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1. Introduction

U={zeC: |z|<1} f(2)

Let 4 be the class of all complex valued analytic functions on
following series

given by the

f(z)=z+a, 2" +a;z’ +=z+ ) a,z", a,eC
n=2 , (1.1)

£(0)=0=s(0)-1

Also, let S’ pe the class of all functions in 4 which are univalent in U . Some of the important and well-

normalized by

known subclasses of S are well known classes 8 and € given below (see [3, 4, 10])

S*:{feS: Re{sz(z)J>0,zeU} C=4feS: Re % >0,zeU
and

f(z)

such that is said starlike and convex functions in U, respectively.

It is well known that, an analytic function / is subordinate to an analytic function ¢ and written

f(z) <¢(Z), provided that there is an analytic function a)(z) defined on U with w(o):O and

|co(z)| <l satisfying f(z) - gb(co(z)) Ma and Minda [7] unified various subclasses of starlike and convex

#() (#') _,, 7()

functions for which either of the quantity f(z) or J (Z) J (z) is subordinate to a more
e
q"'\‘:‘
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general function. For this purpose, they considered an analytic function ¢(Z) with positive real part in U,
= ! >
qﬁ(O) ], ¢ (0) O. The class of Ma-Minda starlike and Ma-Minda convex functions consists of the
zf'(z zf"(z
/ ( )<¢(z) 1+ f,( )<¢'(z)
functions fed satisfying the subordination f(z) and f (z) , respectively.
It is well known that Chebyshev polynomials play a considerable act in numerical and mathematical physics.
Also, it is well known that Chebyshev polynomials are four kinds. The well-known kinds of the Chebyshev
polynomials are the first and second kinds. The most of research articles related to specific orthogonal
polynomials of Chebyshev family, contain essentially results of Chebyshev polynomials of first and second

T (x U (x . o _—

kinds "( ) and ”( ),and their numerous uses in different applications (see [2]).

In this paper, we will use the second kind Chebyshev polynomials to investigation of the coefficient and Fekete-
Szeg0 problems of certain subclass of analytic functions.

. . . . -1,1 .
It is well known that in the case of real variable * on the interval ( ) the second kind Chebyshev
polynomial is defined by

_sin [(n+1)arccos x] - sin[(n+1)arccos x]

(%)= sin (arccos x) NI

(1.2)

It follows from (1.2) that

U,.(t)=2tU,(1)-U,,(t), n=1, 2,3,... (13)

Uy (1) =41(20 -1)

Since Yo (t)=1, U, (I):ZI nd )

We consider the function

— 2 _
, from (1.3) we obtain v, (t)_4t I a

1

G(t,z)z -2tz + 2°

, te(O,l), zeU

It is well known that

G(t,z)=1+2cosa -z+(3cosza —sinzoz)z2 +(8cos3oz—4cosaz)z3 +.,zelU

t=cosa, a e[O —)
’ ’ Gt te(0,1 : .
for . Thus, the function ( ’Z), ( ’ ) zeU js analytic respect to parameter

Z in U and has the following series expansion

G(t,z)=1+U,(t)z+U, ()2’ +U3(f)23+“‘, zeU, (L4)

U,(t), n=1,2,3,...

where is second kind Chebyshev polynomial.

It can be easily verified that G(t’ 0) =1 and G, (I’O) >0 }

_ Gtz ) . .
So that, using the function ( ’ ) we define a subclass of univalent functions as follows.

=
3 N
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SC(G:B.t) p=0o t(0.1)
where G is the function given by (1.4), if the following condition is satisfied
zf"(z)+ Bz’ "(z2)
" (z)+(1-B)f(2)

Definition 1.1. A function fes given by (1.1) is said to be in the class

<G(t,z), zeU

S*(G;t), te(0,1)

Definition 1.2. A function feSs given by (1.1) is said to be in the class , where G s

the function given by (1.4), if the following condition is satisfied
7'(2)
/(2)

<G'(t,z), zeU

Definition 1.3. A function fes given by (1.1) is said to be in the class C(G;t), te (0’1), where G s
the function given by (1.4), if the following condition is satisfied

1+L(Z) <G(I,z), zelU

J'(2)

It is well known that, one of the important tools in the theory of analytic functions is the functional

_ _ 2
Hz(l)—a3 % \which is known the Fekete-Szegd functional and one usually considers the further

2
generalized functional &~ Ha, , Where is a (real or complex) number (see [11]). Estimating the upper bound

2
. a, — a‘ .
estimate of | 7RG is known as the Fekete-Szegd problem. The Fekete-Szegd problem has been
investigated by many mathematicians for several subclasses of analytic functions (see [1, 5, 8, 9, 11]).
In this paper, making use of the second kind Chebyshev polynomial, we introduce and investigate new

S*C(G;ﬁ,t), B=0 S'C(G;t) and C(G;t) for te(0,1)

subclasses of the analytic functions on the

open unit disk U . Here, we solve Fekete-Szeg6 problem for these subclasses.
To prove our main results, we shall require the following well known lemma.

