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Abstract This paper introduces a generalized model of the transmuted Gompertz-Makeham distributions from
which some known extensions of the Gompertz-Makeham distribution can be derived. The proposed
generalized model is obtained by adding two extra parameters to the Gompertz-Makeham distribution so that it
becomes more flexible and adequately able to describe the intricacy of the data. We will study many of the
statistical properties of the generalized model, especially its moments, moment-generating function, quantile
function, entropy, order statistics, moments of order statistics, and weighted probability moments.
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1. Introduction

The Gompertz-Makeham (GM) distribution was introduced by Makeham [19] in 1860. It is an extended model
of the Gompertz probability distribution that was introduced by Gompertz [10] in 1825. The GM distribution is
a continuous probability distribution that has been widely used in survival analysis, modeling human mortality,
constructing actuarial tables and growth models. It has been recently used in many fields of sciences including
actuaries, biology, demography, gerontology, and computer science.

A comprehensive review of the history and theory of the GM probability distribution can be found in Marshall
and Olkin [20]. Golubev [9] emphasizes the practical importance of this probability distribution. Detailed
information about the GM distribution, its mathematical and statistical properties, and its applications can be
found in Johnson et al. [15] and Dey et al. [6].

A random variable X is said to have a GM distribution with positive parameters ¢, f and y if its cumulative

distribution function (cdf) is given by

Fou (G, B,7) =1-00{(dB)L-e”)- ], x>0. @)
The corresponding probability density function (pdf) is given as
fou G, B,7) = [y + ce™ Jop{(cB)L—e*)- 1}, x>0, 12)

In statistics, it is always desired to extend classical distributions and generate new flexible distributions in order
to adequately fit real lifetime date. The literature is rich of studies that aim at proposing methods to generate and
extend new families of univariate continuous probability models (see, for example, Lee et al. [18]). Among
those methods that have recently attracted statisticians and gained their attention is transmutation.

Transmuted distributions were introduced by Shaw and Buckley [24] in 2009 to extend known non-Gaussian
distributions by adding extra parameters to their distribution functions. Transmuted distributions provide
statisticians with tools to control the skewness and kurtosis of the distribution in order to fit their real data.

Given a baseline probability distribution with cdf G(X) and pdf g(X), a random variable X is said to have a

transmutation map of quadratic rank if its cdf F(X) and pdf f (X) have the following simple forms
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F(X) = (1+ 1)G(X) - AG*(X),

f(x)= gL+ 1-24G(x)] |21
Recently, many authors have proposed methods to extend the GM model. Abdul-Moniem and Seham [1]
introduced the transmuted Gompertz distribution and studied its statistical properties. khan et al. [16] introduced
a new three parameter aging distribution which is a generalization of the gompertz distribution and studied its

properties. El-Gohary et al. [8] proposed a generalized Gompertz distribution with cdf and pdf given
respectively by

s
F(x;a, B,m) :{1—@@{—2(&* —DH , X>0,
n

/-1
f(X;a, B,n) = a™ exp{—z(e”X —1)}{1—exp{—g(e’7X —1)H , x>0,
n n
where a, >0 are the scale parameters and /3 >0 is the shape parameter.

In 2017, Khan et al. [17] introduced the four parameter transmuted generalized Gompertz distribution with a cdf
and pdf given respectively by

B B
F(x;a,,B,n):{1—exp{—g(e”x—1)H 1+/1—){1—exp{—g(e’7x—l)ﬂ ,
n n

LR
FOGa Bn) = afe” exp{‘g@"x —1)}{1_%{‘%“ —1)H
n n

s
X 1+/1—21{1—exp{—g(e"X —1)H \
n

where a, #,7>0,4<1,and x> 0.

