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Abstract Study of ion–acoustic double layers in magnetized plasma with positive and negative ions and 

nonthermal electrons. The modified Korteweg-de Vries (m-KdV) equation is derived using reductive 

perturbation method (RPM).  The effect of nonthermal electrons, magnetization, obliqueness angle (where 

obliqueness angle is the angle between wave vector and magnetic field) and negative ions on ion-acoustic 

compressive and rearafactive double layers are discussed in details.  For a given set of parameter values, 

increases in the magnetization (the obliqueness angle), increases (decreases) the width of the compressive and 

rarefactive double layer, however the amplitude of the double layers have no effect. The amplitude and width of 

(Ar+, F-), (H+, H-) and (H+, O2
-) plasmas are discussed in details. 

 

Keywords Magnetoplasma, Cairn’s Energy 

1. Introduction 

The ion-acoustic double layers (IADLs) in magnetized and unmagnetized plasmas have been studied 

theoretically [1-14] or experimentally [15-20].  

Merlino and Loomis [17] has been studied the experimental observation of a strong DLs in a plasma with 

positive ions, negative ions, and electrons. IADLs have been observed in Solalr flare [21], auroral [22], Jupiter 

magnetosphere plasmas [23-24]. 

Several authors [4,5,13] have studied IADLs in different plasma systems by using the RPM. Cairns et al. [25] 

have been investigated the obliquely propagating ion-acoustic solitons in magnetized plasma with nonthermal 

electron using the RPM. Bandyopadhyay and Das [6] have been studied the nonlinear behavior of ion acoustic 

waves in magnetized plasma with nonthermal electrons and found that the amplitude of the DLs increases with 

the increase in value of nonthermal parameters. Gill et al. [8] investigated the properties of ion-acoustic waves 

in unmagnetized plasma with nonthermal electron and negative ions using the RPM. They found that for critical 

value of nonthermal parameter, the DLs are not exist. Das and Bandyopadhyay [10] have been studied obliquely 

propagating of IADLs in magnetized plasma with nonthermal electron using multiple scale perturbation 

expansion method. Rios et al. [11] studied the properties of IADLs in a magnetized plasma with nonthermal 

electron. They found that the amplitude of the DLs decrease with increase the value of nonthermal parameters. 

Jilani et al.  [12] have been studied the ion-acoustic solitons in unmagnetized plasma with pair-ion and non-

thermal electron using RPM. They found that effect of the nonthermal electron on characteristic of ion-acoustic 

soliton. Mishra and Jain [26] have been studied the obliquely propagating ion-acoustic soliton in magnetized 

plasma with consisting positive and negative ions and nonthermal electrons using the RPM. They found that 

effect of nontherml electrons on nature of ion-acoustic wave for slow and fast mode. They investigated only ion-

acoustic soliton. Here we study the IADLs in magnetized plasma and effect of the nenthermal electron on nature 

of the double layers.  
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The IADLs with amplitude were studied in unmagnetized plasmas having nonthermal electron by Gao et al. 

[14]. Chawla et al. [27] have been studied the ion-acoustic wave in magnetized plasma with nonthermal 

electrons using the RPM. They study the characteristics (amplitude and width) of the ion-acoustic waves in 

presence of nonthermal electrons. The amplitude and width of the ion-acoustic waves increases with increase 

the value of nonthermal parameters.  

The layout of this manuscript is organized as follows:  In section 2, Using the basic set of hydrodynamic 

equations governing plasma system and employing RPM and m-KdV equation has been derived. In section 3, 

the exact solutions of the mKdV equation has been determined. The m-KdV equation has been derived in 

section 4. Next section is devoted to discussion and the findings. In last section 6, conclusions of our 

investigations.                        

