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A Two-Dimensional Fractional Order Thermoelastic Problem for a Half-Space
S.E. Khader

Mathematical and Theoretical Physics Atomic Energy Authority, EGYPT

Abstract In this work, we apply the fractional order theory of thermoelasticity to a problem of a half-space. Whose
surface is rigidly fixed and subjected to the effects of a thermal shock Laplace transform are using for the time
variable and the exponential Fourier transform for one of the space variables. The solution in the transformed
domain is obtained by a direct approach. Numerical inversion techniques are used to obtain the inverse double
transforms. The temperature, thermal stresses, and the displacement distributions are obtained numerically for
different values of the fractional parameter and different values of times. The results are represented graphically and
discussed.
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Introduction

Thermoelasticity’s importance is due to its many applications in diverse fields such as geophysics, plasma
physics and related topics, especially in the design of nuclear reactors. There are several generalized theories of
thermoelasticity. The first was developed by Lord and Shulman [1] and is often referred to as the L-S theory. In
this theory the new equation of heat was obtained by using a new law of heat conduction instead of Fourier’s
law. Sherief [2] discussed the fundamental solution of the generalized thermoelastic problem for short times.
Sherief and Anwar [3] solved a two dimensional generalized thermoelasticity problem for an infinitely long
cylinder. Sherief and Helmy [4] are studied the solution of a two-dimensional generalized thermoelasticity
problem for a half-space. Sherief and Megahed [5] are solved the problem of a two-dimensional
thermoelasticity problem for a half- space subjected to heat sources, Sherief and Khader [6] are discussed the
propagation of discontinuities in electromagneto generalized thermoelasticity in cylindrical regions. Sharma,
Kumar and Chand [7] are discussed the Reflection of generalized thermoelastic waves from the boundary of a half-
space. The second theory was developed by Green and Lindsay [8]. They introduced two different lag times in
the stress- strain relations and the entropy expression. This theory is known as the theory of thermoelasticity
with two relaxation times. Sherief and Megahed [9] solved a two dimensional problem for thermoelasticity with
two relaxation times in spherical regions under axisymmetric distributions. Sherief [10-11] is discussed the
fundamental solution for thermoelasticity with two relaxation times and a thermo-mechanical shock problem for
thermoelasticity with two relaxation times.

The fractional order theory of thermoelasticity is based on the heat conduction equation with differential
operators of fractional order. Time fractional differential operators describe memory effects, space fractional
differential operator's deal with the long range interaction. The fractional calculus has been successfully used in
engineering, physics, chemistry, geology, robotics bioengineering, robotics, etc. The first paper on fractional
thermoelasticity was published by Povstenko [12] in 2005. Then after that published many research in this topic.
Povstenko [13-15] proposed and investigated new models that use fractional derivative. The fractional order
theory of thermoelasticity was derived by Sherief, El-Sayed, and Abd El-Latief [16]. Caputo and Mainardi [17-
18] are discussed the new dissipation model based on memory mechanism, Pure and Applied Geophysics and

N

A
€%

%‘I\#\‘ Journal of Scientific and Engineering Research

173



Khader SE et al Journal of Scientific and Engineering Research, 2018, 5(7):173-181

Linear model of dissipation in anelastic solids. Caputo [19] is studied the vibrations on an infinite viscoelastic
layer with a dissipative memory. Abd El-Latief, and Khader [20] are solved the problem of Fractional model of
thermoelasticity for a half-space overlaid by a thick layer.

Formulation of the problem

Consider a homogeneous isotropic elastic solid occupying the half-space y > 0. The y-axis is taken
perpendicular to the plane. The surface of this medium is rigidly fixed and the surface is kept at a given
temperature that is a function of x.

