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Abstract In 1970, Cesaro Sequence Spaces was introduced by Shiue. In 1981, Kizmaz defined difference
sequence spaces for £, ¢, and c. Then, in 1983, Orhan introduced Cesaro Difference Sequence Spaces. Later,
Et and Tripathy et. al. generalized the space introduced by Orhan for any m € N. We will be interested in their
generalizations such that some generalizations of the space introduced by Orhan were given by Et in 1996 and
more by Tripathy and his friends in 2005 for each m € N while they examined their duals and geometric
properties. We investigate the corresponding function space of those Koéthe-Toeplitz duals of some generalized
Cesaro difference sequence spaces. In this study, first we recall that in 2004, Kaczor and Prus saw that there
exists a large class of closed, bounded, convex subsets in £ with fixed point property for affine asymptotically
nonexpansive mappings. In the present study, we aim to discuss the analogous results for the corresponding
function spaces of the Kéthe-Toeplitz duals of some generalized Cesaro difference sequence spaces. Thus, we
consider the generalized Kdthe-Toeplitz duals of some generalized Cesaro difference sequence spaces written
by Yp={a=@)rcR: |alls =X k™lay| <o} and its corresponding function space

f:[01]- R fl .
Fmi : - fi hm € N.
" {measurable 71 0 t"|f()|dt < oo ¢ foreachm

Then, for any m € N, we show that there exists a very large class of closed, bounded, convex subsets in X,
with fixed point property for affine asymptotically nonexpansive mappings and so for affine nonexpansive
mappings.
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1. Introduction

A Banach space (X, ||. |]) is called to have the fixed point property for non-expansive mappings (fpp-ne) when
any non-expansive self mappings defined on arbitrary non-empty closed, bounded and convex subset of the
Banach space has a fixed point. Researchers have considered categorizing Banach spaces with this property.
Firstly, in 1965, Browder [2] found that Hilbert spaces have the property and Kirk [14] generalized it to
reflexive Banach spaces with normal structure. Then, researchers have especially investigated nonreflexive
classical Banach spaces and wondered if they can be renormable and falls in the same category with their
equivalent norm while they fail to be members of the category with their usual norm but they were able to detect
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some nonreflexive Banach spaces which have equivalent norms and they become to have the fixed point
property with those renormings. The first example was given by Lin [15] for the Banach space of absolutely
summable scalar sequences, £1. Because of sharing many common properties, it is natural to ask if the same is
possible for the Banach space of scalar sequences converging to 0, ¢, as another well known classical non-
reflexive Banach space. As a second interesting example, but under affinity condition, was given in [17] by
Maria and Hernandes Lineares whose space experimented was the Banach space of Lebesgue integrable
functions on [0,1], L,[0,1]. It can be said that all these works are inspired by the work of Goebel and
Kuczumow [11]. Goebel and Kuczumow showed that there exists very large class of non-weakly compact,
closed, bounded and convex subsets of #* respect to weak* topology of £* with fixed point property for non-
expansive mappings. Later, Kaczor and Prus [12] investigated if similar result could be done for asymptotically
nonexpansive mappings and they saw that there exists a large class of closed, bounded, convex subsets in £1
with fixed point property for affine asymptotically non-expansive mappings. Moreover, Everest, in his Ph.D.
thesis [9], written under supervision of Chris Lennard, considered large classes in #1 with fixed point property
for affine asymptotically non-expansive mappings by generalizing Kaczor and Prus’ work.
In this study, we aim to discuss the analogous results for the corresponding function spaces of the Kdthe-
Toeplitz duals of some generalized Cesaro difference sequence spaces. Thus, we consider the generalized
Kdéthe-Toeplitz duals of some generalized Cesaro difference sequence spaces written by Y,,, = {a = (a), <
R : Jlally = X1 k™ag| < oo} and its corresponding function space
1

