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Abstract In the present work, a study involving a spectral method to solve the reactive Euler and Navier-Stokes
equations submitted to a magnetic field is performed. The Euler and Navier-Stokes equations, coupled with the
Maxwell equations, in conservative and finite volume contexts, employing structured spatial discretization, on a
condition of thermochemical non-equilibrium, are studied. The spectral method presented in this work employs
collocation points and variants of Chebyshev and Legendre interpolation functions are analyzed. The
symmetrical algorithm of Maciel is used to perform the reentry flow numerical experiments, which give us an
original contribution to the CFD community. The Mavriplis artificial dissipation model is applied. The “hot gas”
hypersonic flows around a blunt body, around a double ellipse, and around a reentry capsule in two-dimensions
are simulated. The Euler backward integration method is employed to march the scheme in time. The
convergence process is accelerated to steady state condition through a spatially variable time step procedure,
which has proved effective gains in terms of computational acceleration (see Maciel). The reactive simulations
involve Earth atmosphere chemical model of five species and seventeen reactions, based on the Saxena and Nair
model. N, O, N,, O,, and NO species are used to accomplish the numerical comparisons. The work of Gaitonde
is the reference one to present the fluid dynamics and Maxwell equations of electromagnetism based on a
conservative and finite volume formalisms. The results have indicated that the Chebyshev collocation point
variants are more accurate in terms of stagnation pressure estimations in the viscous case. Errors inferior to
8.00% were found for this parameter in the viscous case, being 0.48% the best result. The Legendre collocation
point variants are more accurate in terms of the lift coefficient estimations. Moreover, the Legendre collocation
point variants are more computationally efficient and cheaper.

Keywords Spectral method; Hypersonic flow; Thermochemical non-equilibrium reentry flows; Reactive Euler
and Navier-Stokes equations; Maxwell equations; High order accuracy.

1. Introduction

There are several approaches for computationally modeling fluid dynamics. These include finite difference,
finite element, and spectral methods to name a few. Finite element and finite difference methods are frequently
used and offer a wide range of well-known numerical schemes. These schemes can vary in terms of
computational accuracy, but are typically of lower order of accuracy. If a more accurate solution is desired, it is
common practice to refine the mesh either globally or in a region of interest. This can often be a complicated or
time consuming process as global mesh refinement will greatly increase the computation time while local
refinement requires an elaborated refinement operation, [1].

Alternatively, polynomial refinement has been used to improve the solution accuracy and has been shown to
converge more quickly than mesh refinement in some cases [2-3]. For finite difference methods, polynomial
refinement is performed by including neighboring node values in a higher order polynomial [4]. This can
increase the complexity of the scheme especially near the boundaries where nodes do not exist to construct the
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higher order polynomials. Finite element methods instead increase the number of unknown values within the
cell itself to construct a higher order solution [5].

A scheme with a very high formal order of accuracy will not necessarily always produce the highest resolution.
[6] demonstrated that a spectral-like scheme with a formal fourth-order accuracy produced a much more highly
resolved solution than schemes with higher formal orders of accuracy when comparing modified wave numbers.
Therefore, formal order of accuracy does not provide a comprehensive basis for selecting the best solution
procedure. State-of-art methods such as spectral methods fall into this category.

Spectral methods are considered a class of solution techniques using sets of known functions to solve
differential equations [7]. Such methods are generally considered high order and capable of obtaining solutions
with a high resolution. Unlike finite-difference and finite-element methods, spectral methods utilize an
expansion in terms of global, rather than local, basis functions to represent the solution of a differential
equation. When properly applied, these techniques accurately resolve phenomena on the scale of the mesh
spacing. The order of truncation error decay with mesh refinement is also higher than which can be achieved
with finite-difference and finite-element methods. For problems with smooth solutions, it is possible to produce
spectral method whose truncation error goes to zero as faster than any finite power of the mesh spacing
(exponential convergence).

Spectral methods may be viewed as an extreme development of the class of discretization schemes known by
the generic name of method of weighted residuals (MWR) [8]. The key elements of the MWR are the trial
functions (also called the expansion or approximating functions) and the test functions (also known as weighted
functions). The trial functions are used as the basis functions for a truncated series expansion of the solution
that, when substituted into the differential equation, produces the residual. The test functions are used to enforce
the minimization of the residual.

The choice of the trial functions is what distinguishes the spectral methods from the element and finite
difference methods. The trial functions for spectral methods are infinitely differentiable global functions
(Typically, they are tensor products of the eigenfunctions of singular Sturm-Liouville problems). In the case of
finite element methods, the domain is divided into small elements and a trial function is specified in each
element. The trial functions are thus local in character and well suited for handling complex geometries. The
finite difference trial functions are likewise local.

The choice of test function distinguishes between Galerkin and collocation approaches. In the Galerkin
approach, the test functions are the same as the trial functions, whereas in the collocation approach the test
functions are translated Dirac delta functions. In other words, the Galerkin approach is equivalent to a least-
square approximation, whereas the collocation approach requires the differential equations to be solved exactly
at the collocation points.

The collocation approach is the simplest of the MWR and appears to have been first used by [9] in his study of
electronic energy bands in metals. A few years later, [10] applied this method to the problem of torsion in square
prism. [11] developed it as a general method for solving ordinary differential equations. They used a variety of
trials functions and an arbitrary distribution of collocation points. The work of [12] established for the first time
that a proper choice of the trial functions and the distribution of collocation points are crucial to the accuracy of
the solution. Perhaps he should be credited with laying down the foundation of the orthogonal collocation
method.

