢(𝑢). We can then deduce:  

(𝐽𝑢′(𝑣), 𝑣 − 𝑢) = ∫
𝑇

0
∫
𝐶

[(𝐷𝑢(𝑣) − 𝑧𝑐𝑖𝑏)]𝐷[𝑢(𝑣) − 𝑢(𝑢)]𝑑𝑟𝑑𝑡 + 𝛽 ∫
𝑇

0
∫
𝐶

𝑣(𝑣 − 𝑢)𝑑𝑟𝑑𝑡 (9) 

and so J is Gateau - differentiable. 

 

3.3 Coercivity  

𝐽𝑢(𝑣) =
1

2
∫

𝑇

0

∫
𝐶

[𝐷𝑢(𝑣) − 𝑧𝑐𝑖𝑏]2𝑑𝑟𝑑𝑡 +
𝛽

2
∫

𝑇

0

∫
𝐶

𝑣2𝑑𝑟𝑑𝑡 

⇔ 𝐽𝑢(𝑣) ≥
𝛽

2
∫

𝑇

0

∫
𝐶

𝑣2𝑑𝑟𝑑𝑡 ⇔ 𝐽𝑢(𝑣) ≥
𝛽

2
∥ 𝑣 ∥𝐿2([0,𝑇]×𝐶)

2  

Hence 𝐽 is coercive. 

 

4. Adjoint problem and optimality condition 

Theorem 4.1  We assume that 𝐻 = 𝐿2(0, 𝑇, 𝑉)  and 𝐻′ = 𝐿2(0, 𝑇, 𝑉′)  with 𝑉 = 𝐻2(𝐶) ∩ 𝐻1(𝐶) , then the 

solution v of our optimal control problem is characterised by the following optimality system: 

{
 
 
 

 
 
 

𝜕𝑢

𝜕𝑡
− 𝑑𝑖𝑣(𝛼𝑢) + 𝜎𝑢 −

𝜕

𝜕𝑥3
(𝜂

𝜕𝑢

𝜕𝑥3
) − 𝜇. Δ2𝑢 = 𝑓 + 𝑟𝑒𝑑𝑣,    𝑜𝑛   ]0; 𝑇[× 𝐶,

𝑢 = 𝑢𝑆,    𝑜𝑛   Γ𝑆,
𝜕𝑢

𝜕𝑥3
= 𝑑𝑢,    𝑜𝑛   ]0; 𝑇[× Γ0,

𝜕𝑢

𝜕𝑥3
= 0,    𝑜𝑛   ]0; 𝑇[× Γ𝐻 ,

𝑢(0, . ) = 𝑢0

 (10) 

{
  
 

  
 −

𝜕𝑝

𝜕𝑡
− 𝑑𝑖𝑣(𝛼𝑝) + 𝜎𝑝 −

𝜕

𝜕𝑥3
(𝜂

𝜕𝑝

𝜕𝑥3
) − 𝜇. Δ2𝑝 = 𝐷∗Λ(𝐷𝑢 − 𝑧𝑐𝑖𝑏),    𝑜𝑛   ]0; 𝑇[× 𝐶,

𝑝 = 0,    𝑜𝑛   ]0; 𝑇[× 𝜕𝐶,

𝑝(𝑇, . ) = 0,

𝐽(𝑣) =
1

2
∫

𝑇

0
∫
𝐶

|𝐷𝑢(𝑣) − 𝑧𝑐𝑖𝑏|2𝑑𝑟𝑑𝑡 +
𝛽

2
∫

𝑇

0
∫
𝐶

|𝑣|2𝑑𝑟𝑑𝑡,

∇𝐽(𝑣) = 𝑝 + 𝛽𝑣

 (11) 

 

Theorem 4.2  The optimal control 𝑢 is given by:  

𝑢 = −𝑝𝛽−1 

If 𝐷 is an injective operator of 𝐿2(0, 𝑇, 𝑉) → 𝐿2(0, 𝑇, 𝐻), Λ is the identity operator. The adjoint problem is then 

defined by:  
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{

−
𝜕𝑝

𝜕𝑡
− 𝑑𝑖𝑣(𝛼𝑝) + 𝜎𝑝 −

𝜕

𝜕𝑥3
(𝜂

𝜕𝑝

𝜕𝑥3
) − 𝜇. Δ2𝑝 = 𝑢 − 𝑧𝑐𝑖𝑏 ,    𝑜𝑛   ]0; 𝑇[× 𝐶,

𝑝 = 0,    𝑜𝑛   ]0; 𝑇[× 𝜕𝐶,

𝑝(𝑇, . ) = 0

 (12) 

 If 𝐷 is an injective operator of 𝐿2(0, 𝑇, 𝑉) → 𝐿2(0, 𝑇, 𝑉), we have:  

Λ = (−Δ + 𝐼) 

The adjoint problem is then defined by: 

{

−
𝜕𝑝

𝜕𝑡
− 𝑑𝑖𝑣(𝛼𝑝) + 𝜎𝑝 −

𝜕

𝜕𝑥3
(𝜂

𝜕𝑝

𝜕𝑥3
) − 𝜇. Δ2𝑝 = (−Δ + 𝐼)(𝑢 − 𝑧𝑐𝑖𝑏),    𝑜𝑛   ]0; 𝑇[× 𝐶,

𝑝 = 0,    𝑜𝑛   ]0; 𝑇[× 𝜕𝐶,

𝑝(𝑇, . ) = 0

 (13) 

 

Proof Reformulation of the optimality condition: 

If 𝑢 is the solution to the control problem, then according to the theorem :  

∀𝑣 ∈ 𝑈𝑎𝑑 , (∇𝐽(𝑢), 𝑣 − 𝑢) ≥ 0 

From (8), we can deduce:  