El-Bar [7] introduced an extended Gompertz-Makeham model and studied its properties. It is in fact a
transmuted Gompertz-Makeham (TGM) distribution that has a cdf

AL Al
Fooy (G B,7) = {1—e‘””ﬂ () ”Hu e ”} 13)

where >0, >0,y >0,and | 1[|<1.
The corresponding pdf is given by

fram (G, B,y) = (7+aeﬁx)e

Al
x{l—;t + 226 ) ’“} x> 0. (1.4)

(ap)( 17 |-
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In this paper, we would like to generalize the TGM distribution by adding two more parameters to its
distribution functions. The cdf, for X > 0, of the proposed model is

Fx (X; Q) - 1_{e(a/ﬁ)(1_eﬁx )—7x:|5 - A[e(wﬂ)(l—e@()—ﬂ}g |

where Q is the vector (&, 5,7,0,&,1), 6>1,6>0,>0,8>0,y>0,and | 1 [<1.
The corresponding pdf, for X >0, is

f (60) =y +ae” {EW)(“”X);«} S(A-A)+ A5 + g)[e(wﬂ)(lew}

2. Generalized Transmuted GM Distribution
We introduce the generalized transmuted Gompertz-Makeham (GTGM) distribution. The derivation of the
GTGM distribution is based on a higher rank transmuted (HRT-G) family of distributions introduced in Riffi

[23]. The cdf of the HRT-G distribution for some baseline distribution with cdf G(X) is given by
k-1 _ Y
F (x) =1-(1-G(X)“ {1—21 321 =24, KL-G )T + A, (1-G(x)™ } (2.1)
j=2

where ; 21, ¢, , 20,and 0< A4 <1, A, =1< 4, <4, for j=1,...,k-1.

j+1
When k = 2,0{1 =0, a, =&, and G(X) is the cdf of the Gompertz-Makeham distribution, the cdf of the
resulting distribution is given by

()8 1-e )y () ef 1P |—yex
Fo(x;QQ)=1-e ( ) {1—;L+/Ie ( j } (2.2)
The pdf of the GTGM distribution is given by
(dp)al [1-e2 \—ax (dB)e| 1-eP J—yex
f, (.Q) = (y+ae” e () J{5(1—/1)+/1(5+g)e (=) } 2.3)
The hazard rate function of X is given, for X >0, as
ag(l—eﬁ)() as(l—eﬁx)
———L—Xe ———L e
he (X) = (7 +0e®){ (A= A) + (5 + ) e 7 Ki-A+4e 7
5[ — 0=2f=2y=506=11€e2A=-5 — a=1p=2,y=1,6=15,624=-7
a=2p=2y=50=25¢e=2,A=-1 15l a=.1,8=3,y=2,6=156=2 A=-5
4 a=15=2,y=19,6=3,6=2.3 A=—1 a=40=19y=1,6=2,e=2A=5
3l E— !1:1.5,,6:5‘}‘:.1‘6:1.1,E:_'|,)|:_3 ) — ?31.5,,(3:3,?:2,5:.1,6:3,&:0
\-\._:. ~ 0s f )
‘ [172 — 3‘4 - ;.U-‘.é_._ — Df-air T 1.0 EITS 1‘0 1I.E-..- 2?8
Plot of GTGM pdf. Plot of GTGM pdf.
Figure 1: Plot of the GTGM pdf for a variety of values of its parameters
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The GTGM model generalizes an extended Gompertz-Makeham (TGM) distribution studied by EI-Bar [7]. In
fact, we derive the TGM distribution from the GTGM distribution by letting 6 = & =1.
The expression "generalized" in the title of this paper comes from the fact that the cdf of the GTGM distribution

can be written as
F, (xQ)=1- i(—l)‘ {(1— z)(?j . z(éigj}e(x)‘

- i(—l)”l{(l— z)(ﬂ + ,1(5 T gj}G(x)i , (2.4)

where G(X) is the cdf of the GM distribution.

Note that (2.4) can be justified by using the general binomial theorem.
Similarly, the pdf of the GTGM distribution can be written as

f (x;Q)=g (x)i(—l)”li{(l— A)(ﬂ + /1(5? SJ}G(X)H. (2.5)

For example, if O =& =1, then
F(X) = (1+21)G(X) —31G(X)* + AG(x)° (2.6)

is the cdf of a special case of the cubic rank transmuted GM distribution introduced by Granzotto et al. [11]
(when 4, =1+27 and A, =1- 1 in (3) of [11]).