Zpi= {Qgg;t]r;l]f: Ifll = fo tmIf(D)]dt < oo } for eachm € N.
Then, for any m € N, we show that there exists a very large class of closed, bounded, convex subsets in X,
with fixed point property for affine asymptotically nonexpansive mappings and so for affine nonexpansive
mappings.
First we recall that the Cesaro sequence spaces

coy = x = o < B| (B b)) " < o}

and

CeS,, = {x =), cR SUP%ZLﬂxH < 00}
n

were introduced by Shiue [21] in 1970, where 1 < p < oo. It has been shown that £¥ c ces,for 1 <p < co.
Moreover, it has been shown that Cesaro sequence spaces ces,, for 1 < p < oo are seperable reflexive Banach
spaces. Furthermore, it was also proved by Cui [4], Cui-Hudzik-Li [5] and Cui-Meng-Pluciennik [6] that Cesaro
sequence spaces ces,for 1 <p < oo have the fixed point property. They prove this result using different
methods. One method is to calculate Garcia-Falset coefficient. It is known that if Garcia-Falset coefficient is
less than 2 for a Banach space, then it has the fixed point property for nonexpansive mappings [10]. Using this
fact, since they calculate this coefficient for ces,, as 21/P similary to what it is for €7, they point the result for
the Cesaro sequence spaces. Another fact is that they see that the space has normal structure for 1 < p < oo.
Then using the fact via Kirk [14] that reflexive Banach spaces with normal structure has the fixed point
property, they easily deduce that the space has the fixed point property for 1 < p < oo. Their results on Cesaro
sequence spaces as a survey can be seen in [3].
Later, in 1981, Kizmaz [13] introduced difference sequence spaces for £, cand c, where they are the Banach
spaces of bounded, convergent and null sequences x = (x,,),, respectively. As it is seen below, his definitions
for these spaces were given using difference operator applied to the sequence x, A x = (g — Xx41)k-

2(A) ={x = ()n Rl Ax € £7},

c(p)={x=(x)ncR|AxEC}

co(A) = {x = (xp)n € Rl Ax € ¢}
Kizmaz investigated Kothe-Toeplitz Duals and some properties of these spaces.
Furthermore, Cesaro sequence spaces X? of non-absolute type were defined by Ng and Lee [18] in 1977 as
follows:
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1
XP = {x = (p)n © R‘ (o b nd) 4P oo}
and
x= = {x = o = R|sup [ 5, x¢] <
where 1 < p < co. They prove that X? is linearly isomo:phic and isometric to #? for 1 < p < oo. Thus, one
would easily deduce that they have similar properties in terms of the fixed point theory. That is, for 1 < p < o

they have the fixed point property for nonexpansive mappings but for other two cases they fail.
Later, in 1983, Orhan [19] introduced Cesaro Difference Sequence Spaces by the following definitions:

€y = {x = on < 8| (3 Pxpanf) " < oo}

and
Co = {x = (x,)n C IR| sup EZ’,}:lA xk| < oo},
n

where 1 < p < o and A x;, = x;, — x4 for each k € N. He noted that their norms are given as below for any

x = (Xp)n!
(o] n
1
Illy = Il + (Z —) Ax
n k=1
respectively.

=1
Orhan showed that there exists a linear bounded operator S: C, - C, for 1 < p < oo such that Kéthe-Toeplitz
B —Duals of these spaces are given respectively as follows:

)

p\ Yo
> and ||x]l5 =[x + sup
n

n

! A

— X,

n k
k=1

S(Cp)ﬁ ={a = (a,)), € R|(na,), € {9} where1l <p < o and q = pTl,

$(¢)? ={a = (a,), c R|(na,),, € £*}and
S(Cm)ﬁ = {a = (ap)n © R|(nay), € o1
It might be better to use the notation X?(A) instead of C,, for 1 < p < oo since we also recalled the difference
sequence spaces and used similar type of notation.
We note that Orhan also proved that XP c XP(A) for 1 < p < oo strictly. Also, one can clearly see that XP(A)
is linearly isomorphic and isometric to 4P for 1 < p < co. Thus, one would easily deduce that they have similar
properties in terms of the fixed point theory. That is, for 1 < p < oo they have the fixed point property for
nonexpansive mappings but for other two cases they fail.
Note also that Kdthe-Toeplitz Dual for p = oo case in Orhan’s study and £ case in Kizmaz study coincides.
Furthermore, Et and Colak [8] generalized the spaces introduced in Kizmaz’s work [13] in the following way
form € N.
12(A™) = {x = (xp)n € RI A™ x € £},
c(A™) = {x = (xp)n c R|A™ x E ¢},
co(A™) = {x = (xp)n © R A™ x € o}
where Ax=(Ax,) =, — X A% x = () A™x =(AMx) = (A™ 1 x, —A™ P x.1)  and
A" xp = X o(=1(7) Xy for each k € N.
Also, Et [7] and Tripathy et. al. [22] generalized the space introduced by Orhan in the following way for m € N.

o\ Yp
Xp(a™) = {x = (tadn © R‘ (B [rziam ] ) 7 < oo}
and
X2 = fx = G © R sup |15, A7 2] < o),
n

Then, it is seen that that Kéthe-Toeplitz Dual for p = o case in Et’s study [7] and €% case in Et and Colak
study [8] coincides such that Kéthe-Toeplitz Dual was given as below for any m € N.
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Yo = {a = (ap), € R|(n™ay), € £'} = {a =(a)r cR: |la|l = E k™ ag| < OO}-
k=1
Note that Y,,, c #* for any m € N.