⇔ (𝐽𝑢′(𝑢), 𝑣 − 𝑢) = ∫
𝑇

0

∫
𝐶

[(𝐷𝑢(𝑢) − 𝑧𝑐𝑖𝑏)]𝐷[𝑢(𝑣) − 𝑢(𝑢)]𝑑𝑟𝑑𝑡 + 𝛽 ∫
𝑇

0

∫
𝐶

𝑢(𝑣 − 𝑢)𝑑𝑟𝑑𝑡 

And using the theorem, we can deduce the optimality condition:  

∫
𝑇

0
∫
𝐶

[(𝐷𝑢(𝑢) − 𝑧𝑐𝑖𝑏)]𝐷[𝑢(𝑣) − 𝑢(𝑢)]𝑑𝑟𝑑𝑡 + 𝛽 ∫
𝑇

0
∫
𝐶

𝑢(𝑣 − 𝑢)𝑑𝑟𝑑𝑡 ≥ 0 (14) 

Using (14), posing 𝑢(𝑣) = 𝑦(𝑣) and 𝑤 = 𝑣 − 𝑢, we find :  

(∇𝐽(𝑢), 𝑤) = ∫
𝑇

0

∫
𝐶

[𝐷𝑦(𝑢) − 𝑧𝑐𝑖𝑏]𝐷𝑦(𝑤)𝑑𝑟𝑑𝑡 + 𝛽 ∫
𝑇

0

∫
𝐶

𝑢(𝑤)𝑑𝑟𝑑𝑡 

where 𝑦(𝑤) check:  

{

𝜕𝑦(𝑤)

𝜕𝑡
+ 𝑑𝑖𝑣(𝛼𝑦(𝑤)) + 𝜎𝑦(𝑤) −

𝜕

𝜕𝑥3
(𝜂

𝜕𝑦(𝑤)

𝜕𝑥3
) − 𝜇. Δ2𝑦(𝑤) = 𝑤,    𝑜𝑛   [0; 𝑇] × 𝐶,

𝑦(𝑤) = 0,    𝑜𝑛   𝜕𝐶,  (15) 

and 𝑦(𝑤, 0) = 0 By multiplying (15) by p and integrating by parts we get:  

∫
𝑇

0

∫
𝐶

[−
𝜕𝑝

𝜕𝑡
− 𝑑𝑖𝑣(𝛼𝑝) + 𝜎𝑝 −

𝜕

𝜕𝑥3

(𝜂
𝜕𝑝

𝜕𝑥3

) − 𝜇. Δ2𝑝]𝑦(𝑤)𝑑𝑟𝑑𝑡 = ∫ 𝑇 ∫
𝐶

𝑤𝑝𝑑𝑟𝑑𝑡 

hence: 

∫
𝑇

0

∫
𝐶

𝐷∗Λ(𝐷𝑢 − 𝑧𝑐𝑖𝑏)𝑦(𝑤)𝑑𝑟𝑑𝑡 = ∫ 𝑇 ∫
𝐶

𝑤𝑝𝑑𝑟𝑑𝑡 

⇔ 𝐷∗Λ(𝐷𝑢 − 𝑧𝑐𝑖𝑏)𝑦(𝑤) = 𝑤𝑝 

or :  

((𝐷∗Λ𝐷𝑢 − 𝑧𝑐𝑖𝑏), 𝑦(𝑤)) = ((Λ𝐷𝑢 − 𝑧𝑐𝑖𝑏), 𝐷𝑦(𝑤)) = ((𝐷𝑢 − 𝑧𝑐𝑖𝑏), 𝐷𝑦(𝑤)) 

hence:  

∫
𝑇

0

∫
𝐶

𝐷∗Λ(𝐷𝑢 − 𝑧𝑐𝑖𝑏)𝑦(𝑤)𝑑𝑟𝑑𝑡 = ∫ 𝑇 ∫
𝐶

𝑤𝑝𝑑𝑟𝑑𝑡 = ∫
𝑇

0

∫
𝐶

(𝐷𝑢 − 𝑧𝑐𝑖𝑏)𝐷𝑦(𝑤)𝑑𝑟𝑑𝑡 

⇔ (𝐷𝑢 − 𝑧𝑐𝑖𝑏)𝐷𝑦(𝑤) = 𝑤𝑝 

and therefore:: 

(∇𝐽(𝑢), 𝑤) = ∫
𝑇

0

∫
𝐶

𝑤𝑝𝑑𝑟𝑑𝑡 + 𝛽 ∫
𝑇

0

∫
𝐶

𝑢𝑤𝑑𝑟𝑑𝑡 = ∫
𝑇

0

∫
𝐶

(𝑝 + 𝛽𝑢)𝑤𝑑𝑟𝑑𝑡 

we deduce the optimality condition in accordance with the theorem:  

(𝑝 + 𝛽𝑢)(𝑣 − 𝑢) ≥ 0 (16) 

In addition:  

∇𝐽(𝑢) = 0 ⇔ 𝑝 + 𝛽𝑢 = 0 ⇔ 𝑢 = −𝑝𝛽−1 (17) 

Determining the adjoint problem: 

The optimality condition (14) is not currently exploitable. To get around this problem we need to use the 

adjoint state, which will allow us to obtain an explicit expression for this condition. 
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To do this, we will introduce the Lagrangian defined as the sum of 𝐽𝑢(𝑣) and the equation of state multiplied by 

p:   

