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1. Introduction 

Let  be the class of all complex valued analytic functions on    given by the 

following series 

,                                 (1.1) 

normalized by . 

 Also, let  be the class of all functions in  which are univalent in . Some of the important and well-

known subclasses of  are well known classes  and  given below (see [3, 4, 10])  

  and  

such that is said starlike and convex functions in , respectively.  

It is well known that, an analytic function  is subordinate to an analytic function  and written 

, provided that there is an analytic function  defined on  with  and 

 satisfying . Ma and Minda [7] unified various subclasses of starlike and convex 

functions for which either of the quantity  or  is subordinate to a more 



Mustafa N & Akbulut E                          Journal of Scientific and Engineering Research, 2019, 6(2):154-163 

 

Journal of Scientific and Engineering Research 

155 

 

general function. For this purpose, they considered an analytic function  with positive real part in , 

, . The class of Ma-Minda starlike and Ma-Minda convex functions consists of the 

functions  satisfying the subordination  and , respectively.  

It is well known that Chebyshev polynomials play a considerable act in numerical and mathematical physics. 

Also, it is well known that Chebyshev polynomials are four kinds. The well-known kinds of the Chebyshev 

polynomials are the first and second kinds. The most of research articles related to specific orthogonal 

polynomials of Chebyshev family, contain essentially results of Chebyshev polynomials of first and second 

kinds  and , and their numerous uses in different applications (see [2]).  

In this paper, we will use the second kind Chebyshev polynomials to investigation of the coefficient and Fekete-

Szegö problems of certain subclass of analytic functions.   

It is well known that in the case of real variable  on the interval , the second kind  Chebyshev 

polynomial is defined by  

 

.              (1.2) 

 

It follows from (1.2) that  

 

.                                      (1.3) 

 

Since , from (1.3) we obtain  and . 

We consider the function 

 

.  

It is well known that  

 

for  . Thus, the function , ,  is analytic respect to parameter 

 in  and  has the following series expansion 

,  ,                           (1.4) 

where  is second kind Chebyshev polynomial.  

It can be easily verified that  and .   

So that, using the function  we define a subclass of univalent functions as follows. 
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Definition 1.1. A function  given by (1.1) is said to be in the class , , , 

where  is the function given by (1.4), if the following condition is satisfied 

. 

Definition 1.2. A function  given by (1.1) is said to be in the class , , where  is 

the function given by (1.4), if the following condition is satisfied 

. 

Definition 1.3. A function  given by (1.1) is said to be in the class , , where  is 

the function given by (1.4), if the following condition is satisfied 

. 

It is well known that, one of the important tools in the theory of analytic functions is the functional 

 which is known the Fekete-Szegö functional and one usually considers the further 

generalized functional , where is a (real or complex) number (see [11]). Estimating the upper bound 

estimate of  is known as the Fekete-Szegö problem. The Fekete-Szegö problem has been 

investigated by many mathematicians for several subclasses of analytic functions (see [1, 5, 8, 9, 11]).   

In this paper, making use of the second kind Chebyshev polynomial, we introduce and investigate new 

subclasses , ,  and  for  of the analytic functions on the 

open unit disk . Here, we solve Fekete-Szegö problem for these subclasses.  

To prove our main results, we shall require the following well known lemma.  

Lemma 1.1. ([3]) Let  be the class of all analytic functions  of the form  

  

with , for  and . Then,  for every  . These inequalities 

are sharp for each . Moreover,  

, 

  

for some complex  with , .   

 

2. Fekete-Szegö problem  

In this section, we investigate Fekete-Szegö problem for the function classes defined in the first section. 
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Firstly we will prove the following theorem on upper bound of the Fekete-Szegö functional for the function 

belonging to the class . 

Theorem 2.1. Let the function  given by (1.1) be in the class , ,  and 

.  Then, 

   

Proof. Let , , ; that is,  

.                           (2.1) 

Define the function  by 

, ,  

the condition (2.1) we can write as follows 

. 

It is clear that  

, , 

where ,  .     

So that, the function  belong to the class , . Then, there is an analytic function 

 with ,  satisfying the following condition 

.                                          (2.2) 

Let the function  be defined as follows 
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 . 

It follows that  

.             (2.3) 

Taking  in (1.4), we get  

       (2.4) 

Substituting this expression of the function  in (2.2) with sample computation, we write 

  

 

Comparing the coefficients of the like power of  in both sides of the last equality with sample computation, 

we get  

,                                                                                       (2.5) 

,                                     (2.6) 
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               (2.7) 

Using equalities ,  from the equalities (2.5)-(2.7) we obtain the expression 

for ,   and  as follows 

,                                                                                        (2.8) 

,                            (2.9) 

       (2.10) 

From the equalities (2.8) and (2.9) for  we can write  

.     (2.11) 

From the Lemma 1.1, we write 

                                                   (2.12) 

for some  with .  

Substituting the expression (2.12) in the equality (2.11) and using triangle inequality, letting  and 

 for the  we obtain 

,                                    (2.13) 
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where 

, , 

 , .  

Since  for all  and , from the inequality (2.13) for the  we get 

; 

that is,  

,                                      (2.14) 

where 

, . 

We define the function  as follows: 

,                                (2.15) 

for fixed values of   and .  

Thus, the function  is increasing function if  

                             (2.16) 

and is decreasing function if  

                           (2.17) 

on the interval .  

So that, from (2.14) and (2.15), we obtain 
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Thus, the proof of Theorem 2.1 is completed.  

The following theorems are direct results of the Theorem 2.1. 

Theorem 2.2. Let the function  given by (1.1) be in the class ,  and .  Then, 

  

Theorem 2.3 Let the function  given by (1.1) be in the class ,  and .  Then, 

 

From the obtained above results we arrive at the following results for .  

Corollary 2.1. Let the function  given by (1.1) be in the class , , .  Then, 

 

Corollary 2.2. Let the function  given by (1.1) be in the class , .  Then, 
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Corollary 2.3. Let the function  given by (1.1) be in the class , .  Then, 

 

The following theorem is direct result of the Theorem 2.1. 

Theorem 2.4. Let the function  given by (1.1) be in the class , , .  Then, 

   

From the Theorem 2.4 we arrive at the following results for .  

Corollary 2.4. Let the function  given by (1.1) be in the class , .  Then, 

  

Corollary 2.5. Let the function  given by (1.1) be in the class , .  Then, 
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3. Conclusions  

In this work, making the second kind Chebyshev polynomials, was introduced and investigated new subclasses 

of analytic functions on the open unit disk in the complex plane. Here, was given upper bound estimates for the 

Fekete-Szegö functional of the function belonging to these classes.  
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