 

2. Basic Equations  

We consider collisionless magnetized plasma consisting of warm adiabatic positive and negative ion species and 

energetic electrons following Cairn’s energy distribution with (Te >> Ti1, Ti2) in a uniform external magnetic 

field 0B


 along z-axis. We have considered low β plasma. The wave is propagating in the (x-z) plane at an angle 

θ to the external magnetic field 0B


. The characteristic frequency is assumed to be much smaller as compared to 

the ion-cyclotron frequency. The dynamics of the plasma is given by the continuity equation, equation of motion 

and Poisson’s equation: 
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In the above equations, n1, v1 and n2, v2 are the density and fluid velocity of the positive and negative-ion 

species, respectively, neo and n1
(0) &  n2

(0), are the equilibrium densities of electron components and of the two 

ion components, respectively.   is the electrostatic potential,   is the mass ratio of the negative ion species to 

the positive ion species,   is the equilibrium density ratio of positive to negative ion species, and Z  is the 

charge multiplicity ratio of the negative ion species to positive ion species. The ratio of temperature of positive 

ion species to the electron temperature is denoted by 1  and that of negative ions by .2  

     In the above equations (1) - (5), velocities (v1, v2), potential ( )  , time (t) and space coordinate (x) have been 

normalized with respect to ion-acoustic speed in the mixture ,
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inverse of the ion-plasma frequency in the mixture 
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3. Derivation of The m-KdV Equation 

To derive the KdV equation from the basic set of equations, viz., Eqs.(1)-(6), we introduce the following 

stretching of coordinates ( )  and ( ) as: 

( )StrK −= .ˆ        (7a) 

And 

t3 =         (7b) 

Where   a small parameter and S is is the phase velocity of the wave, to be determined later. Now we expand 

the field quantities in the following form: 
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Using Eqs. (6), (7) and (8) into Eqs. (1)-(5), we obtain a the lowest-order, i.e., O( ), one gets the following 

linear relation 
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The above equation is quadratic in S2, therefore inclusion of a finite ion temperature gives rise to two ion-

acoustic modes propagating with different phase velocities viz.; 
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For the slow ion-acoustic mode, and 
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For the fast ion-acoustic mode.  
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Now taking the next higher order, and using the first-order solutions, we get the second-order solutions. Now 

the Poisson’s equations (5) at O ( )2  gives the following: 
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therefore 
( ) 01  , so “B” should be including in the next order of Poisson’s equation. The next higher order, 

i.e., )( 3O  of the Poisson equation on using first and second order solutions gives the following m-KdV 

equation 
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4. Double-layer Solution 

For the steady state solution of the mKdV equation (15), we consider  

. u−=          (19) 

Where u is a constant velocity. 

Using Eq. (19) in Eq. (15) integrating with respect to , we obtain 

( ) ( ) 0
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1 2
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Where   is used in place of
( )1  for convenience and ( )V  is the Sagdeev potential (SP), which is given by   
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In the derivation of Eq. (20) we have used the following boundary conditions. 

As ,→  ,  ,d  and .02 →d  The following boundary conditions on the SP should be satisfied 

( ) =V  ( ) 0' =V   at  0= ,       (22a) 
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( ) =V  ( ) 0' =V   at  m = ,       (22b) 

( ) 0" V   at  0=  and m        (22c) 

Applying boundary conditions (22b) in equation (21), we obtain 
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The DLs solution of equation (20), with equation (25), is given by 

( ) .
8

tanh1
2

2
1




























−







 −
−= 


 u

Q

R
m

m
     (26)  

The thickness d of the DLs is given by  
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5. Discussion  

To investigate the existence regions and nature of the IADLs in magnetized plasma, we have done numerical 

calculations for different set of plasma parameters (μ, , ,1Z ,2Z ,Z  γ, ,1 ,2  θ and ipi / ).  

In Figure (1a), the variation of the SP ( )V  with potential )(  for compressive DLs at different value of   

with fixed values of other parameters. It is seen that as   increases, the amplitude of the DLs increases. In Fig. 