One can see that corresponding function space for these duals can be given as below:
1

A= [ emif@de <o
0
Note that L,[0,1] < £,, and Y,,, is the space when counting measure is used for Z,,,.
As we have already stated, in this study, we study the function spaces X, for any m € N.

£:10,1] » R

Y=
m measurable

Now we provide some preliminaries before giving our main results.
Definition 1.1. Let (X, lI-Il) be a Banach space and C is a non-empty closed, bounded, convex subset.
1. IfT:C - Cis a mapping such that for all 2 € [0,1] and for all x,y € C, T((1 - Dx+1y) = (1 —
AMT(x) + AT(y) then T is said to be an affine mapping.
2. 1f T:C - Cis a mapping such that | T(x) —T) I<lx—y |, for all x,y € CthenT is said to be a
nonexpansive mapping.
Also, if for every nonexpansive mapping T: C — C, there exists z € C with T(z) = z, then C is said to have the
fixed point property for nonexpansive mappings [fpp(ne)].
3. If T:C — C is a mapping such that there exists a sequence of scalars (k,),en decreasingly approach to 1
and IIT"x)—-T"W) Ik, Ix—=yll, for all x,y € C and for all n €N then T is said to be an
asymptotically nonexpansive mapping.
Also, if for every asymptotically nonexpansive mapping T: C — C, there exists z € C with T(z) = z, then C is
said to have the fixed point property for asymptotically nonexpansive mappings [fpp(ane)].
Remark 1.1. In 1979, Goebel and Kuczumow [11] showed there exists a large class of closed, bounded and
convex subsets of #1 using a key lemma they obtained. Their lemma says that if {x,} is a sequence in ¢!
converging to x in weak-star topology, then for any y € 2,

r(y) =r() + lly — xll, where r(y) = limnsupllxn =yl -

We will call this fact --.
The analogue of this lemma for L,[0,1] is observed via the result in Brezis and Lieb [1]. Note that Hernandez-
Linares pointed this fact in his Ph.D. thesis [16], written under supervision of Maria Japon Pineda. Now we
provide the lemma which is deduced by their results and will be key for our results in this section.
Lemma 1.1. Let {f, },en be a sequence of real valued measurable functions which are uniformly bounded in
L;[0,1]. Assume that f,, converges to an f € L;[0,1] pointwise almost everywhere (a.e.). Then for any g €
L,[0,1],

S(g) =S() +IIf —glls where S(g) = lim:upllfn =gl .

Since the corresponding function space of a Kéthe-Toeplitz Dual of a Cesaro Difference Sequence Space which
contains Lebesgue space L,[0,1] and in fact it is isometrically isomorphic to L,[0,1], for any m € N, for the
corresponding function spaces X, the following lemma can be given as straight and quick result.
Lemma 1.2. Fixm € N. Let {f,},,ey be a sequence of real valued measurable functions which are uniformly
bounded in X,,,. Assume that f,, converges to an f € X,,, pointwise almost everywhere (a.e.). Then for any g €
T,

S(9) =S +|If — gll where S(g) = limnsupllfn =4l

2. Main Result

In this section, we work on Kaczor and Prus analogy for a Banach space containing Lebesgue space L;[0,1].
The space we consider is the corresponding function spaces X, for the Kothe-Toeplitz Dual of a Cesaro
difference sequence space X< (A™) for any m € N. We show that there exists a very large class of closed,
bounded and convex subsets of the space with the fixed point property for affine asymptoticallys non-expansive

o
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mappings and so for affine nonexpansive mappings. Note that in his Master’s thesis [20], in 2022, Oymak
studied the case m = 1 and also cases m = 2 with m = 3 have been recently submitted by the same authors of
this article.