𝐿(𝑣, 𝑢, 𝑝) =
1

2
∫

𝑇

0
∫
𝐶

[𝐷𝑢(𝑣) − 𝑧𝑐𝑖𝑏]2𝑑𝑟𝑑𝑡 +
𝛽

2
∫

𝑇

0
∫
𝐶

𝑣2𝑑𝑟𝑑𝑡 +

∫
𝑇

0
∫
𝐶

𝑝. [−
𝜕𝑢

𝜕𝑡
− ∇(𝛼𝑢) − 𝜎𝑢 +

𝜕

𝜕𝑥3
(𝜂

𝜕𝑢

𝜕𝑥3
) + 𝜇Δ2𝑢 + 𝑓 + 𝑣]𝑑𝑟𝑑𝑡

 (18) 

either: 

𝐿(𝑣, 𝑢, 𝑝, ) =
1

2
∫

𝑇

0
∫
𝐶

[𝐷𝑢(𝑣) − 𝑧𝑐𝑖𝑏]2𝑑𝑟𝑑𝑡 +
𝛽

2
∫

𝑇

0
∫
𝐶

𝑣2𝑑𝑟𝑑𝑡+< −
𝜕𝑢

𝜕𝑡
− ∇(𝛼𝑢) − 𝜎𝑢 +

𝜕

𝜕𝑥3
(𝜂

𝜕𝑢

𝜕𝑥3
) +

𝜇Δ2𝑢 + 𝑓 + 𝑣, 𝑝 > 

Considering the equation of state and p the adjoint state, we have:  

<
𝜕𝑢

𝜕𝑡
, 𝑝 > +𝛼 < ∇𝑢, 𝑝 > +𝜎 < 𝑢, 𝑝 > −< 𝜇Δ2𝑢 +

𝜕

𝜕𝑥3

(𝜂
𝜕𝑢

𝜕𝑥3

), 𝑝 >=< 𝑓, 𝑝 > +< 𝑣, 𝑝 > 

Let’s say :  

𝐼1 =<
𝜕𝑢

𝜕𝑡
, 𝑝 >= ∫

𝐶

∫
𝑇

0

𝜕𝑢

𝜕𝑡
𝑝𝑑𝑟𝑑𝑡 

𝐼2 = 𝛼 < ∇𝑢, 𝑝 >= 𝛼 ∫
𝐶

∫
𝑇

0

∇𝑢𝑝𝑑𝑟𝑑𝑡 

𝐼3 =< 𝜇Δ2𝑢 +
𝜕

𝜕𝑥3

(𝜂
𝜕𝑢

𝜕𝑥3

), 𝑝 >= 𝜇 ∫
𝐶

∫
𝑇

0

Δ2𝑢𝑝𝑑𝑟𝑑𝑡 + ∫
𝐶

∫
𝑇

0

𝜕

𝜕𝑥3

(𝜂
𝜕𝑢

𝜕𝑥3

)𝑝𝑑𝑟𝑑𝑡 

= 𝐽1 + 𝐽2 

1. For the 1𝑠𝑡 term: using Green’s formula: 

𝐼1 = ∫
𝐶

∫
𝑇

0

𝜕𝑢

𝜕𝑡
𝑝𝑑𝑟𝑑𝑡 = − ∫

𝐶
∫

𝑇

0
𝑢

𝜕𝑝

𝜕𝑡
𝑑𝑟𝑑𝑡 + ∫

𝐶
[𝑢(𝑇)𝑝(𝑇) − 𝑢(0)𝑝(0)]𝑑𝑟𝑑𝑡 (19) 

2. For the convection term: 

𝐼2 = 𝛼 ∫
𝐶

∫
𝑇

0

∇𝑢𝑝𝑑𝑟𝑑𝑡 = −𝛼 ∫
𝐶

∫
𝑇

0

∇𝑝𝑢𝑑𝑟𝑑𝑡 + 𝛼 ∫
Γ𝐵∪Γ𝑆

𝑢𝑝𝑑𝜎 

we pose 𝑝 = 0 on Γ𝑆, hence:  

𝐼2 = −𝛼 ∫
𝐶

∫
𝑇

0
∇𝑝𝑢𝑑𝑟𝑑𝑡 + 𝛼 ∫

Γ𝐵
𝑢𝑝𝑑𝜎 (20) 

3. For diffusion terms: 

•  

𝐽1 = 𝜇 ∫
𝐶

∫
𝑇

0

Δ2𝑝𝑑𝑟𝑑𝑡 = 𝜇 ∫
Γ𝐵∪Γ𝑆

∇2𝑢𝑝𝑛𝑥1𝑥2
𝑑𝜎𝑥1𝑥2

− 𝜇 ∫
𝐶

∫
𝑇

0

∇2𝑢∇2𝑝𝑑𝑟𝑑𝑡 

on Γ𝐵 the normal vectors have a zero projection in a plane parallel to the plane (𝑖⃖, 𝑗) because they are orthogonal 

to the plane  

⇒ ∫
𝐺𝑎𝑚𝑚𝑎𝐵

∇2𝑢𝑝𝑛𝑥1𝑥2
𝑑𝜎𝑥1𝑥2

= 0 

so:  

𝐽1 = 𝜇 ∫
Γ𝑆

∇2𝑢𝑝𝑛𝑥1𝑥2
𝑑𝜎𝑥1𝑥2

− 𝜇 ∫
𝐶

∫
𝑇

0

∇2𝑢∇2𝑝𝑑𝑟𝑑𝑡 

or 𝑝 = 0 sur Γ𝑆 ⇒ ∫
Γ𝐵∪Γ𝑆

∇2𝑢𝑝𝑛𝑥1𝑥2
𝑑𝜎𝑥1𝑥2

= 0 et 𝐽1 = −𝜇 ∫
𝐶

∫
𝑇

0
∇2𝑢∇2𝑝𝑑𝑟𝑑𝑡 

by reusing Green’s formula: 

