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Abstract: In this paper we use the properties of Bernoulli numbers, Bernoulli polynomials and mathematical
induction to study and obtain the congruences of harmonic sums and quadratic product modulo primes.
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1. Introduction

The Bernoulli numbers {B,} and Bernoulli polynomials {B, (x)} are defined by the relations

B, =1, S(ZJBk =0(n>2) and B,(x)= X(Zjka"" (n>0).

k=0 k=0

1

1
It is well known that B,,,,=0 for k>1 and, B, = —5 , B, = g , B, =—— etc. Several researchers

studied the congruences of Bernoulli numbers, see for example in [1-9].

2k+1

Wilson’s theorem 1% is expressed as follows, if p is a prime, then

-1

i=(p-1)=—-1(mod p).

S

i
Gauss!'!l generalized Wilson’s theorem from prime number modulus to composite number modulus. Let 7 > 1

be an arbitrary integer, then

lﬂ[i—{J(modm),ifm=2,4,p“,2p“;

Pl 1 (mod m), otherwise,

(i,m)=1

where p is an odd prime.

By Wilson’s theorem, we have

f[ﬁ:ﬁ.zz----[pT‘lj {(1’7_1)!} E(_l)pTH (mod p).

-1
The congruence of (pT)' modulo p , readers may refer to [12,13].
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li[(1+l):2><3>< x p; E(pTHj'E%(pT_lj' (mod p),
[0tz 52 1725 ot
ﬁi(f—l>-ﬁ<i—1><f+1>=2;*_12[[%1}}2=§<—1>”2‘ (mod p).

Similarly, for any given integer j, it is easy to obtain the congruences about

p-1 p-1 p-1

[16-0). TT6+)- 116 -5

(p-1)2

-2]
modulo prime p . For any positive integers j, k , we will study the congruence about l ik) modulo

16

i=l

prime p . Due to similar proofs, we will provide the congruence about modulo prime p .

Theorem 1 Let prime p >3 and k be a positive integer we have

2n+1

p-1 o 2 r3 g 1 1_21+2n B
[ +4)=t- {(pT_lj ’} I el Sl el ST

i=1

Corollary 1 Let prime p >3, we have

)

p

:Nm

1

where [;] denotes the Legendre symbol, see [10, 19, 20],

Corollary 2 Let prime p >3, we have

]

2 _[0(mod p), p=1(mod 4),
(l + 1) =
2 (mod p), p =3 (mod 4).

o 8

1

—_

hS]

0 (mod p), p =1, 3 (mod 8),
(i2 + 2) ={-2 (mod p), p =5 (mod 8),
2 (mod p), p =7 (mod 8).

o

2. Lemmas
Lemma 11" For any odd prime p , we have

Kp_—lj ,T =(-1) (mod p).

2

P
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Lemma 20'3191 For positive integer m , we have

grm — Bm+1(n)_Bm+l
= m+1

Lemma 3U'%!7] For positive integer # , we have

m

Bm(x+y)=2[’f e (X))

r=0
Lemma 4U'618] For positive integer m , we have

1
B,|~|=(""-1)3,.
2
Lemma S For any odd prime p , we have

1

—g(modpz), if k=1,
p-1
< ﬁB (mod p*),if 1 <k < p—land k is odd
;x R A P ’
(1-2")B, o _
Y p(mod p7),if 1 <k < p—1and k is even.

Proof By Lemma 2, we have

_ . D+l p o1 I I
a [771_1 Bk+1( 7 j_BkJrl Bk+1(2+2]_Bk+1(2 +Bk+l 5 _Bk+1

2
k _ k _ _
§:x __zz'x B k+1 - k+1

x=1 x=1

By Lemma 3 and Lemma 4, we obtain

) (s Ny | 1 p r 1
z k Z( ’ JBM*@@ ‘Bkﬂ(zj (2*-2)8,,
X = }
pru k+1 k+1
., (%M
“2)2 k+1

(1_2’“1)3/c 1— ok
ok p+2k (k+1)Bk+l (mOdpz)-
If k=1, then

pl
> X = ;;42132 z—%(mode).

If 1<k <p—1and k is odd, then B, =0, we have

M

X

=

NNk

1_2k+1
2" (k+1)

If 1<k < p—1 and k is even, then B,,, =0, we have

k
X

B, (mod pz).

1l
—_

X

=
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]

Nk

k (1_2k71)Bk

xt= > p (modpz).