(1b), the variation of the SP
 
( )V  with potential )(  for compressive DLs at different value of   with fixed 

values of parameters   = 0.1 and others are the same as in Figure (1a).  It is observed that as    increases, the 

amplitude of the DLs increases. In Fig. (1c), the variation of the SP
 
( )V  with potential )(  for compressive 

DLs at different value of   with fixed values of parameters   = 32 and others are the same as in Fig. (1a). It 

is seen that as    increases, the amplitude of the DLs increases. In Fig. (2a), the variation of the SP
 
( )V  with 

potential )(  for compressive DLs at different value of   with fixed values of parameters   = 0.6 and others 

are the same as in Fig. (1a). It is seen that as    increases, the amplitude of the DLs decreases. In Fig. (2b), the 

variation of the SP
 
( )V  with potential )(  for compressive DLs at different value of    with fixed values of  

parameters   = 0.6 and   = 1 and others are the same as in Fig. (1a). It is seen that as    increases, the 

amplitude of the DLs decreases. In Fig. (2c), the variation of the SP
 
( )V  with potential )(  for compressive 

DLs at different value of     with fixed values of  parameters   = 0.01 and   = 32 and others are the same as 

in Fig. (1a). It is seen that as    increases, the amplitude of the DLs increases. In Figure (3a), the variation of 

the SP ( )V  with potential )(  for rarefactive DLs at different value of   with fixed values of other 

parameters. It is seen that as   increases, the amplitude of the DLs decreases. In Fig. (3b), the variation of the 

SP
 
( )V  with potential )(  for rarefactive DLs at different value of    with fixed values of  parameters   = 
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0.4 and   = 1
 
and others are the same as in Fig. (3a). It is seen that as    increases, the amplitude of the DLs 

decreases. In Fig. (3c), the variation of the SP
 
( )V  with potential )(  for rarefactive DLs at different value of  

  with fixed values of  parameters   = 1.001 and   = 32 and  others are the same as in Fig. (3a). It is seen 

that as    increases, the amplitude of the DLs increases. In Fig. (4a), the variation of the SP
 

( )V  with 

potential )(  for rarefactive DLs at different value of    with fixed values of parameters   = 0.4
 
and others 

are the same as in Fig. (3a). It is seen that as    increases, the amplitude of the DLs decreases. In Fig. (4b), the 

variation of the SP
 
( )V  with potential )(  for rarefactive DLs at different value of    with fixed values of  

parameters   = 0.29 and 
 
  = 1

 
and others are the same as in Fig. (3a). It is seen that as    increases, the 

amplitude of the soliton decreases. In Fig. (4c), the variation of the SP
 
( )V  with potential )(  for rarefactive 

DLs at different value of    with fixed values of  parameters 
 
= 320,   = 0.0008 and 

 
  = 32

 
and others are 

the same as in Fig. (3a). It is seen that as    increases, the amplitude of the DLs decreases. In Figures (5a) - 

(5c), 3D curves the variation of ,    and  (equation (26) of the ion-acoustic DLs. 

 

Figure (1a): Variation of the Sagdeev potential ( )V  with potential ( )  of the compressive 

IADLs for an (Ar+, F-) plasma with ,01 = ,01.02 = ,11 =Z ,12 =Z ,1=Z  

,476.0=  γ = 0.01, ,140= and ( ) 8/ = ipi  at different values of 

6.0=  (Black color dotted line), 0.63 (red color dashed line) and 0.66 (blue 

color solid line). 
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Figure (1b): Variation of the Sagdeev potential ( )V  with potential ( )  of the compressive 

IADLs for an (H+, H-) plasma with ,01 = ,01.02 = ,11 =Z ,12 =Z ,1=Z  

,1=  γ = 0.01, ,140= and ( ) 8/ = ipi  at different values of 6.0=  (black 

color dotted line), 0.63 (red color dashed line) and 0.66 (blue color solid line). 

 

Figure (1c): Variation of the Sagdeev potential ( )V  with potential ( )  of the compressive 

IADLs for an (H+, O2
-) plasma with ,01 = ,01.02 = ,11 =Z ,12 =Z ,1=Z  

,32=  γ = 0.01, ,140= and ( ) 8/ = ipi  at different values of 

01.0=  (Black color dotted line), 0.011 (red color dashed line) and 0.012 (blue 

color solid line). 
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Figure (2a): Variation of the Sagdeev potential ( )V  with potential ( )  of the compressive 

IADLs for an (Ar+, F-) plasma with  ,01 = ,01.02 = ,11 =Z ,12 =Z ,1=Z  

,476.0= ,6.0=  ,140= and ( ) 8/ = ipi  at different values of 

01.0=  (Black color dotted line), 0.012 (red color dashed line) and 0.014 (blue 

color solid line). 