Now, for any m € N, let us first consider the following classes of closed, bounded and convex subsets for
Banach spaces X,,, by the following examples. We should note here that we will be using similar ideas to those
in in the section 2 of Ph.D. thesis of Everest [9], written under supervision of Chris Lennard, where Everest
firstly provides Goebel and Kuczumow’s proofs in detailed.

Here, we first consider some sample sets that represent the broad set classes we mentioned, and then we give a
relevant theorem for each of these sets.

Example 2.1. Fixm € Nand b € (0,1). Define a sequence (f,,)nen by Setting f;:= b e, and f,: = e, for all
integers n > 2 where the sequence (e,)ney iS given by the formula e,: = (n + 1)t" ™, ¥Vn € N. Next, we can
define a closed, bounded, convex subset E™ of X, by

Em). = {Z B.f.: VREN, t,>0 and Z B, = 1} .
n=1 n=1

Example 2.2. Fixm € Nand b € (0,1). Define a sequence (f;)nen by Setting fi:= b e, and f,,: = e, for all
nent

TmEenD) vn € N. Next, we can

integers n = 2 where the sequence (e,)ney IS given by the formula e,: =

define a closed, bounded, convex subset E™ of %, by

Em. = {Z B.f.: VneEN, B, =0 and Z B, = 1} .
n=1 n=1
Example 2.3. Fixm € Nand b € (0,1). Define a sequence (f;)nen DY setting fi:= b e, and f,,: = e, for all

nt

integers n > 2 where the sequence (e,)ney IS given by the formula e,,: = ,Vn € N, where y is

ne
tM(e™-1) X[O%]

the characteristics funtion. Next, we can define a closed, bounded, convex subset E™ of %,, by

EM: = {Z Bufu: VNEN, 20 and ) = 1} .
n=1 n=1

Example 2.4. Fixm € Nand b € (0,1). Define a sequence (f;)nen by setting fi:=be; and f,;: = e, for all
4in
ntm(1+n2t2)X[0%]

is the characteristics funtion. Next, we can define a closed, bounded, convex subset E™ of %, by

Em. = {Z B.f: VneEN, B, >0 and Z B, = 1} .
n=1 n=1

Theorem 2.1. Form € N and b € (0,1), then each of the sets E(™ defined as in the examples above has the
fixed point property for affine asymptotically nonexpansive mappings.

Proof. FixmeN and b € (0,1). Let T:E™ — E( pe an affine asymptotically nonexpansive mapping.
Then, since T is affine, by Lemma 1.1.2 in the Ph.D. thesis of Everest [9] written under supervision of Lennard,
there exists a sequence (f™) € EC™ such that [[Tf™ — f(™]| - 0. Without loss of generality, passing to a

integers n > 2 where the sequence (e,,),ey IS given by the formula e,: = , Vn € N, where y

subsequence if necessary, there exists f € E(™ such that £ converges to f in weak* topology. Then, by
Goebel Kuczumow analog fact, Lemma 1.2 given in the last part of the previous section, we can define a
function s: X,, — [0, ) by
s(f) = limsup||f®™ —g| , vg € X,
n
and so

s(@) =s@+If—gll, vgeZ,.
Now define the weak* closure of the set E(™ as it is seen below.

W:=Em" = {Z Bnfa: each B, =0 and Z Bn < 1}
n=1 n=1

=
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Since T is asymptotically nonexpansive mapping, there exists a decreasing sequence (k,)nen € [1,0)
converging to 1 such that vf, g € X,,, and vn € N,
IT"f =T gll < kullf —gll.
Case 1:f € E™
Fix ¢ € N and take k, = 1. Then, we have s(T9f) = S(f) + ||IT?f — f]| and
s(T9f) = limsup||T9f — f™|| < limsup||T%f — T4(f™)|| + limsup||T(f™) — F™|| 2.1
n n n

q
< timsupleg || = £ + limsup Y [|7I(£™) = 791 (£™)|
n n =

q
< kelimsup|}f = £ + limsup ) [T(F™) = £
j=1

= k,S(f).
Therefore, |IT?f — fIl < S(f)(kq — 1) and so by taking limit as g — oo, we have lim||T?f — f|| = 0 but then
q

since lim||T9*1f — Tf|| < lim||T9f — f||, lim||[T9**f — Tf|| = 0 and so T9f converges both Tf and f; thus,
q q q

Tf = f by the uniqueness of the limits.