The displacement vector u has the form

u=(u,v,0)
The cubical dilatation e is given by
. ou ov
e=divu=—+— @)
ox oy
The components of the thermoelastic stress tensor oj j are given by
ov
O'xx =(/1+2/J)6—2u5—y(f —To). (22)
ou
oy =(A+2p)e=2u"—~y(T -To), (2b)
oz =2e—y(T -Tp), (2¢)

ou avj )

Oy = | —+—
Y (ay ox
where A and u are Lamé’s modulii, T is the absolute temperature of the medium, and y is a material constant
given by y = (34 + 2u Joy where o is the coefficient of linear thermal expansion, T, is a reference temperature

assumed to be such that | (T-Ty) /Ty | <<].
The equations of motion have the vector form

yvzu +(A+wgaddivu—ygrad T =p U . (3)

e o%u 8% ar 84U

+ 4
x v x> oy? OX ot2 @

A+u) —+p|—F+— |~V ——=p— (5)
oy OX

The equation of heat conduction has the form [16]

(24

kv2T =83 1+roa—a (pceT +yTpe). 6)
t ot

where k is the thermal conductivity of the medium, cg is the specific heat at constant and p is the density. 7 and

o are two parameters of the theory.
Solution of the Problem in the Laplace Transform Domain
By using a non-dimension variables

* * * _ Gij T-T
X =¢nx ., U =cm GijzJ : 6‘=—7( 0),
H (A+2u)
e

/‘l# Journal of Scientific and Engineering Research

174



Khader SE et al Journal of Scientific and Engineering Research, 2018, 5(7):173-181

t =cfmt | To=C12a77aTo .Y =any ., vV =cpy,
A+2
Yo
The equations (2) - (6) in non-dimensional form become (dropping the asterisks for convenience)
Oyx = ﬂe Zay—ﬂ 0, (72)
Oy = ﬂ e— 2 ﬂ 0, (7b)
oz = (B ~2)e- B0, (70)
Oxy 28_u+@ (7d)
oy oX
VZu+(p? —1)grad divu— B> grad 6 = B U . (8)
oe [o%u o%u 00 62U
(B2t | gt 5 [-F =P ©)
ox- oy OX ot
ce o%v 8% o0 0%v
(B% - DS | R s (10)
XS oy oy ot
[0/
v29-2 [1+r0 6—J(¢9+ge) (11)
ot ot%
2
where ﬁZ:M , &= T07/2 3
H CEL"CO

using Laplace transform with respect to time with parameter s, to both sides of equations (7)-(11), we obtain

XX 2
o ,Beayﬂ

(12a)

(12d)
v2u+(B?% —1)grad divu— B2 grad 6 = B2 su . (13)

2 2
-9 %+ [ZX—;HZYZJ 220~ gty )
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27 2, v
oe [o°v o°v 2 00 -
(B2 -1)— S+ |- B = pRsP (15)
X oy oy
v2G=s ﬁwos“ﬁmé). (16)
Taking the divergence for both side of equation (13), we obtain
v2e-v20=s2e. 17

Eliminating 5 between equations (16) and (17), we get

{V4 —[s% + s(;+ ros“)(1+ 5)JV2 +s3(1+ ros“)}é =0 (18)

In a similar manner we can show that & satisfy the equations

{VA'— 32+S(l+ros“)(l+g)JV2+s3(;l+ros“)}520 (19)
Equation (18) can be factorized as
(V2 —k?)(V? —k2)e=0 (20)

where k/and k are the roots of the characteristic equation:

k% —|s? + s(1+ 79s% ) @+ g)}<2 + 33(1+ 79s% ): 0
In order to solve equation (20), we shall use the exponential Fourier transform with respect to the variable x
(denoted by an asterisk) and defined by the relation

(@, y,8)= F [f(x, y,8)] = % je—iqx f(x, y, ) dx

Applying the exponential Fourier transform to both sides of equation (20), we get

(02 -m2)p2-m3)e=0 (21)
where D:di : m12=k12+q2 ,m§=k22+q2
y

The solution of equation (21) is taken as

e =Akfe ™Y +Bks e MY 22)
where A and B are some parameters depending on s and q.
Taking the Fourier Transform of both sides of equation (17) and substituting from equation (22), we obtain

—%

0 = A(kl2 —sz)e‘Imly + B(k22 —sz)e‘mZy 23)
In order to obtain the displacement component u, we apply the exponential Fourier transform to both sides of
equation (14) to get

(D2 - nz)ﬂ* = iq [@2 —1)5* —ﬁzg’*} (24)

where N2 ﬁ s2 + q
Substituting from equations (22) and (23) into equation (24), we obtain