 

Figure (2b): Variation of the Sagdeev potential ( )V  with potential ( )  of the compressive 

IADLs for an (H+, H-) plasma with ,01 = ,01.02 = ,11 =Z ,12 =Z ,1=Z  

,1= ,6.0=  ,140= and ( ) 8/ = ipi  at different values of 

01.0=  (Black color dotted line), 0.012 (red color dashed line) and 0.014 (blue 

color solid line). 



Chawla JK & Singhadiya PC               Journal of Scientific and Engineering Research, 2023, 10(2):213-229 

Journal of Scientific and Engineering Research 

221 

 

Figure (2c): Variation of the Sagdeev potential ( )V  with potential ( )  of the compressive 

IADLs for an (H+, O2
-) plasma with ,01 = ,01.02 = ,11 =Z ,12 =Z ,1=Z  

,32= ,01.0=  ,140= and ( ) 8/ = ipi  at different values of 

01.0=  (Black color dotted line), 0.0103 (red color dashed line) and 0.0106 (blue 

color solid line). 

 

Figure (3a): Variation of the Sagdeev potential ( )V  with potential ( )  of the rarefactive 

IADLs for an (Ar+, F-) plasma with ,01.01 = ,02 = ,11 =Z ,12 =Z ,1=Z  

,476.0=  γ = 0.5, ,150= and ( ) 8/ = ipi  at different values of 

4.0=  (Black color dotted line), 0.401 (red color dashed line) and 0.402 (blue 

color solid line). 
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Figure (3b): Variation of the Sagdeev potential ( )V  with potential ( )  of the rarefactive 

IADLs for an (H+, H-) plasma with ,01.01 = ,02 = ,11 =Z ,12 =Z ,1=Z  

,1=  γ = 0.4, ,150= and ( ) 8/ = ipi  at different values of 

29.0=  (Black color dotted line), 0.2905 (red color dashed line) and 0.2909 

(Blue color solid line). 

 

Figure (3c): Variation of the Sagdeev potential ( )V  with potential ( )  of the rarefactive 

IADLs for an (H+, O2
-) plasma with  ,01.01 = ,02 = ,11 =Z ,12 =Z ,1=Z  

,32=  γ = 1.001, ,150= and ( ) 8/ = ipi  at different values of 

,0008.0=  (Black color dotted line), 0.00081 (red color dashed line) and 

0.00082 (blue color solid line). 
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Figure (4a): Variation of the Sagdeev potential ( )V  with potential ( )  of the rarefactive 

IADLs for an (Ar+, F-) plasma with  ,01.01 = ,02 = ,11 =Z ,12 =Z ,1=Z  

,476.0=  ,4.0=  ,150= and ( ) 8/ = ipi  at different values of 

γ = 0.50 (black color dotted line), 0.501 (red color dashed line) and 0.502 (blue 

color solid line). 

 

Figure (4b): Variation of the Sagdeev potential ( )V  with potential ( )  of the rarefactive 

IADLs for an (H+, H-) plasma with ,01.01 = ,02 = ,11 =Z ,12 =Z ,1=Z  

,1=  29.0= , ,150= and ( ) 8/ = ipi  at different values of 

γ = 0.40 (black color dotted line), 0.401 (red color dashed line) and 0.402 (blue 

color solid line). 
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Figure (4c): Variation of the Sagdeev potential ( )V  with potential ( )  of the rarefactive 

IADLs for an (H+, O2
-) plasma with  ,01.01 = ,02 = ,11 =Z ,12 =Z ,1=Z  

,32=  ,0008.0=  ,320= and ( ) 8/ = ipi  at different values of 

γ = 1.001 (black color dotted line), 1.00103 (red color dashed line) and 1.00106 

(Blue color solid line). 