𝐽1 = −𝜇[∫
Γ𝐵∪Γ𝑆

∇2𝑢∇2𝑝𝑛𝑥1𝑥2
𝑑𝜎𝑥1𝑥2

− ∫
𝐶

∫
𝑇

0

𝑢Δ2𝑝𝑑𝑟𝑑𝑡] 

hence: 

𝐽1 = 𝜇 ∫
𝐶

∫
𝑇

0
𝑢Δ2𝑝𝑑𝑟𝑑𝑡 (21) 

 

• for the term 𝐽2 = ∫
𝐶

∫
𝑇

0

𝜕

𝜕𝑥3
(𝜂

𝜕𝑢

𝜕𝑥3
)𝑝𝑑𝑟𝑑𝑡  
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𝐽2 = ∫
Γ𝐵

𝜂
𝜕𝑢

𝜕𝑥3

𝑝𝑛𝑑𝜎 − ∫
𝐶

∫
𝑇

0

𝜂
𝜕𝑢

𝜕𝑥3

𝜕𝑝

𝜕𝑥3

𝑑𝑟𝑑𝑡 

or: ∫
𝐶

∫
𝑇

0
𝜂

𝜕𝑢

𝜕𝑥3

𝜕𝑝

𝜕𝑥3
𝑑𝑟𝑑𝑡 = ∫

Γ𝐵
𝜂𝑢

𝜕𝑝

𝜕𝑥3
𝑛𝑑𝜎 − ∫

𝐶
∫

𝑇

0
𝑢

𝜕

𝜕𝑥3
(𝜂

𝜕𝑝

𝜕𝑥3
)𝑑𝑟𝑑𝑡 

d’où  

𝐽2 = ∫
Γ𝐵

𝜂(
𝜕𝑢

𝜕𝑥3

𝑝 − 𝑢
𝜕𝑝

𝜕𝑥3

)𝑛𝑑𝜎 + ∫
𝐶

∫
𝑇

0

𝑢
𝜕

𝜕𝑥3

(𝜂
𝜕𝑝

𝜕𝑥3

)𝑑𝑟𝑑𝑡 

and therefore:  

𝐽2 = ∫
Γ0

𝜂(𝑑𝑢𝑝 − 𝑢
𝜕𝑝

𝜕𝑥3
)𝑛𝑑𝜎 + ∫

𝐶
∫

𝑇

0
𝑢

𝜕

𝜕𝑥3
(𝜂

𝜕𝑝

𝜕𝑥3
)𝑑𝑟𝑑𝑡 (22) 

 

• Putting together (21) and (22), we deduce:  

𝐼3 = 𝐽1 + 𝐽2 = ∫
𝐶

∫
𝑇

0
(𝜇Δ2𝑝 +

𝜕

𝜕𝑥3
(𝜂

𝜕𝑝

𝜕𝑥3
))𝑢𝑑𝑟𝑑𝑡 + ∫

Γ0∪Γ𝐻
𝜂𝑢(𝑑𝑝 −

𝜕𝑝

𝜕𝑥3
)𝑛𝑑𝜎 (23) 

 

4. using (19), (20) and (23), we obtain: 

−𝐼1 − 𝐼2 + 𝐼3 = − ∫
𝐶

∫
𝑇

0
[−

𝜕𝑝

𝜕𝑡
− 𝛼∇𝑝 + (𝜇Δ2𝑝 +

𝜕

𝜕𝑥3
(𝜂

𝜕𝑝

𝜕𝑥3
))]𝑢𝑑𝑟𝑑𝑡 − ∫

𝐶
[𝑢(𝑇)𝑝(𝑇) − 𝑢(0)𝑝(0)]𝑑𝑟 

+ ∫
Γ0∪Γ𝐻

[𝛼𝑝 − 𝜂(𝑑𝑝 −
𝜕𝑝

𝜕𝑥3

)]𝑢𝑛𝑑𝜎 

 

The Lagrangian can then be given in the form: 

𝐿(𝑣, 𝑢, 𝑝) = ∫
𝑇

0
∫
𝐶

[
1

2
(𝐷𝑢 − 𝑧𝑐𝑖𝑏)2 +

𝛽

2
𝑣2 + [

𝜕𝑝

𝜕𝑡
+ 𝛼∇𝑝 − 𝜎𝑝 + 𝜇Δ2𝑝 +

𝜕

𝜕𝑥3
(𝜂

𝜕𝑝

𝜕𝑥3
)]𝑢 + (𝑓 + 𝑣)𝑝]𝑑𝑟𝑑𝑡

+ ∫
𝑇

0
∫
Γ𝐵

[𝛼𝑢𝑝 − 𝜂(
𝜕𝑢

𝜕𝑥3
𝑝 − 𝑢

𝜕𝑝

𝜕𝑥3
)]𝑛𝑑𝑡𝑑𝜎 − ∫

𝐶
[𝑢(𝑇)𝑝(𝑇) − 𝑢(0)𝑝(0)]𝑑𝑟

 (24) 

 

with 𝑝 = 0 on Γ𝑆 
𝜕𝐿

𝜕𝑢
 gives the adjoint state; We have: 