Case 2: f € W\E™,

Then, f is of the form }.7°_, y,.f, suchthat 7, v, <1 and v, =0, vn €N.
Define §:=1 -7, ¥» and next define

hi= (n+Ofi+ ) afa
n=2

Then, ||k — f]l = [IbSe, || = b8.

Now fix g € E(™ of the form Y., B,f, such that ¥, B, = 1 with §,, =0, vn € N. We may also write
each f, with coefficients y, for each k € N where £&;:=b vy, and &,: = n~1v,, for all integers n > 2 such that
foreachn € N, f, = & e,.

Then,
llg—7ll = Z Brfi — Z Yicfe z Brfk — z Yicfe
Z (Br = i) fre
:f t™ Z Bk — Vi) fie|dm = 1 i Bk — vi)t" fic| dm
k=1
f Z (B~ 1Ot fedm
= Yi)
= - i 143
k=1
= b6
Hence,

lg—fIl = b6 =1h—fll
Next, we have the following.
s(h) =s(f) +|lh—fll < s(f) + IT9h — f|| = s(T9h) but this follows
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= limsup||T7h — £™|| then similarly to the inequality (2.1)
n

< timsup||T4h — T9(f )| + limsup|[f® - 79(£®)|
n n
q
< kglimsup|[h = £ + limsup »" [T (£ ™) =7/ (®)|
n n =

< kgtimsupll - £ + limsap Y by [7(7®) - 1]
n n j=1

< kglimsup||h — F®™|| + 0
n

= kgs(h).
Hence, s(h) < s(T9h) < k,s(h) and so taking limit as ¢ — oo, we have lim s(T9h) = s(h) ; that is,
q
lims(f) + ||IT?h — f|| =lims(f) + ||h — f]| which means lim|[T9h — f]|| = |lh— fIl (2.2)
q q q

Moreover, for any g € E™,

(oo}

i Bufe— 1+ i = ) Wafh
k=1

n=2

llg — hll = Y fk t (B1—v1i—8fi

i Bk — vi) fie

me(ﬁk vofiddm -+ [ €718, ~ v, — D)fildm = ka Vil +bIB: = 1, = 6]
0

:Z|Bk yk|+bBI+ZBk ZBk V1_1+zyk

v fell + 1B =2 = OFll = f gm

dm +f By — 1 — 8)fsldm
0

8

k=2
:Z Bk — vl + b Z)/k—z Br
k=2 k=2 k=2
1+b
SZ |Bk_yk|+bz |Bk_yk|=(1+b)z |Bk—yk|:1_i_b(1_b)z 1Bk — Vil
k=2 k=2 - =2 = B
1+b 1+b
=m_b5—b5+(1—b)z |Bk_yk|l:m[b(l—(1—5))—b5+(1—b)kz=2 |5k_yk|l
1+b

- b(1—(1—6))+(1—b)z [ ykl—bsl

(o)

iz (Z B - Zn)ﬂl—b)z |Bk—yk|—bal
k=2

1+b C
=173 bz 1B — Vil +(1—b)z 1Bk = ¥il — bS]
L k=1 k=2
Hence,
g~ nl <—[bll31 il +Z 1B~ 7l - bal T2 lg— I — Il
Now, fix € > 0 and recall that b € (0,1). Then, we can choose u(e): = —e € (0, ) such that for any g =

Yoy Bifi € E™,
Ng—=fIl =Nlh=FlIll<llg=fIl —Ilh=fll <u.
Then, llg —hll < o = &.

So for every € > 0, there exists u = u(e) such that if |||g— fll —Ilh— fIl|] <u then ||g— h|l < € so this
% f§
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implies for any sequence (s,), in E™ with lim ||s,, — f]| = ||h — f|| implies lim ||s,, — h|| = 0. But then
n n
since in (2.2) we obtained lim ||T9h — f|| = ||h — f|l, we have lim ||T9h — k|| = 0.
q q

Furthermore,

|lh = Th|| <lim ||T?h — k|| + lim ||T9h — Th|| < k,lim ||T9*h —h| =0
q q q

Hence, Th = h and so E(™ has fpp(ane) as desired.

From Theorem 2.1, the following Corollary is straightforward since every nonexpansive mappings is also an
asymptotically nonexpansive mapping.

Corollary 2.2. Form € N and b € (0,1), each of the sets E(™ defined as in the examples above has the fixed
point property for affine nonexpansive mappings.
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