Available online www.jsaer.com

Journal of Scientific and Engineering Research, 2024, 11(5):26-34

/i ":*3“:%\ = H Articl ISSN: 2394-2630
£ @ w%\ esearch Article CODEN(USA): JSERBR
= H

On the Pseudo Starlike Bi-univalent Function Class of Complex
Order

Arzu KANKILIC*, Nizami MUSTAFA

* Kafkas University, Faculty of Science and Letters, Department of Mathematics, Kars, Turkey

Abstract In this paper, we defined a new subclass of starlike bi-univalent functions and examine some
geometric properties this function class. For this definition class, we gave some coefficient estimates and solve
Fekete-Sezdge problem.
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1. Introduction
In this section, we give some basic information which we will use in our study.

Let H (U ) be the class of analytic functions in the open unit disk U = {Z el] :|Z| < 1} of the complex plane

[J.By A, we will denote the class of the functions f € H (U ) given by series expansions

f(z)=z+a,2° +a,2° +a,2* +--+a,2"+-=z+> 82", a, el . (1.1)
n=2

It is clear that f (0) =0 and f'(O) =1 for f € A. The subclass of A, which are univalent functions in

U is denoted by S in the literature. This class was introduced by Kéebe [1] first time and has become the core
ingredient of advanced research in this field. After a short time, in 1916 Bieberbach [2] published a paper in
which the coefficient hypothesis was proposed. This hypothesis states that if f € S and has the series form

(1.1), then |an| <'n for each N> 2. There are many articles in the literature regarding to this hypothesis (see
[3-16]).
It is well known that the function f (Z) is called a bi-univalent function, if itself and inverse is univalent in U

and f (U ) respectively. The class of bi-univalent functions in U is denoted by X [17].

For the inverse ¢ (W) =f (W) of the function f X, we can write
g(w)=w+AW + AW + AW +... =W+iqu“, we f(U), (1.2)
n=2

where
A =-a, A,=2a’-a, A =-a +5a,a,-a,....

It is well known that the starlike and bi-starlike function classes in the open unit disk U are defined analytically
as follows
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S*={fes: Re(Z:’((ZZ))J>O,2eU},

S;={f es: Re[%(zz))j>0, zeU and Re[%}a we f(U)}

and denoted by S” and S; , respectively.

Let's f,geH (U ) then it is said that f is subordinate to g and denoted by f < g, if there exists a

Schwartz function @, such that f (z)=g (a)(z))

In the past few years, numerous subclasses of the class S have been introduced as special choices of the class
S (go) and S_ (see for example [4, 7, 9-16, 18-24]).

2. Materials and Methods
Now, let's we define new subclass of bi-univalent functions in the open unit disk U .

(A,7).if

1 .
Definition 2.1. For A > > and 7 €l —{0} the function f € X is said to be in the class Sg g,

the following conditions are satisfied

1| 2(f'(2))
1+; f(z)

L1 e w)

+=| ———-1|t<1+sinhw, we f (U).
i ey (V)

—1|+=<1+sinhz, zeU and

In the special values of the parameters A and 7 from the Definition 1.1, we have the following classes of bi-
univalent functions.

Definition 2.2. For 7 e —{0} the function f €= is said to be in the class S;

(7). if the following
conditions are satisfied

{1+1{L(2)— }}<1+sinh 2, 7€V and {1+1{M—1}}<1+sinhw, we f(U).

T f(Z) T g(W)

1 *
Definition 2.3. For /1>§ the function f eX is said to be in the class S (4) . if the following

=,sinh

conditions are satisfied

, A
<1+sinhz, zeU and M

f(z) g(w)

Definition 2.4. The function f € X is said to be in the class S;Smh , if the following conditions are satisfied

Gl (Z)<1+sinhz, zeU and vvg_(vv)

f(2) 9(w)

<1+sinhw, we f (U).

<1+sinhw, we f (U).
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Let P be the class of analytic functions in U satisfied the conditions p(O) =1 and Re(p(z)) >0,
zeU.

From the definition of subordination easily can written
1+z
P:{pe H(U): p(z)<1—,2eU}.
A

Also, p(Z) has a series expansion as follows

p(z)=1+pz+p,2° + p,2° +--=1+ > p,2", z€U. 2.1)
n=1

The class P defined above is known as the class Caratheodory functions [25] in the literature.
Now, let us give some necessary lemmas for the proof of our main results.
Lemma 2.1 ([26]). Let the function p belong to the class P. Then,

|pn|32 foreach nel] , |pn—vpkpn_k|£2 fornk e, n>k and Ve[O,l].