(D2 - nz)ﬁ =iq (k12 —,8252)Ae_mly +(kg2 —ﬂzsz)B e_mzy] (25)
The solution of equation (25) is given by
u =Ce "W —ijqg [A e MY 4 Be‘mZy] (26)
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Taking the Laplace and exponential Fourier transforms of equation (1), and useing equations (22), (26), we get

—* _i _ _ .
v = Yce™ _ame™Y —Bm,e ™Y 27)
n

Substituting from equations (22), (23), (26) and (27) into equations (12), we obtain the transformed stress
components in the form

oxx =-2iqgCe™V +A(ﬁ252 —om? )e_mly + B((st2 —2m3 )e_mzy (28)

E;y =2iqgce™™ +A(n2 +q2)e_mly +B(n2 +q2)e—m2y (29)

py (nz +q2_) n . -m . -m

oxy =— Ce ™ +2iqg Amye™™Y 4+ 2igBmye™M2Y (30)
n

The boundary condition of the problem are taken as
Mechanical boundary condition

u(x,y,t)=v(x,y,t)=0 ony=0 (31)
The thermal boundary condition
O=F(XH(@{) On y=0 (32)

where H (t) is the Heaviside unit step function and F is a given function of x only
Now applying the boundary condition, we arrive at

C—iqA—igB=0 (33)

%C—Aml—BmZ:O (34)
F ()

Ak2—s2 Bkz—s2 =— 35

(2 -s2)+ 83 -2)= = @)

By solving equations (33)-(35), we find the expressions for A, B and C. The solution of these equations can be
written as

q2 | _= 92 | _=
{mﬂn }F @ —{mﬁn }F @ .
A B_ c_l [my —my [F"(a)

SA SA SA

Where, A = (kl2 - 32)[m2 +%J— (k22 —SZ)Eml +%j

This completes the solution in the transform domain [4].

Numerical Results
The function F(x) representing the thermal shock was taken as F (X) = xH (a —| X |) , which gives.

(@) =i Z{acos () _asin (qa)}
q q

T
We shall apply our results to the copper material. The material properties are
A=7.76x10'", 1 =3.86x10'°, p =8954 ,k = 386,Cg =381,T, =293,
oy =1.78x107°,a=0.5 75 =0.01
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All field quantities temperature, displacement and stress depend on X, y and t. The problem was solved for
different values of timet = {0.1,0.2,0.3}With fixed value of fractional parameterx =1, which are

represented by figures (1-5). Dotted lines represent the solution for t = 0.3, double Dotted lines represent the
solution for t = 0.2 and solid lines represent the solution when t = 0.1. And different values of the fractional

parameter o = {0.1,0.5,0.99,1} for fixed value of timet = 0.1, which are represented by figures (6-10).

Black lines represent the solution for o = 0.1, red lines represent the solution for o = 0.5, yellow lines represent
the solution for o = 0.99 and blue lines represent the solution when o= 1.
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Fig. 1 Temperature Distribution
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Fig. 3 Shear Stresses Distribution
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Fig. 10 Stresses Distribution

From figures (1-5), all functions satisfied the boundary conditions. The wave front moves with a finite speed
dependent the value of time. This means that all the functions considered have a nonzero value only in a
bounded region of space and vanish identically outside this region. All curves decreases regularly until zero
reaches the time value, for example in figure 1, when t = 0.1, the curve of temperature reaches at y = 0.43, but
when t = 0.2, the curve of temperature reaches at y = 0.65.

From figures (5-10), notice the effect of fraction parameter is appear, the two curves when o = 0.1 or 0.5are
very soon and have the same behavior. Which Leeds to when fractional parameter tends to zero, is given the
case of coupled and uncoupled theories of thermo elasticity. I.E the speed of waves are infinite. The two curves
whena =0.99 or 1, are very soon and have the same behavior. Which Leeds to when fractional parameter

tends to one is given the case of generalized theory of thermo elasticity. I.E the speed of waves is finite.
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Conclusion

A two dimensional fractional order generalized thermoelastic problem for a half-space has been presented. The
problem has been solved by using Laplace and Fourier transform techniques. The inversion process is carried
out using a numerical method based on Fourier series expansions. The problem takes the effect of fractional
parameter. The effect of fractional parameter is appearing.
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