 

Figure (5a): Variation of  ,    and     of the IADLs for an (Ar+, F-) plasma with ,01 =  

,01.02 = ,11 =Z ,12 =Z ,1=Z  ,476.0=  γ = 0.01, u = 0.01,  ,6.0=  

,140= and ( ) .8/ = ipi  
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Figure (5b): Variation of  ,    and     of the IADLs for an (H+, H-) plasma with  ,01 =  

,01.02 = ,11 =Z ,12 =Z ,1=Z  ,1=  γ = 0.01, u = 0.01,  ,6.0=  

,140= and ( ) .8/ = ipi  

 

Figure (5c): Variation of  ,    and     of the IADLs for an (H+, O2
-) plasma with ,01 =  

,01.02 = ,11 =Z ,12 =Z ,1=Z  ,32=  γ = 0.01, u = 0.01,  ,3.0=  

,140= and ( ) .8/ = ipi  
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Table 1: The amplitude and width of the compressive  IADLs for an (Ar+, F-) plasma with ,01 =

,01.02 = ,11 =Z ,12 =Z ,1=Z  ,476.0= ,6.0=  ,140= and 01.0=  at different values of 

magnetic field ( )./ ipi   

( )
                            Magnetic field                          Amplitude                            Width 

0.476                            8                                      2.452˟10 -4                             18.12 

0.476                            9                                      2.452˟10 -4                             20.40 

0.476                            10                                    2.452˟10-4                             22.60 

 

Table 2: The amplitude and width of the compressive IADLs for an (H+, H-)  plasma with ,01 =

,01.02 = ,11 =Z ,12 =Z ,1=Z ,1= ,6.0=  ,140= and 01.0=  at different values of 

magnetic field ( )./ ipi   

( )
                         Magnetic field                        Amplitude                              Width 

1                                   8                                    1.009˟10 -3                             7.40 

1                                   9                                    1.009˟10-3                             8.35 

1                                   10                                  1.009˟10 -3                             9.30 

 

Table 3: The amplitude and width of the compressive IADLs for an (H+, O2
-) plasma with ,01 =

,01.02 = ,11 =Z ,12 =Z ,1=Z ,32= ,01.0=  ,140= and 01.0=  at different values of 

magnetic field ( )./ ipi   

( )
                         Magnetic field                         Amplitude                             Width 

32                                8                                      6.21˟10 -4                                  74.50 

32                                9                                       6.21˟10 -4                                                     83.80 

32                               10                                      6.21˟10 -4                                  93.70 

 

Table 4: The amplitude and width of the rarefactive IADLs for an (Ar+, F-) plasma with ,01.01 = ,02 =

,11 =Z ,12 =Z ,1=Z ,476.0=  4.0= , ,150= and γ = 0.5 at different values of magnetic field 

( )./ ipi   

( )
                           Magnetic field                       Amplitude                             Width 

0.476                                  8                                 7.53˟10 -4                              8.248 

0.476                                 9                                  7.53˟10 -4                                               9.28 

0.476                                10                                 7.53˟10 -4                             10.25 

 

Table 5: The amplitude and width of the rarefactive IADLs for an (H+, H-)  plasma with ,01.01 = ,02 =

,11 =Z ,12 =Z ,1=Z ,1=  29.0= , ,150= and γ = 0.40 at different values of magnetic field 

( )./ ipi   

( )
                          Magnetic field                       Amplitude                              Width 

1                                  8                                     8.768˟10 -4                                7.357 

1                                 9                                      8.768˟10 -4                                8.25 

1                                10                                     8.768˟10 -4                                9.30 
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Table 6: The amplitude and width of the rarefactive IADLs for an (H+, O2
-) plasma with ,01.01 = ,02 =

,11 =Z ,12 =Z ,1=Z ,32=  0008.0= , ,150= and γ = 1.001 at different values of magnetic 

field ( )./ ipi   

( )   
                       

Magnetic field                      Amplitude
                                

Width 

32                                 8                                  6.84˟10-4                                        3040 

32                                 9                                  6.84˟10 -4                                                             3400 

32                                10                                 6.84˟10 -4                                        3750 

 

Table 7: The amplitude and width of the compressive ion acoustic double layers at different values of 

obliqueness )(  with fixed value of ( ) 8/ = ipi  and others are same as in Table1. 