The equalities hold for the function

1+2z
P(Z)ZE-

Lemma 2.2 ([26]) Let the an analytic function p be of the form (2.1), then
2p, = pf +(4-pf)x,
ap, = p;+2(4-pf ) px—(4-p7 ) pX° +2(4- pf)(1—|x|2)y
for some X,y e[l with |X| <land |y| <1.

In this paper, we give some coefficient estimates and solve Fekete-Szegd problem for the class S;sinh (l, Z').

Additionally, the results obtained for specific values of the parameters in our study are compared with the
results obtained in the literature.

3. Results & Discussion
In this section, we give some coefficient estimates for the functions belonging to the class S;sinh (/1, T).

Theorem 3.1. Let the function f given by series expansions (1.1) belong to the class S;Smh (/1,7). Then,

are provided the following inequalities

2
T |T|S—(2/1 ) ,
7| 31-1 31-1
|a2|S -1 and |a3|£|r| |z'| (21_1)2 (3.1)
—BL_if o=l
(24-1) 31-1

Obtained here results are sharp.

* 1
Proof. Let f €S, (4,7), 41> > and 7 €[] —{0}. Then, exists Schwartz functions

o:U->U,z:U —>U_ suchthat
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T f(Z) T g(W)

Let’s the functions P, q € P defined as follows:

1{M—l}_sinhw(z),ZEU and 1[W(L(W))ﬂ—1]_sinhw(w),w‘s f(U). 82

1 .
p(z) = +o(2) =1+ pz+ P,2° + P2’ +...=1+)_p,2", z€U,

1-w(z) —

q(w) _1+w—(w)=1+qlw+qzw2 +q3W3+...=l+iqan, wef(U). (33
ZD'(W) n=1

We get from there

1
a)(Z) EEZ;+1 %Z z[pz_%JZ +_(p3 PP, — &j --,ZEU,

aw)-1_¢q o 1 9
@ (w)= dw) il 2 (qz ZJW +2(q3 0,0, 4JW3...,Wef(U). (3.4)

If we perform the necessary operations in the left side of the equalities (3.2), take into account the expressions
(3.4) and use the series expansion of the Sinh function, we obtain the following equalities

%{az(zz—l)z+[(3/1—1)a3+(2,12—4/1+1)a§]z2+...}=%z+[% Zl]z .., 2eU,

1 _ _ 2 _ I DO O P e W

T{AZ(Z/I D+ (34-1) A, +(24° 42 +1) AZ W +..f = W o W we f (V).
(3:5)

Comparing the coefficients of the same degree terms on the right and left sides of the equalities (3.5), we obtain

the following equalities for the coefficients a, and @, of the function f

1a2(2/1—1):%, (3.6)
1 2 27_ P P
;[(3,1—1)% +(22 —4/1+1)a2]_?—7, (3.7)
1 q
-~a,(24-1)=21, 3.8
-8, (24-1)=7 (38)
l[(31—1)(2@15—ag)+(22,2—4ﬂ,+1)a§]=i—q—12. (39)
T 2 4
It follows from (3.6) and (3.8) that
P 7Q,
=a, = 3.10
2(24-1) *  2(22-1) 419
and it can be seen that
P=-G. (3.11)
Applying Lemma 2.1 to the equality (3.10), we obtain the first inequality of (3.1)
la,| < 7|
24-1
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Considering the equation (3.11), from the equalities (3.7) and (3.9) we obtain the following equality for the

coefficient a,

7’ 2 z'(pz_%)
> P+ .
(22-1) 4(31-1)

7Y

Also, from the Lemma 2.2, we can write
2

4-pf
5 (x=Y)

P, -0, =
for some X,y e[l with |X| <land |y| <1.
Substitute this expression for the difference P, —Q, in the equality (3.12), we get

2 N2
3 2 T(4 Py )
+ X— .
(22-1)° P 8(3/1—1)( y)
Applying triangle inequality to the last equality, we obtain
o (4=
(22-1)° 8(32-1)

a3:4

o] < (&+n), &nef01],

where §=|X|, 77=|y| andt:|p1|.

From the inequality (3.14), can written

where
a(ra)=—1 -t
(24-1)° 34-1
Then, maximizing the function
4
t)y=a(r,A)t° ,
x(t)=a(r )¢+

it can easily be seen that

if a(r, /1) <0 and

if a(z,4)=0.