𝐿(𝑣, 𝑢 + 𝜖𝑤, 𝑝) − 𝐿(𝑣, 𝑢, 𝑝) =
1

2
[∫

𝑇

0
∫
𝐶

  [(𝐷𝑢 − 𝑧𝑐𝑖𝑏)2 + 2𝜖(𝐷𝑢 − 𝑧𝑑 , 𝐷𝑤) + 𝜖2(𝐷𝑤, 𝐷𝑤)]𝑑𝑟𝑑𝑡 −

∫
𝑇

0
∫
𝐶

(𝐷𝑢 − 𝑧𝑐𝑖𝑏)2𝑑𝑟𝑑𝑡 + ∫
𝑇

0
∫
𝐶

[
𝜕𝑝

𝜕𝑡
+ 𝛼∇𝑝 − 𝜎𝑝 + 𝜇Δ2𝑝 +

𝜕

𝜕𝑥3
(𝜂

𝜕𝑝

𝜕𝑥3
)]𝜖𝑤 +

𝜖 ∫
𝑇

0
∫
Γ𝐵

[𝛼𝑤𝑝 − 𝜂(
𝜕𝑤

𝜕𝑥3
𝑝 − 𝑤

𝜕𝑝

𝜕𝑥3
)]𝑛𝑑𝑡𝑑𝜎 − 𝜖 ∫

𝐶
[𝑤(𝑇)𝑝(𝑇) − 𝑤(0)𝑝(0)]𝑑𝑟

 (25) 

 

hence: 

lim
𝜖→0

𝐿(𝑣,𝑢+𝜖𝑤,𝑝)−𝐿(𝑣,𝑢,𝑝)

𝜖
=

𝜕𝐿(𝑢,𝑣,𝑝)

𝜕𝑢
. 𝑤 = ∫

𝑇

0
∫
𝐶

  𝐷∗Λ(𝐷𝑢 − 𝑧𝑐𝑖𝑏)𝑤𝑑𝑟𝑑𝑡 − ∫
𝐶

[𝑤(𝑇)𝑝(𝑇) − 𝑤(0)𝑝(0)]𝑑𝑟

∫
𝑇

0
∫
𝐶

[
𝜕𝑝

𝜕𝑡
+ 𝛼∇𝑝 − 𝜎𝑝 + 𝜇Δ2𝑝 +

𝜕

𝜕𝑥3
(𝜂

𝜕𝑝

𝜕𝑥3
)]𝑤 +

∫
𝑇

0
∫
Γ𝐵

[𝛼𝑤𝑝 − 𝜂(
𝜕𝑤

𝜕𝑥3
𝑝 − 𝑤

𝜕𝑝

𝜕𝑥3
)]𝑛𝑑𝑡𝑑𝜎

(26) 

 

Since the Lagrangian is stationary, this derivative must be zero in any direction w. This gives us the 3 

conditions:  

{
 
 

 
 ∫

𝑇

0
∫
𝐶

  𝐷∗Λ(𝐷𝑢 − 𝑧𝑐𝑖𝑏)𝑑𝑟𝑑𝑡 + ∫
𝑇

0
∫
𝐶

[
𝜕𝑝

𝜕𝑡
+ 𝛼∇𝑝 − 𝜎𝑝 + 𝜇Δ2𝑝 +

𝜕

𝜕𝑥3
(𝜂

𝜕𝑝

𝜕𝑥3
)] = 0

∫
𝑇

0
∫
Γ𝐵

[𝛼𝑝 − 𝜂(
𝜕𝑤

𝜕𝑥3
𝑝 − 𝑤

𝜕𝑝

𝜕𝑥3
)]𝑛𝑑𝑡𝑑𝜎 = 0

𝑝(𝑇; . ) = 0

 (27) 

 

we deduce the adjoint problem: 
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{
  
 

  
 −

𝜕𝑝

𝜕𝑡
− 𝑑𝑖𝑣(𝛼𝑝) + 𝜎𝑝 −

𝜕

𝜕𝑥3
(𝜂

𝜕𝑝

𝜕𝑥3
) − 𝜇. Δ2𝑝 = 𝐷∗Λ(𝐷𝑢 − 𝑧𝑐𝑖𝑏),    𝑜𝑛   [0; 𝑇] × 𝐶,

𝑝 = 0,    𝑜𝑛   Γ𝑆,

(𝛼 − 𝜂𝑑)𝑝 +
𝜕𝑝

𝜕𝑥3
= 0,    𝑜𝑛   Γ0,

𝛼𝑝 +
𝜕𝑝

𝜕𝑥3
= 0,    𝑜𝑛   Γ𝐻 ,

 (28) 

 

we can then put 𝑝 = 0 on Γ0 ∪ Γ𝐻, the problem (29) becomes: 

{
−

𝜕𝑝

𝜕𝑡
− 𝑑𝑖𝑣(𝛼𝑝) + 𝜎𝑝 −

𝜕

𝜕𝑥3
(𝜂

𝜕𝑝

𝜕𝑥3
) − 𝜇. Δ2𝑝 = 𝐷∗Λ(𝐷𝑢 − 𝑧𝑐𝑖𝑏),    𝑜𝑛   [0; 𝑇] × 𝐶,

𝑝 = 0,    𝑜𝑛   𝜕𝐶,  (29) 

avec 𝑝(𝑇, . ) = 0 

 

5. Solving and numerically simulating the optimal control problem 

In this section, D is an injective operator from 𝐿2(0, 𝑇, 𝑉) into 𝐿2(0, 𝑇, 𝐻) and Λ is the identity operator. 

5.1 Optimal system approximation 

The domain will be subdivided essentially into tetrahedrons (𝑇𝑘)𝑘≥1. The mesh thus obtained will be defined as 

in Chapter (2). The chosen method is the Lagrangian finite element method 𝑃1.  

In this section, we will give a discretisation in space, then complete it with a discretisation in time of the direct 

problem first and then of the adjoint problem. 