Lemma 1.1. ([3]) Let P pe the class of all analytic functions p(z) of the form

p(z)=1+plz+p222 er3z3 +---=1+anz”
n=1
= < _
with Rep(z)>0, for Z€U and p(O) l.Then, |p,1|_2 for every n=123,. . These inequalities

1,2,3,..

are sharp for each n= ‘. Moreover,

2p =i +(4=pi)x

4py = p+2(4=p) px—(4-p7) pi +2(4= p7 ) (1= )=

for some complex ** # with [ Sl, g Sl.

2. Fekete-Szegd problem
In this section, we investigate Fekete-Szego problem for the function classes defined in the first section.

=
3 N
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Firstly we will prove the following theorem on upper bound of the Fekete-Szegd functional for the function

belonging to the class 5 C(G;ﬁ’t).

Theorem 2.1. Let the function f(z) given by (1.1) be in the class S$C(G;ﬁ’t),ﬁ 20, te(O,l) and
,ueﬂ:_ Then,
2 V|(+B) (82-1) (EY)) <](1+ﬁ)"’(3:2—1)_
1+ 8(1+2ﬁ)t‘2 H 4(1+2‘8)t_’ 8(1+2,B)t2
o< |
t o (1+8Y N (1+B) (8:271)_
1+2p 4(1+2B)c | 8(1+2B)7 '
Proof. Let fES*C(G;ﬁ’I), B 20, te(o’l);that is,
zf’(z)+ﬁ22f"(z) <Gt U
Bzf'(z)+(1-B) (=) (h2), 2 , 2.1)

Define the function £ :U — C py
F(2)=Bof () +(1-0) /() 2cur

the condition (2.1) we can write as follows

<G(t,z), zelU

It is clear that

4,=(1+(n=1)B)a, n=234...

where

So that, the function F(Z) belong to the class 5 (G;t), IE(O’I)

. Then, there is an analytic function
@:U > U ith a)(O) - O, ‘a)(z)‘ <l satisfying the following condition
zF'(z)
F(Z)

=G(t,a)(z)), zelU
(2.2)

peP

Let the function be defined as follows

3 N
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P(Z):: (Z):1+plz+pzzz+pazs+"'

It follows that

P z _1 1 2 3
o(z)= pEZ%“ :E{AH(;&—%)zz{ps—p]pﬁpjjf+"}

23)
Taking == (Z) in (1.4), we get
U, (¢ U, (¢ ) UL(E) L,
G(f=@(5))=1+—'2( ) s —'2( )(pz—%‘}—z( )pr}‘
U (¢ U, (t 2 U, (t
+|:—12()[p3p1p2+%J+ h2()p1{pz%j+ -8()p13:|+"' 04

- . . .Gt . . . .
Substituting this expression of the function ( ,a)(z)) in (2.2) with sample computation, we write

U (t
Z+2Azzz+3A3z3+4A4Z4+“‘:Z+[A2+ 12( )pl}zz

+[A3+A2 Ulz(t)p] +U1(I)[p2_P_fj+Uz_(f)pz]zx

2 2 4

( 2
Ay + A4, Ulz(t) P+ 4, |:U12(t_)[,02 _ﬂ]"' Y (t) Plz]

2 1 )
U, (t :
"'IT(Ps_plpz +%J+2TP1 [P}. _%J"'STF’]B

Comparing the coefficients of the like power of Z in both sides of the last equality with sample computation,
we get

(2.5)

(2.6)

o
2

=
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2 7 2)7 s
LU U, (1 U, (1
= (pa PP+ J+ 6()1?](;92 ‘2}—;2)195-

2.7)

:(1"‘(”_1”3)“”, n=

Using equalities 4, 2,34 from the equalities (2.5)-(2.7) we obtain the expression

for az, % and % as follows
U (t)
a, = p
P21+ B) " 28)
U U U 2
a3=1 1 ()Jr ()P12+ I(t) }’-72_10_1
+2p 8 4 2 2.9)
_ 1 (1+2ﬁ)U1(I) 1+p Ul(t) 7}712 U:z(t) 2
a“_1+3;3{ 6 LT3 R Ty | BTy A
Ui (1) (t) p ), Us0)
t+t— 6 (p —ppyt 4J Py ) + 24 b - 010
From the equalities (2.8) and (2.9) for &~ ,uaf we can write
= U2 (1) (1+ﬁ)2[U12(t)+U2(t)]—u o U, (1) p_p_f
Ca(epy | 200200700 a2p)\ 2
(2.11)
From the Lemma 1.1, we write
» _p_f:(4—pf)x
) 2 (2.12)

x|£1

for some X with |

Xl =
Substituting the expression (2.12) in the equality (2.11) and using triangle inequality, letting ‘ | 5 and

2
|p1| =1 for the ‘a3 —,uaz‘ we obtain

|a3—uaj\Scl(t,f)ﬁJrCz(l‘sf) (2.13)

N
)

g
2

A
=
™
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where

UO[A-7) o (e GO |00 0]

Cl(”)ZS(H—zﬁ VTaepy| 2020000

Eelold], t E[O,Z]l Ie(O,l).