Thus, the proof of second inequality of (3.1) is provided.
The result of theorem is sharp for the function

f(z)=2+ 2, ' 8 7eU

‘ YA
24-1 31-1
in the case (31 —1)|Z’| < (2/1 —l)2 and for the function
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in the case (34 —1)|z|>(24 —1)2 .
With this, the proof of theorem is completed.
Taking A =1, 7=1and A =7 =1 inthe Theorem 3.1, we obtain the following results, respectively.

Corollary 3.1. 1f f €S, (7)., then

1 if 0<|z’|£1,

a,] <] and [ay|<[q] 3
|r| if |z'|2§.

Corollary 32. 1f f €S, (1), then

1 e, (1 7+\/_}
24-1)’
1 ’ 7+J_

31-1 8

1
|a,| < o7 |as| < (

Corollary 33.1f f €S; g, then
|a,| <1 and |a,| <1.
Now, we focused on the solution of the Fekete-Szeg6 problem for the class S;Smh (l, r) :

Theorem3.2. Let f €S, (4,7), Tl —{0} and € . Then,

1 . 2
f(31-1)1- <(24-1)",
s f (34-0f- i< (22-1 N
< |
T if (31-1)[1- >(24-1
At 1= 220

Obtained here result is sharp.
* 1
Proof. Let f €S, (4,7), 4 >§ and 7 €[] —{0}. From the equalities (3.10) and (3.13), we can write
2
the following equality for the expression d; — 1a,

2.2 4—p?
TR 2+T< IC)1)(x—y) (3.17)
4(22-1) 8(31-1)

8, - ua, =(1- )

for some X,y €[] with |X| <land |y| <1.

Applying triangle inequality to the equality (3.17), we obtain

t2 |T|(4—t2)
4(22-1)" 8(32-1)

where §:|X|, 77=|y| andt:|p1|.
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From the last inequality, easily can written

2
‘as—,uag‘SLbl—,qu—(Z/I_l) }m ez e

4(2/1_1)2 31-1 31-1

Maximizing the function ¢ : [0, 2] — [ defined as follows

1 (22-1° |, 1
t)=——|1- —— t"+——, t€|0,2],
we can easily see that
1
t
P)=3 7
if (34-1)[1- 47| <(224-1)" and
7
t

if (34—1)[L-p|z|>(22-1)".
With this, the inequality (3.16) is proven.
Moreover, it can be easily seen that the result of theorem is sharp for the function

f(z)=z+ il 7’ + id 3

2, z2eU
-4 (32-1)  [-4(34-1)

in the case (34 —1)[1— 4||7|< (24 —1)2 and for the function

2
f,(z)=z+ id 2°+ id .
22-1" " (22-1)
in the case (34 —1)[1— 4||z|> (24 —1)2 .
Thus, the proof of theorem is completed.
Taking A =1, 7=1and A =7 =1 inthe Theorem 3.2, we obtain the following results, respectively.
Corollary 3.4.1f f €S, (7), el —{0} and g el , then

1

la, — wa| <|]4 2
|T||1—/J| if 2|1—,u||r| >1.

22, zeU

if 2|1—,u||r| <1,

Corollary 35.1f f € S;Smh (ﬂ) el —{O} and g €l , then

2
— if |1—y|s—(2’1_1) ,

oy - ] < 31-1 31-1
“HYG| = 2
|1_—ﬂ|2 if |1_ﬂ|2w_

(24-1) 341

Corollary 3.6. If f €S; 7€l —{0} and zzell , then

=
TR
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| ] 11 if 21— u|<1,
—pas|<—
BRI 2 i 2 21
Also, taking (= 0 and M =1 in the Theorem 3.2, we obtain the following results, respectively.

Corollary 3.7. 1f f €S, (4,7) and 7 €] —{0}, then,

2
L ifk1s£gi:iln

31-1 31-1
<l 2
S LI S S e

(24-1) 31-1

Corollary 38. If f €S, (4,7) and 7 €[] —{0}, then,

‘ag—aﬁ‘g%.

Remark 3.1. We note that Corollary 3.4 confirms the second result of Theorem 3.2.
In the case u,7 €[] and z = 0, we can prove the following theorem similarly.

Theorem 3.3. Let f € S;sinh (Z,T) and 70, 7,uell . Then,

SN o P o
32-1 BA-| " (BA-Y[]
24-1)
a, - ua| <[t p<1- Y
| ! a2 it (32-1)f|
(22-1)° 1+(2z—1f 3
(2"
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