5.1.1 Approximation of the direct problem 

We give here the results of discretisations in time and space. We solve the system:  

(𝑀 + Δ𝑡𝑆)𝑈𝑛+1 = 𝑀𝑈𝑛 + Δ𝑡(𝐵𝑛+1 + 𝑉𝑛+1)  (30) 

𝑆 = 𝑁 + 𝜎𝑀 + 𝐴 + 𝐷 , where 𝑁, 𝑀, 𝐴, 𝐵 are the matrices given by: 

𝑀𝑖𝑗 = ∫
𝑇𝑘

𝜆𝑖𝜆𝑗𝑑𝑟, 𝑁𝑖𝑗 = ∫
𝑇𝑘

  ∇𝜆𝑖𝜆𝑗𝑑𝑟, 𝐴𝑖𝑗 ∫
𝑇𝑘

(𝐴∇𝜆𝑖)∇𝜆𝑗𝑑𝑟, 

𝐷𝑖𝑗 = 𝑑𝜂0 ∫
Γ0∩𝑇𝑘

𝜆𝑖𝜆𝑗𝑑𝜖 

where 

𝑉𝑇𝑘,𝑗
𝑛+1 = ∫

𝑇𝑘

𝑣𝑛+1𝜆𝑗𝑑𝑟    𝑒𝑡    𝑉𝑇𝑘

𝑛+1 = (𝑉𝑇𝑘,𝑗
𝑛+1)𝑗=1,...4

𝑡  

with:  

𝑉𝑛+1 = ∑

𝑛𝑡

𝑘=1

𝑉𝑒,𝑇𝑘

𝑛+1 

𝑉𝑒,𝑇𝑘

𝑛+1 being the extended vectors of the vectors 𝑉𝑇𝑘

𝑛+1 on the mesh and 𝑛𝑡 the total number of tetrahedra. 

Where 𝐼 is the set of indices of the nodes of the mesh, 𝐽 the set of indices of the nodes belonging to Γ𝑆 and 𝐾 the 

set of indices of the nodes belonging to Γ0 .  

In the same way  

𝐵𝑇𝑘,𝑗
𝑛+1 = ∫

𝑇𝑘

𝑓𝑛+1𝜆𝑗𝑑𝑟 

5.1.2 Approximation of the adjoint problem 

Using the same procedure, we will determine an approximation to the adjoint problem. 

𝑆𝑒𝑚𝑖 − 𝑑𝑖𝑠𝑐𝑟𝑒𝑡𝑖𝑧𝑎𝑡𝑖𝑜𝑛𝑖𝑛𝑠𝑝𝑎𝑐𝑒𝑜𝑓𝑡ℎ𝑒𝑎𝑑𝑗𝑜𝑖𝑛𝑡𝑝𝑟𝑜𝑏𝑙𝑒𝑚 

Ω = ⋃𝑛𝑡
𝑘=1 𝑇𝑘. On a tetrahedron 𝑇𝑘, we pose: 

𝑝 = ∑

4

𝑖=1

𝑝𝑖𝜆𝑖 

We then obtain the following approximation to the adjoint problem:  

− ∑𝑖∈𝐼 𝑝𝑖′(𝑡) ∫ 𝜆𝑖𝜆𝑗𝑑𝑟 + ∑𝑖∈𝐼 − (𝛼 ∫ ∇𝜆𝑖𝜆𝑗𝑑𝑟 − 𝜎 ∫ 𝜆𝑖𝜆𝑗𝑑𝑟 + ∫ 𝐴∇𝜆𝑖∇𝜆𝑗𝑑𝑟)𝑝𝑖(𝑡)

= ∑𝑖∈𝐼 (∫ 𝜆𝑖𝜆𝑗𝑑𝑟)𝑢𝑖(𝑡) − ∑𝑖∈𝐼 ∫ 𝑧𝑐𝑖𝑏𝜆𝑗𝑑𝑟
 (31) 
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Recall here that 𝐼 is the set of indices of the nodes in the mesh. This approximation leads us to the following 

system:  

{
−𝑀𝑝′(𝑡) + 𝑆2𝑝(𝑡) = 𝐵2(𝑡)

𝑝(𝑇) = 0
  (32) 

where: 𝑆2 = −𝑁 + 𝜎𝑀 − 𝐴, with 𝑀𝑖𝑗 = ∫
𝐶

𝜆𝑖𝜆𝑗𝑑𝑟, 𝑁𝑖𝑗 = ∫
𝐶

  ∇𝜆𝑖𝜆𝑗𝑑𝑟, 𝐴𝑖𝑗 ∫
𝐶

(𝐴∇𝜆𝑖)∇𝜆𝑗𝑑𝑟, 

𝐵2𝑖 = 𝑀𝑖𝑗𝑢𝑗 − ∫
𝐶

𝑧𝑐𝑖𝑏𝜆𝑗𝑑𝑟. 

 

𝐶𝑜𝑚𝑝𝑙𝑒𝑡𝑒𝑡𝑖𝑚𝑒𝑎𝑛𝑑𝑠𝑝𝑎𝑐𝑒𝑑𝑖𝑠𝑐𝑟𝑒𝑡𝑖𝑧𝑎𝑡𝑖𝑜𝑛𝑜𝑓𝑡ℎ𝑒𝑎𝑑𝑗𝑜𝑖𝑛𝑡𝑝𝑟𝑜𝑏𝑙𝑒𝑚 

An implicit time scheme is also used. The time derivatives are then approached using an implicit finite 

difference scheme. The result is: 

(−𝑀 + Δ𝑡𝑆2)𝑃𝑛+1 = −𝑀𝑃𝑛 + Δ𝑡(𝑀𝑈𝑛+1 − 𝑍𝑐𝑖𝑏
𝑛+1) (33) 

𝑍𝑐𝑖𝑏,𝑇𝑘,𝑗
𝑛+1 = ∫

𝑇𝑘

𝑧𝑐𝑖𝑏
𝑛+1𝜆𝑗𝑑𝑟,    𝑍𝑐𝑖𝑏,𝑇𝑘

𝑛+1 = (𝑍𝑐𝑖𝑏,𝑇𝑘,𝑗
𝑛+1 )𝑗=1,...4

𝑡  

d’où:  