In the sequel, we will say that a random variable X has a GTGM distribution with parameters o, 3, 7,0, €,
and A, abbreviated as X : GTGM(QY), if its cdf is given by (2.2), where Q is the vector (&, 5,7,0,&,4),
621,6>0,a>0,8>0,y>0,and | A|<1. We will let F, (x) and f, (X) denote the cdf and the pdf
of X :GTGM(Q), respectively.

35k — a=2,p=7,y=.5,0=26=5A=0 107

a0l =.2,p=5,y=5,6=1.5,6=.5A=0 -z

. a=.2,3=5,y=.5,0=5,=.5A=0 08y p 4

-t @=2,B=5,y=5,6=1,6=.5,A=0 /
20f N 08 / g

15 ~ 04} /

. Iy 1 — a=2,p=1,y=5,06=2e=54A=0
1.0f — h S a=.2,p=5,y=.5,6=15,6=5A=0
osf N Yy =2, f=5,= 5,625, 5A=0

N (L — a=.2,p=5,y=506=1,e=5A=0
02 04 06 o8 10 02 04 08 03 10
Plot of GTGM pdf. Plot of GTGM cdf.

Figure 2: Plot of the GTGM pdf and cdf for a variety of values of its parameters

3. Sub-models and Possible Extension

1. Ifwelet 6 = & =1 in(2.2), then we get the quadratic transmuted GM distribution described in (1.3).

2. Ifwelet 6 =¢=1and A =0 in(2.2), then we get the standard GM distribution with parameters «, 5 ,
and 7.

3. Ifwelet 6 =¢=1and o =1 =0 in(2.2), then we get the exponential distribution with parameter y .
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4. Ifwelet O =g =1and y =0 in (2.2), then we get the cubic transmuted Gompertz distribution described

in (2.6).
It is possible to extend the GTGM model by exponentiated the GM distribution that we use as a baseline; i.e.,

we replace G(X) by G(x)* in (2.4), where @ > 0. That is, the cdf of the extended GTGM model will be

F.(x) = 1—[1—G(x)a]”{1—/1+,1[1—e(x)a]5} (3.)
Many known models will be special sub-models of the extended GTGM model.
For example, with & =& =1, we get the cubic transmuted GM model proposed by Aslam et al. [3] with

A, =1+24 and 4, =1-A4, namely

F(X) = AG(%)* +(4, —4)G ()™ +(1-4,)G(X)™. (3.2)

The Kumaraswamy GM distribution introduced by Chukwu and Ogunde [4] can also be derived from the
extended GTGM model. In fact, if we let 6 =1, =b—-1, and A =1 in (2.4), the cdf of the generated

distribution will be
F(xa, B,7.ab)=1-[1-G(x)* -]

a)b
:1_[]__G(X)a]“ :1_{1_(1_e(a/ﬁ)(1—eﬂ")—ﬂj } . (3.3)

It is also remarkable to mention that the generalized transmuted Gompertz-Makeham model introduced by
Alizadeh et al. [2] is a special case of extended model with cdf given by (3.1). To see this, let 6 =& =1 in
(3.1). Then, the cdf of the generated model will be

F()=1-f1-16(x)° fi-G(x)*} a>0,]A[<1.

4. GTGM as Mixture of Distributions
The GTGM distribution is a mixture of two GM distributions with weights 1— A4 and A as in the described in
the following equation.

f, (%Q) = (1-1) f,(xQ)+ Af, (X, Q),
where the functions f,(X;€) and f,(X;Q) are given by
f.(xQ)= 5(7 + aeﬂx)exp {(a/ﬂ)5(1—eﬁx)—y5x} (4.1)
£,06.Q) = (5 +&)(y + o™ Jexp {(ad B)(S + £)1—e” )— y (5 + £)x} 4.2)
Here, f,(X) is the pdf of a GM random variable with parameters /3,0 , and &y . Similarly, f,(X) is the pdf
of a GM random variable with parameters 3, (0 + &), and (O +¢)y .