X

In conclusion, Lemma 5 is proved.
a,€Z, r=2a,+a,+-+a,)<p—-3, wehave

Lemma 6 Letprime p >3, «,,a,, ",

N 1-2"")B.
Zp ltfaltzzaz ...tja" E(—l) l(n—l)‘%p(modpz) (1)
1<t ooyt <E—
R
and
(1=2)B,
2 atEtenr=(-) l%p (mod p*). @
1£t]<tz-~~<tn£p7
Proof When n=1 and 7 = 2q,, by Lemma 5, we obtain
1-2"")B
> =# p (mod p°).
1<, <27t 2
2
(1) holds. Suppose that (1) holds when 7=k —1, then we get
. 1-2"")B,
O 31 Gt L Y R
<ty S5

tiil‘/-

where 3, B, B, €Z", r:2(ﬁ1+ﬂ2+---+ﬂk_l). When n=k,

2aq 2a, 2ap _ 200 20 2ak 1 2ap _ _ 2ak
DR S A e £t t 1 t;
lszl,---tksp—_l 13:1,...tk4g1’2;1 =1
L#t L#t
_ 20 20, 2ak 2ap 2oy Ray 20, | 2o
- Z L t 2 5 L
p-1 =1 p-1
1<t ooty S— k= 14, oty S—
1 k-1 2 1 k-1 2
1%t 1%t
. 20,,2a, 2a, 1 +2ay
> 1t t2e : @
p—1
1<ty ooty < 5
t#L
By equation (3) and Lemma 5, we have
p 1
20 20, 20‘k1 2, __
E 1, t;* =0(mod p*).
p-1 t, =1
1<, ,~~-tk_1£7 k
1%t

Where equations (3) and (4) can be simplified as

R
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YRt Y e

15:1,~~-tksp—71 15,1,...tk4gl’2;1
1%t t;#t;
(122708
=—(k-1D)(=D)""(k-2)! > p
N G L. 2
=(-1 (k—l)!Tp (mod p°).
In summary, equation (1) is proven.
Due to
20y 2a 2a, _ 201 2en 2a, 2
z £t =0l Z tt, 't (modp ),
1311,---,tn£p—71 1§tl<t2---<t,,§1i
2 2
#;
By (1), we obtain that (2) holds.
3. Proof of the Theorems
Proof of Theorem 1
Expand the continuous product we obtain
pT_l r-1 ,92;1 p=3 p=s
H(i2+k):k2 +I1i*+k P+k?2 Y i+
i=l =l 1<iy S? 1<iy <i2§pr1 (5)
p-1-2n
+k 2 > il i
1£i1<-~-<in§p7_l
Let a, =a, =--=a, =1 in Lemma 6, we can get
—2-2n
1 p—_]—n—l (1 - 217 )Bp—2—2n 2
Z 24212 E(_l) ? p—1 p(modp ) (6)
If <<t 3%4 172 L‘l_n (7 - n)2p’1’2”
En 2

Substitute (6) into (5) , and by Euler’s Theorem, we have

p-1 p-3
p-1

[1(7+k)=k> + (%‘1) v

Pl ) (1 — o )Bpfzfzn

i=

n=1 (Z92’_1_n)2p—1—2n

2

p-l T p—l 72 %3 pl zi_,,(l—z”z”)B )
[l RS iEas F ) (mod )

We completed the proof of Theorem 1.

Proof of Corollary 1
p-1

= [k
Bylemma land k 2 = (—j (mod p) in Theorem 1, we get
p

RS
SN
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We completed the proof of Corollary 1.

Proof of Corollary 2
When k& =1 in Corollary 1, we have

( +1)51—(_—1j (mod p).

g S

i=1 p
L_l
_ 2
When p=1(mod4), we have (—IJZI , H(i2+1)50 (modp).
p i=1
-l
_ 2
When p =3 (mod4), we have (—1j=—1 , H(iz +1)52 (modp).
p i=1
When k& =2 in Corollary 1, we have
-1
. 2) (-1
i°+2 E(_j_[_j mod p).
1,:1[( ) p p ( )
-l
_ 2
When p =1 (mod8), we have(zj =1, (—IJ =1and H(i2 +2) =0 (modp).
p p i=1
L_l
When p =3 (mod8), we have 2 =-1, [_—lj=—land H(i2+2)50 (modp).
p p i=1
E
— 2
When p =5 (mod8), we have 2 =—1 and (—1j=1 , then H(i2+2)5—2 (modp).
p p i=1
2 -1
When p =7 (mod8), wehave | —|=1 and {—jz—l, then
p p

p-1

2

H(i2 +2)52 (mod p).

i=1

We completed the proof of Corollary 2.
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4. Conclusion

In this work we use the properties of Bernoulli numbers, Bernoulli polynomials and mathematical induction to
prove Lemma 5 and Lemma 6. In the existing congruences, the variables of multiple harmonic sums are all

between 1 and p —1, but the variables of multiple harmonic sums we proved are between 1 and (p—1)/2,

which is an innovation. Then we use Lemma 6 and Legendre symbols to prove Theorem 1 and corollaries, the
results of congruences are also quite beautiful.
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