𝑍𝑐𝑖𝑏
𝑛+1 = ∑

𝑛𝑡

𝑘=1

𝑍𝑐𝑖𝑏,𝑇𝑘,𝑒
𝑛+1  

𝑍𝑐𝑖𝑏,𝑇𝑘,𝑒
𝑛+1  being the extended vectors of the 𝑧𝑐𝑖𝑏,𝑇𝑘

𝑛+1  vectors on the mesh. 

the algebraic systems resulting from the resolution of the two problems, i.e. the direct problem and the adjoint 

problem, gives us: 

(
−𝑀 + Δ𝑡𝑆2 −Δ𝑡𝑀
0 𝑀 + Δ𝑡𝑆

) . (𝑃𝑛+1

𝑈𝑛+1) = (
−𝑀 0
0 𝑀

) . (
𝑃𝑛

𝑈𝑛) + Δ𝑡 (
−𝑍𝑐𝑖𝑏

𝑛+1

𝐵𝑛+1 + 𝑉𝑛+1
) (34) 

 

𝐸𝑣𝑎𝑙𝑢𝑎𝑡𝑖𝑜𝑛𝑜𝑓𝑠𝑒𝑐𝑜𝑛𝑑𝑙𝑖𝑚𝑏𝑣𝑒𝑐𝑡𝑜𝑟𝑠 

These vectors are defined by:  

𝑍𝑐𝑖𝑏,𝑇𝑘,𝑗
𝑛+1 = ∫

𝑇𝑘
𝑧𝑐𝑖𝑏

𝑛+1𝜆𝑗𝑑𝑟 (35) 

 

𝑉𝑇𝑘,𝑗
𝑛+1 = ∫

𝑇𝑘
𝑣𝑛+1𝜆𝑗𝑑𝑟 (36)  

 

𝐵𝑇𝑘,𝑗
𝑛+1 = ∫

𝑇𝑘
𝑓𝑛+1𝜆𝑗𝑑𝑟 (37) 

 

 En décomposant 𝑧𝑐𝑖𝑏
𝑛+1,𝑣𝑛+1 et 𝑓𝑛+1 comme suit:  

𝑧𝑐𝑖𝑏
𝑛+1 = 𝑧𝑐𝑖𝑏,1

𝑛+1 . 𝑧𝑐𝑖𝑏,2(𝑟) (38) 

 

𝑣𝑛+1 = 𝑣1
𝑛+1𝑣2(𝑟) (39) 

 

𝑓𝑛+1 = 𝑓1
𝑛+1𝑓2(𝑟) (40) 

 and assuming that the values of 𝑧𝑐𝑖𝑏, 𝑣 and 𝑓 are known at all points in our mesh, a quadrature gives us the 

values of the vectors as follows:  

𝑍𝑐𝑖𝑏,𝑇𝑘

𝑛+1 =
𝑧𝑐𝑖𝑏,1

𝑛+1 .|𝑇𝑘|

4
. 𝑧𝑐𝑖𝑏,2(1,1,1,1) (41) 

 

𝑉𝑇𝑘

𝑛+1 =
𝑣1

𝑛+1.|𝑇𝑘|

4
. 𝑣2(1,1,1,1) (42) 

 

𝑓𝑇𝑘

𝑛+1 =
𝑓1

𝑛+1.|𝑇𝑘|

4
. 𝑓2(1,1,1,1)   (43) 
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5.2 Optimisation algorithm 

Let’s say 𝑌𝑘 = (𝑢𝑘, 𝑝𝑘 , 𝑣𝑘). We are therefore looking for the vector 𝑌 = (𝑢, 𝑝, 𝑣)𝑇  solution of the optimal 

system consisting of the primal problem (𝑃𝑝) and the adjoint problem (𝑃𝑎).  

To solve our optimisation problem, we will construct an algorithm that calculates the optimal control. This will 

be a descent algorithm using the non-linear conjugate gradient method. 

Step 1: set 𝑣0, then calculate 𝐽0 = 𝐽(𝑣0) and ∇𝐽0 = ∇𝐽(𝑣0); then we have 𝑑0 = ∇𝐽0 

Step 2: Solve the optimal system 𝑃1 using the finite element method: 

    - find 𝑢𝑘 solutiuon of (𝑃𝑝). 

    - find 𝑝𝑘 solutiuon of (𝑃𝑎) 

    - put 𝑑𝑘 = 𝑝𝑘 + 𝛽𝑢𝑘.      

NB: ∇𝐽𝑘 = 𝑑𝑘 

As long as a convergence criterion is not met: 

Step 3: Determination of the 𝛼𝑘  step by a one-dimensional optimisation or a linear search of our choice. 