5. Moment-Generating Function

The moment-generating function (mgf) of the GTGM distribution can be calculated using the transformation of
variables technique. The result will be given in terms of the generalized integro-exponential function which is
defined by

1 o
E. (z)=————| (logu)'u*e *du,z>0. 5.1
() F(r+1)jl( gu) (5.1)
As a special case, E(OS) (Z) is the exponential integral given as
E.(2) :J;u’ e “du. (5.2)
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Below, we are going to use the following identity from [21].
Ei (2) = (s—1E(, (2) + zE[ 1(2), z>0. (5.3)
Theorem 5.1 Let X : GTGM(2). Then the moment-generating function of X is given by

M (1) = (1~ 2o/ 1 ZE? (@LZE%_t [a_aj}
{'B[ﬁ]ﬁ B2\ B

a(d+¢)
0 (6+¢) (6+¢)
+//L(5+8)e g {% E[J/(ﬁ;&‘)tj[a ﬂ ‘ J ;E(i/(cﬂa) t )(%j} (54)

Proof. Let Y = e”* . Then the pdf of Y is

2 _ari(y—l) Rul
f,(yia, By, 0) = Ar(y+ay)Be 7y 7 y>1, (5.5)
i=1
where 7, =0,7, =0 +&, 4 =1-A,and 4, = 4.
Now, the mgf of X is given by
M, (t) = E(e* )= E(v**)
2 - g0
=248 vy 7y P (rrayy. (56)

Then, in terms of the generalized integro-exponential function, E(s) (2) , the mgf of X can be written as

My (0= (-2 1T E? (a—gj*l%—r [a_&j}
{ﬁ NP RGO

a(d+¢)
s 5 la g [a(éﬂs)} ¥ go (a(5+8)j.
0000 5[5 (%

Corollary 5.1 The T th partial derivative of M (t) with respectto t is

0(1"

M(r)(t) ﬂ,ﬂ rr(r+1)e (7Ti/ﬂ)Er7T-—t (%]—'_(afi/ﬂ)Ern-—t (%J
Z B s

= s

Proof. To find the I th partial derivative of M (t) with respect to t, we differentiate under the integral sine
of the right-hand side of (5.6) to get

:i P(raDe ! E[” ](_Mi]' (5.7)
+1
B

ar; O‘Ty 7T -t

My )= Azp e’ | [(ogy)ye 7y 7 dy (58)

8I’
a.tr

=
ﬁé: R
/@* Journal of Scientific and Engineering Research

257



Riffi M1 Journal of Scientific and Engineering Research, 2018, 5(8):252-266

ar _az’iy _;/rl t
+alr, e’ {L (logy)'e 7y * dy} (5.9)

In terms of the generalized integro-exponential function,
M (1) = (1-A)m, (1) + Am, (¢),
where

ari

m,(t) = AT(r+1)4e * S (rlB)E!, (%J+(ari/ﬁ)E e (“—’] (5.10)
el B AN

B
and, as before, 7, =0,7, =0+&, 4 =1-A,and 4, = 1.
Remark 5.1 By letting t = 0 in (5.10) and using the identity 5.3, we get the I th moment of X as in the
following equation.
E(X")= (1-2)m,(0) +Am, (0)
ad

= pT(r +1)e'3{(1/1)E(’y; 1](0% ;LeaﬂgE[f;;M 1](—“(5; ) j}

B B

6. Moments and Quantile Function
6.1. Moments
Theorem 6.1 Let X : GTGM(€2). Then, the r th moment of the X is given by

ad ag
E[x"]= pT(r+1)e” {(1,1) E(fﬂ;q(“?fj +ae” E[yiﬁ)lﬂ%j} 6.1)
Vi Vi
Proof. The I th moment of X is given by
E(X")=E(5 " log" (v))
where Y =e” has the pdf given by (5.5).
By the same technique we used to calculate the mgf of X , we see that