. A2
since 1 (t’f) =0 forall © < [0’2] and te (0’1) , from the inequality (2.13) for the |a3 ,uaz‘ we get

|z;:3 —ua§| < (t7)+e,(6T)

that is,
o - uas|<a(t, p)e + (1. B) (.14
where
) _U()] U (1+l3)2[U12(’)+Uz(t)]_ ! U (¢
(-A)==4 {(1+ﬁ)2 2(1+28)U7 1) (1+2ﬁ)} D5

We define the function ¢ :[0’ 2] —R as follows:

(D(T):a(f,ﬂ)rz +b(t,ﬁ),1'€[0,2] (2.15)
for fixed values of te(O,l) and B 20.

Thus, the function ¢ (T) is increasing function if

(+p) |1+ [UH0+0: ()]
2(1+2B)U, (1) 2(1+2B)U; (1) 216
and is decreasing function if
(1+ ) (U () +U,(1)] (1+p)’
20+28)U2 (1) 1| 2(1+28)U, (1) ot

on the interval [O’ 2] )

So that, from (2.14) and (2.15), we obtain

S0
@%3
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Uz (1) |(1+B) [UF (1) + U, (1)]
(+8) | 200+2B)U (1)

Uy (1)
2(1+28)

— p| if satisfied condition (2.16),
‘a3 - ,ua;| <

if satisfied condition (2.17).

Thus, the proof of Theorem 2.1 is completed.

The following theorems are direct results of the Theorem 2.1.

Theorem 2.2. Let the function f(z) given by (1.1) be in the class 5 (G;t), te (0’1) and H € (E. Then,

ﬁ]s:*s ‘ifl<lfi—
|a < 2 Vi
oo o] 1
f if —>{1-——p.
41 8

Theorem 2.3 Let the function f(z) given by (1.1) be in the class C(G;t) , te (0’1) and # € C . Then,

s

(|8—17—6p) if%s‘S—rz — 64

a, —,uazléi-
e 2 if%>|8—t'2—6,u|.

. . . a
From the obtained above results we arrive at the following results for | 3| .

f(2) S*C(G;B,t),ﬁzolte(O,l)

Corollary 2.1. Let the function given by (1.1) be in the class . Then,

1-8¢7, ifte[O,l},
4
1 ) 1 1
e w11

~2(1+2B)
8* -1, ifre P,IJ.
{ 4

S*(G;I)l 1e(0,1)

f(z) . Then,

Corollary 2.2. Let the function given by (1.1) be in the class

fi:\‘-"\‘::\:
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b

1- 812, ifte[O,l
4

|a3|sl<2t, ifte[l,l :
2 4°2 |

8% —1, ifre{l,] )
2

Corollary 2.3. Let the function f(z) given by (1.1) be in the class C(G;t), re (0’1). Then,

1-8¢%, ift e(o,l ,
4_

|a3|Sl 21, ifte{l,l ,
6 4’2

. |
87 —1, ifre|—=,1]|.
2
The following theorem is direct result of the Theorem 2.1.

Theorem 2.4. Let the function f(z) given by (1.1) be in the class 5 C(G;ﬁ’r),ﬂ 20, te (0’1). Then,

[ 2t T’(HB)Z(SE—I) e (1+8Y <‘(1+B)2(8r3—1)

1+p ’ 8(1+2p)7° 4(1+2ﬁ):“ 8(1+28) |
‘a_;—agzs . 270

y o (+B) >(1+;3)“(8r4)7]

1+28 a(1+28) | 8(1+28)F |

2
. ) a,—a ’
From the Theorem 2.4 we arrive at the following results for ‘ : 21,

Corollary 2.4. Let the function f(z) given by (1.1) be in the class 5 (G;I), te (0’1)

. Then,
1, ifte((),l},
o 1 2
|a!q —a2|SE 1
2t, ifte[—,l].
2
Corollary 2.5. Let the function f(z) given by (1.1) be in the class C(G;t), te (0’1). Then,

N
)

7

e
)
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ﬁ—l}

1-2¢°, ifze(o,—
2

21, ifte{%lj.

2
‘a3—a2’S—

3. Conclusions

In this work, making the second kind Chebyshev polynomials, was introduced and investigated new subclasses
of analytic functions on the open unit disk in the complex plane. Here, was given upper bound estimates for the
Fekete-Szegd functional of the function belonging to these classes.
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