Compute a new iterate: 

𝑣𝑘+1 = 𝑣𝑘 − 𝛼𝑘𝑑𝑘; 

Step 4: Evaluation of the new gradient ∇𝐽𝑘+1; 

Step 5: Incrementation: 𝑘 = 𝑘 + 1 

 

6. Numerical simulations 

For the optimal control problem, the synthetic solution we use is the one obtained from the one used to solve the 

direct problem by changing the variable so that it is zero on the 𝐺𝑎𝑚𝑚𝑎𝑆 edge. It is given by: 

𝑢(𝑡; 𝑥; 𝑦; 𝑧) = −cos(
𝜋𝑦2

2(𝑅2−𝑥2)
)sin(

𝜋(𝑧−𝐻+3)

2
)𝑒

−
3(𝜇+𝜂0+𝜎)𝜋2𝑡

4𝐻2  (44) 

with:  
𝜕𝑢

𝜕𝑧
=

𝜋

2
cot(

𝜋(𝑧−𝐻+3)

2
). 𝑢 = 𝑑. 𝑢     𝑖𝑓   𝑧 = 0

𝜕𝑢

𝜕𝑧
= 0       𝑖𝑓   𝑧 = 𝐻

𝑢(𝑥, 𝑦, 𝑧, 𝑡) = 0       𝑜𝑛   Γ𝑆

𝑢(0; 𝑥; 𝑦; 𝑧) = 𝑢0

  (45) 

The target function or observation function is given by: 

𝑧𝑐𝑖𝑏 = cos(𝜋𝑥). cos(𝜋. 𝑦). cos(𝜋. (𝑧 − 𝐻 + 3)). 𝑒
−

3(𝜇+𝜂0+𝜎)𝜋2𝑡

4𝐻2  (46) 

 

6.1 Numerical results 

 

 
Figure 1: Target function with 64 nodes and 𝑁 = 50. 
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Figure 2: Controlled solution with 64 nodes and 𝑁 = 50. 

 

 
Figure 3: Optimal control with 64 nodes and 𝑁 = 50. 

 

 
Figure 4: Uncontrolled solution-64 nodes and 𝑁 = 50. 
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Figure 5: Evolution of the cost function as a function of the number of iterations for 𝑁 = 50 and 64 nodes 

 

 
Figure 6: Target function with 189 nodes and 𝑁 = 100. 

 

 
Figure 7: Controlled solution with 189 nodes and 𝑁 = 100. 
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Figure 8: Optimal control with 189 nodes and 𝑁 = 100. 

 

 
Figure 9: Uncontrolled solution-189 nodes and 𝑁 = 100. 

 

 
Figure 10: Evolution of the cost function as a function of the number of iterations for 𝑁 = 100 and 189 nodes 
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Figure 11: Target function with 315 nodes and 𝑁 = 150. 

 

 
Figure 12: Controlled solution with 315 nodes and 𝑁 = 150. 

 

 
Figure 13: Optimal control with 315 nodes and 𝑁 = 150. 
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Figure 14: Uncontrolled solution-315 nodes and 𝑁 = 150. 

 

 
Figure 15: Evolution of the cost function as a function of the number of iterations for 𝑁 = 150 and 315 nodes 

 

 
Figure 16: Target function with 625 nodes and 𝑁 = 200. 
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Figure 17: Controlled solution with 625 nodes and 𝑁 = 200. 

 

 
Figure 18: Optimal control with 625 nodes and 𝑁 = 200. 

 

 
Figure 19: Uncontrolled solution-625 nodes and 𝑁 = 200. 
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Figure 20: Evolution of the cost function as a function of the number of iterations for 𝑁 = 200 and 625 nodes 

 

 
Figure 21: Target function with 936 nodes and 𝑁 = 250. 

 

 
Figure 22: Controlled solution with 936 nodes and 𝑁 = 250. 
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Figure 23: Optimal control with 936 nodes and 𝑁 = 250. 

 

 
Figure 24: Uncontrolled solution-936 nodes and 𝑁 = 250. 

 

 
Figure 25: Evolution of the cost function as a function of the number of iterations for 𝑁 = 250 and 936 nodes 
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Synthesis: 

After implementation in Matlab, we obtained the results shown in the figures above. They show: 

1. By observing and analysing these figures: for figures 𝑟𝑒𝑓𝐹𝑖𝑔𝑢𝑟𝑒01 and 𝑟𝑒𝑓𝐹𝑖𝑔𝑢𝑟𝑒02, we can see that the 

optimal solution tends to approach the target function. This tendency increases remarkably when we 

increase the number of nodes in the mesh. Indeed, the various figures 6, 11, 17, 22 representing the target 

function are practically identical to the respective figures 7, 12, 18, 23, representing the optimal solution 

obtained by progressively varying the number of nodes and the time step. 

2. Figures 5, 10, 15, 19 represent the evolution of the functional 𝐽 as the iterations increase in the cases with 

64 nodes and 𝑁 = 50, 189 nodes and 𝑁 = 100, 376 nodes and 𝑁 = 150 , 625 nodes and 𝑁 = 200, 936 

nodes and 𝑁 = 250 . The first thing to notice when looking at these figures is that the curves they 

represent all have the same behaviour and are decreasing. This suggests that the cost function is decreasing 

and tending towards low values. We can therefore say that the optimal solution is very close to the target 

function when the control is optimal. The representations of optimal controls are given in figures 3, 8, 13, 

18. 

 

7. Conclusion 

We assume that to control a pollution problem, it is easier to act on the pollution source than on the domain 

boundary. In this chapter, based on our model problem, we have proposed a distributed pollution control model. 

This optimal control problem is a constrained optimisation problem in which we act on the source. In the 

theoretical part, we studied the existence and uniqueness of the solution to this problem, deduced its adjoint 

problem and an explicit expression for the optimality condition. 

From the initial problem, the adjoint problem and the optimality condition, which gives an expression for the 

gradient of the function 𝐽, we have constructed an algorithm in which, for each iteration, we simultaneously 

calculate the state solution, the adjoint solution and the gradient of 𝐽. Since two systems of partial differential 

equations have to be solved, the solutions calculated are approximate solutions found using the Lagrange finite 

element method 𝑃1. The optimisation method chosen is the Wolfe step gradient descent method. 

The numerical results have enabled us to give representations of the optimal controls by varying the number of 

mesh nodes and the time step. As a conclusion, we can therefore find a control for which the concentration of 

the pollutant can be brought as close as possible to a given target function. 
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