2 . A
E(5 (logY) )= 48" [0f (logy) (r+a)e 7 y * dy 62)
i=1
2 “ly _ay _[E+1]
=2 AnBTel 1 [[Gogyye 7y'” Jdy (63)
i=1
o o _arly Rl
3 [[ogyye #y 7 dy}- (6.4)

Using the generalized integro-exponential function, we write

ey = g i) 0T e (an), (@n) o (ar
E(8 " (logY) )= a8 e {22 Er 120 Jpr |24
6oyt )= e [”+1](ﬂ]+ s [”J[ﬂj

B B

o
‘5\-5""\‘

S
/‘@* Journal of Scientific and Engineering Research

258



Riffi M1 Journal of Scientific and Engineering Research, 2018, 5(8):252-266

:Zz:ﬂ,,ﬁ’rl“(r+l)e7lEr;j_ (EJ (6.5)
i=1 [7'+1J B

where 7, = 9,7, =(0+¢&), 4, =1-A,and 4, = 1.
Hence, (6.1) follows.

6.2. Quantile Function
Theorem 6.2. Let X : GTGM(Q) with & =&, for simplicity. Then the quantile function of X is given by

v
X, = a6 — Blog(B(a, ) Y(Brs) - p p(ay‘le“’y B(q,4) J (6.6)

where p(z) is the principal solution for W in z =we".

Proof. Assume that £ = ¢ . To compute the quantile function X, of X, we solve the following equation for

ab{l—eﬁxq ] aé[l—eﬂxq J
X K, —————

X

1-A+2e 7 T=(-qe *

_e"a
Let y = exp{ﬁ“%)— ¥} Then, the solution of the equation 1— A + Ay° =(1-q)y? isgivenas

(6.7)

a[1—eﬁxqj 1/5
e —1+ A 1424 -4Aq+ 2
y ) .

Now, let the function B(Q, 1) be defined by

~1+ A+ 142442+ 2

B(q,4) = 22

Then, the solution of (6.7) reduces as required to

i
X, = [a6 - Blog(B(a, ) J(By5) - B p(afle“”B(q,i) 75}

where P(z) is the principal solution for W in z = we" (or the Lambert W-function).

7. Probability Weighted Moments
Given a random variable X with a cumulative distribution function G , the probability weighted moments are
defined to be

M(p,r.s) = E[X "G(x)" (1-G(x))*]
where P,r,and S are all real numbers (see Hosking [14] and Greenwood et al. [12]).

A special case iswhen p=1,and S =0, namely
B =M(10,r)=E(XG(x)")
E(X?)=6(1-A)M(p,0,5-1)+ A(5+£)M(p,0,5 +£-1)

=
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The L-moments are defined as

4, = E(XG(x)P"r1)
with Pr*_1 denoting the I th shifted Legendre ploynomials.

P"(n, x):= P,(2x-1).

8. Entropy
8.1. Rényi Entropy

The entropy of a random variable X with pdf f (X) is a measure of variation of the uncertainty. A large value
of entropy indicates the greater uncertainty in the data. The Rényi entropy (Rényi [22]) is defined as

IR(p):$Iog{wa(x)”dx}

where p>0 and p #1.

To compute |5 (p) , we consider the following three cases.

Casel: A =1
We simplify the integral j:f (X)” dx by letting y = . Hence,

0 - ap(y-1)(5+s)  yp(d+s) 1
[t =g (+ey(rrayye 7y 7 dy.

Using the general binomial expansion

(y+ay)’ = Zakyk(f jy“, (8.1)
k=0
we see that
. ap(d+e) P " apy(+¢) 7P(5+5)+!,_1
[ @y dx=p7(5+e)ye Z“k(k]f”fle Py 7 dy
k=0

The above integral reduces to

Fo(x OV dx = 8BS pww K| P e aplo+e)
.[0 x (XQ)7dx =7 (5+¢)"e ga k 4 [@mu} p ,

where E_ (2) is the exponential integral function given by (5.2).