( )   
                           

Obliqueness )(                  Amplitude
                            

Width 

0.476                          14.00                                    2.452˟10-4                            18.12 

0.476                          14.50                                    2.452˟10-4                            17.15 

0.476                          14.90                                   2.452˟10-4                             13.30 

 

Table 8: The amplitude and width of the compressive IADLs for an (H+, H-) plasma with at different values of 

obliqueness )(  with fixed value of 1=  and ( ) 8/ = ipi  and others are same as in Table1. 

( )   
                         

Obliqueness )(                  Amplitude            
                  

Width
        

 

1                                14.00                                  1.009˟10-3                              7.40 

1                                14.50                                  1.009˟10-3                             6.98 

1                                14.90                                  1.009˟10-3                             5.48 

 

Table 9: The amplitude and width of the compressive IADLs for an (H+, O2
-) plasma at different values of 

obliqueness )(  with fixed value of 32=  and ( ) 8/ = ipi  and others are same as in Table1. 

( )   
                       

Obliqueness )(                  Amplitude
                                

Width 

32                             14.00                                  6.21˟10-4                                      74.50 

32                             14.50                                  6.21˟10-4                                      70.50 

32                             14.90                                  6.21˟10-4                                      54.98 

 

Table 10: The amplitude and width of the rarefactive ion acoustic double layers at different values of 

obliqueness )(  with fixed value of ( ) 8/ = ipi  and others are same as in Table 4. 

( )   
                      

Obliqueness )(                  Amplitude
                                 

Width 

0.476                       15.00                                 7.53˟10-4                                   8.248 

0.476                       15.10                                 7.53˟10-4                                   7.28 

0.476                       15.20                                 7.53˟10-4                                   6.20 

 

Table 11: The amplitude and width of the rarefactive ion acoustic double layers at different values of 

obliqueness )(  with fixed value of ( ) 8/ = ipi  and others are same as in Table 5. 

( )   
                     

Obliqueness )(                   Amplitude
                                

Width 

 1                             15.00                                   8.768˟10-4                                7.357 

1                             15.10                                   8.768˟10-4                                6.48 

1                             15.20                                    8.768˟10-4                                5.50 
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Table 12: The amplitude and width of the rarefactive ion acoustic double layers at different values of 

obliqueness )(  with fixed value of ( ) 8/ = ipi  and others are same as in Table 6. 

( )  
                        

Obliqueness )(                  Amplitude
                                 

Width 

32                             15.00                                6.84˟10-4                                   3040 

32                             15.10                               6.84˟10-4                                   2700 

32                             15.20                                6.84˟10-4                                   2300 

 

6. Conclusion  

We have studied obliquely propagating of ion-acoustic compressive and rarefactive DLs in magnetized plasma 

consisting of positive and negative ions, and nonthermal electrons with using the RPM and derive the mKdV 

equation. Our main conclusions of this manuscript are given below: 

(1) An increase the magnetization, the width of the ion-acoustic compressive and rarefactive double layer 

increases shown in Table 1- Table 6. 

(2) The angle of obliqueness (θ) increases, the width of the ion-acoustic compressive and rarefactive Dls 

decreases shown in Table 7- Table 12. 

(3) The angle of obliqueness and magnetization does not affect the amplitude of the ion-acoustic 

compressive and rarefactive DLs shown in Table 1- Table 12. 

(4) For a given set of parameters, it is found that the amplitudes and width of ion-acoustic compressive 

(rarefactive) DLs increases (decreases) with increasing negative ion concentration. 

(5) For a given set of parameters, it is found that the amplitudes and width of ion-acoustic compressive 

(rarefactive) DLs decreases with increasing nonthermal electron parameter. 

For a given set of parameters, it is found that the amplitudes and width of ion-acoustic compressive (rarefactive) 

double layer increases with increasing nonthermal electron parameter (negative ion concentration) only for (H+, 

O2
-) plasmas shown in Fig. (2c) and (3c) respectively. 
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