Therefore, the Rényi entropy of X is

— 1 p -1 ap(j;S) k[ P pk m
IR(p)——l_plog (6+¢&)’Be Do 4 E(W’(‘;”)_ku] B

-_1 {ap(5+8)—Iog(,B)+pIog(5+g)
1-p B
+|Og iak[i}yq_kE[W(gw)_kHJKW] . (8.2)
k=0 5
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Case2: 1 =0
This case is similar to Case 2. The Rényi entropy of X is
1 Jagp k[ P ok ap
Ir(p) = ——1———log(B) + plog(s) +log a( J}/" E (—
§ 1-p| B kZ; k [%_m] B
Case3: 1 #0,1
As in the above two cases, we can write I:f (X)”dx as
_ayy ,@,1
[, fx(@)7dx = e ” AP ray)e Py P ody,
where A(p) is given by
s _ae e\’
A(p):£6(1—i)+1(5+8)eﬂe Py /’)
0 % 7% _ne
Z ( jé"’ IS+e)(1-21)ele Py’ (8.3)
=0

By using (8.1) and (5.2), the Rényi entropy can be written as
(o) = %{— log(#)+ Iog{zzw ( j( }sﬂi (64 ) (1= 2y iy
-P j=0k=0

a(9p+je)
(8.4)

xe 7 E N (Mj
a7

8.2. q-Entropy
The (-entropy was introduced by Havrda and Charvat [13]. It is the one parameter generalization of the
Shannon entropy. Ullah [25]defined the Q -entropy as

()= qi_l L[]

where g >0 and q #1.

To compute |, (q), we consider the following three cases.

Casel: 1 =1
By the same techniques we used in computing the Rényi entropy, we in this case that

a(S+e) aqy(6+a) k (8+¢)
(q)——{l p(s+e)e ’ Za ( J e 7 / dy}

(;{:;\\;
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aq(s+e)
= ql 1- B (5+5)qe B Za [ ] - E[_k+w+1](W] . (8.5)
B

Case2: A =0
In this case, the ( -entropy is just simply,

ad
(@)= =11 5% ﬁzak(qjy“E y [@j.
k=0 k [—k+%q+l) ﬁ

Case3: 1 #0,1
In this case, the (] -entropy is given by

q——{l ﬁ*lzz/v ( J[ J(5+g)'5q J(1-A)T Ty

j=0k=0

o [a(jewq)j

B
x .
€ [ﬂﬂdsﬂ/&_k B
B

(8.6)

9. Order Statistics
let X,,..., X, be arandom sample of size N from the GTGM distribution with parameters oz >0, >0,

and A>0, and let X, , X, ,...,X,, be the corresponding order statistics obtained by arranging

nn

X, .1 =1,...,n, in non-decreasing order of magnitude. The i th element of this sequence, X, is called the i

iin?
th order statistic.
From DasGupta [5], the pdf of the i th order statistics is obtain from the equation

. ST
fxm(x)—(i_l)!(n_i)![Fx(x)] L-F 00 £ (0.

Therefore,

foo)=— " W) SA-2)+ A5 + £)w(e))(y +ae”) 9.1)
Xiin (i-1)!(n-i)! '

x l— (1= AYW(S) — AW(S + &)} {(1— HW(S) + AW(S + &)™, (9.2)
where

()| 1-eP% -y
w(zr) =e ( j , 7>0.

Below, we will compute the I th moment of the i th order statistics in three cases according to the value of A .

Theorem 9.1 Let X,,, be the ith order statistic from X : GTGM(Q) with A = 0. Then the I th moment of

o g [ e () o

is given by

in
B
s
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Proof. When A =0, the pdf of the i th order statistic is

n!
fe (0= m&m@‘)a W(8)) w(&)™ (y +ae™) (9.4
The pdf of the transformation Y = e™in for y>1is

. n—l (y-1)(ad)(n—i+l) yS(n—i+1) 1 _ad(y-l) S
fy(y)=n5ﬂ‘[i_Je Py P dl-e Py (o)

yﬁc-' ad( yfl)ciyn

—n5ﬂ*lZ( 1) ( ](T_ﬂy Fe 7 (rray), (9.5)
where ¢ =n—i+ j+1.
E(X;,)=E(F " (logY)")=anp" Zb’ (1) ( ](n ﬂe o, 96)

where

1 _a@ci,n _}’é‘ci,n_1
|1=Ejl(logy)f(y+ay>e fy Sody

adc n 1&g @CI EVC I 1

:%f’(logy)fe Fy 7 dij log'(y)e 7 y 7 dy

— F(r +1) (a&i,n) Er [a&i,nJ_‘_ (7&|n) Er (a&i,nJ

o | A 5B Bl B
r-1 &i,n
T E[”i;u](aﬂ j o

Hence, the I th moment of X, is
n-1 ﬂ 1 adik;
E(X;,)=np" Z( 1) ( j{l_lj e E[&ﬁ}( : J

Theorem 9.2 Let X, be the i th order statistic from X : GTGM(C2) with A =1. Then the I th moment of

E(X;,)=np Z( 1) [ j(:‘_lljr(;ﬂ)

i,n

a(d+eg)c:
= S+e&)C
xe £ E™ . M I (9.8)
y(5+g)cl h
[T,ﬂ] B

in IS given by

Proof. When A =1, the pdf of X,, becomes

r;\ -Y:
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fr, (9= n(5+g)( jw((5+g)(n—|+1))(1 W(5 + &)y +ae™)

Then, we use the same technique as above in Theorem 9.1.

Theorem 9.3 Let X, be the i th order statistic from X : GTGM(Q) suchthat A #0 and A # 1. Then the

I th moment of X, is given by

E(x/,)=ns ( jJZ;kZ;hZ;( )( I j(n; ij/lh”(l—z)hiﬂkm

1 ag

i n l 2
xe B 5(1 ﬂ’) Er—l a i,n + 2(54-28)6 Er—lz. a i,n ,
bt 7b|n 13 bi,n [mﬁl,nHJ ,3

+1

nn

where b, =S(n—i+ j+1)+(h+k)e and b’ =S(n—i+ j+1)+(h+k+1)e.

Proof. By using the transformation Y = eﬁx“” , We see that the pdf of Y at y >1 can be written as

ad(y-1)  ads(y-1)(n-i) yS(n—i+1) 1

-1
fy(y)=ﬁ‘1n(?_1j(7+ay)e Pe 7oy 7

8 _as(y-) asy-) )
x:1-y fe 7/ {1—/1+ﬂe Fy ﬂ}

_a(y-l)e  _ye _as(y-1) e n-—i
x{é‘(l—ﬂ)—i—(é‘—ke)/ie o yﬂHl—/H/Ie A yﬂ} :

Now, we use the following binomial expansions

6 _ad(y-1) Lawy)) )
1-y e 7 |[1-A+1 7 y”

i-1 j . i—1 J . a(y—lzé&ks) 7(&;ks)
D (12 i (1-1)""e y and

j=0k=0

_as(y-1)  _ye i _has(y-1)  jhe
{1—/1+/1e ’ yﬁl 2/1“[ J(l A)e Py P

Therefore,

_a(y-l)e

fY(y)=nﬂ‘1£?:1lje S A {5(1—ﬂ)+(5+s)ﬁe g yy’f}(way)

as(y-1) ¥+ ) L

{Vfi
IR
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a(y-1p,

XZZZ'( 1)( )( ]z[ iJ(l—ﬂ)””"“ke s, (@.11)

j=0k=0h=0

where bi?n =o(n—i+j)+(h+k)e.

Using the same techniques as above in Theorem 9.3, we see that

L85 o

j=0k=0h=0

1
i

ab’,n l ﬂ 2
x e B 5(11_ 2*) Er—ll ab, in 2(5 +28)e Er—lz- abi,n ’
b- 7bi,n ﬁ bi,n [}bl’nﬂ] ﬁ

i.n L] F;

where b, =S(n—i+ j+1)+(h+k)e and b? =S(h—i+ j+1)+(h+k+1)e.
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