Spectral methods have been used on one-dimensional, compressible flow problems with piecewise linear
solutions by [13-14]. These reports demonstrated that spectral methods, when combined with appropriate
filtering techniques, can capture one-dimensional shock waves in otherwise featureless flows. A different sort of
demonstration was provided by [15]. They exhibited spectral solutions of compressible flows with nontrivial
structures in the smooth regions.

Renewed interest in the area of hypersonic flight has brought Computational Fluid Dynamics (CFD) to the
forefront of fluid flow research [16]. Many years have seen a quantum leap in advancements made in the areas
of computer systems and software which utilize them for problem solving. Sophisticated and accurate numerical
algorithms are devised routinely that are capable of handling complex computational problems. Experimental
test facilities capable of addressing complicated high-speed flow problems are still scarce because they are too
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expensive to build and sophisticated measurements techniques appropriate for such problems, such as the non-
intrusive laser, are still in the development stage. As a result, CFD has become a vital tool in the flow problem
solution.

In chemical non-equilibrium flows the mass conservation equation is applied to each of the constituent species
in the gas mixture. Therefore, the overall mass conservation equation is replaced by as many species
conservation equations as the number of chemical species considered. The assumption of thermal non-
equilibrium introduces additional energy conservation equations — one for every additional energy mode. Thus,
the number of governing equations for non-equilibrium flow is much bigger compared to those for perfect gas
flow. A complete set of governing equations for non-equilibrium flow may be found in [17-18].

The problems of chemical non-equilibrium in the shock layers over vehicles flying at high speeds and high
altitudes in the Earth’s atmosphere have been discussed by several investigators [19-22]. Most of the existing
computer codes for calculating the non-equilibrium reacting flow use the one-temperature model, which
assumes that all of the internal energy modes of the gaseous species are in equilibrium with the translational
mode [21-22]. It has been pointed out that such a one-temperature description of the flow leads to a substantial
overestimation of the rate of equilibrium because of the elevated vibrational temperature [20]. A three-
temperature chemical-kinetic model has been proposed by [23] to describe the relaxation phenomena correctly
in such a flight regime. However, the model is quite complex and requires many chemical rate parameters which
are not yet known. As a compromise between the three-temperature and the conventional one-temperature
model, a two-temperature chemical-kinetic model has been developed [24-25], which is designated herein as the
TTv model. The TTv model uses one temperature T to characterize both the translational energy of the atoms
and molecules and the rotational energy of the molecules, and another temperature Tv to characterize the
vibrational energy of the molecules, translational energy of the electrons, and electronic excitation energy of
atoms and molecules. The model has been applied to compute the thermodynamic properties behind a normal
shock wave in a flow through a constant-area duct [24-25]. Radiation emission from the non-equilibrium flow
has been calculated using the Non-equilibrium Air Radiation (NEQAIR) program [26-27]. The flow and the
radiation computations have been packaged into a single computer program, the Shock-Tube Radiation Program
(STRAP) [25].

The effects associated with the interaction of magnetic forces with conducting fluid flows have been profitably
employed in several applications related to nuclear and other [28] technologies and are known to be essential in
the explanation of astrophysical phenomena. In recent years, however, the study of these interactions has
received fresh impetus in the effort to solve the problems of high drag and thermal loads encountered in
hypersonic flight. The knowledge that electrical and magnetic forces can have profound influence on hypersonic
flow fields is not new [29-30] — note increased shock-standoff and reduced heat transfer rates in hypersonic
flows past blunt bodies under the application of appropriate magnetic fields. The recent interest stems, however,
from new revelations of a Russian concept vehicle, known as AJAX [31], which made extensive reference to
technologies requiring tight coupling between electromagnetic and fluid dynamic phenomena. A
magnetogasdynamics (MGD) generator was proposed [32] to extract energy from the incoming air while
simultaneously providing more benign flow to combustion components downstream. The extracted energy could
then be employed to increase thrust by MGD pumping of the flow exiting the nozzle or to assist in the
generation of a plasma for injection of the body. This latter technique is known to not only reduced drag on the
body but also to provide thermal protection [33].

In addition to daunting engineering challenges, some of the phenomena supporting the feasibility of an AJAX
type vehicle are fraught with controversy (see, for example, [34]). Resolution of these issues will require
extensive experimentation as well as simulation. The latter approach requires integration of several disciplines,
including fluid dynamics, electromagnetics, chemical kinetics, and molecular physics amongst others. This
paper describes a recent effort to integrate the first three of these, within the assumptions that characterize ideal
and non-ideal magnetogasdynamics.

In the present work, a study involving a spectral method to solve the reactive Euler and Navier-Stokes equations
submitted to a magnetic field is performed. The Euler and Navier-Stokes equations, coupled with the Maxwell
equations, in conservative and finite volume contexts, employing structured spatial discretization, on a condition

TN
/‘@? Journal of Scientific and Engineering Research

361



Maciel ESG Journal of Scientific and Engineering Research, 2018, 5(5):359-394

of thermochemical non-equilibrium, are studied. The spectral method presented in this work employs
collocation points and variants of Chebyshev and Legendre interpolation functions are analyzed. The
symmetrical algorithm of [35] is used to perform the reentry flow numerical experiments, which give us an
original contribution to the CFD community. The [36] artificial dissipation model is applied. The “hot gas”
hypersonic flows around a blunt body, around a double ellipse, and around a reentry capsule in two-dimensions
are simulated. The Euler backward integration method is employed to march the scheme in time. The
convergence process is accelerated to steady state condition through a spatially variable time step procedure,
which has proved effective gains in terms of computational acceleration [37-38]. The reactive simulations
involve Earth atmosphere chemical model of five species and seventeen reactions, based on the [39] model. N,
O, N,, O,, and NO species are used to accomplish the numerical comparisons. The work of [40] is the reference
one to present the fluid dynamics and Maxwell equations of electromagnetism based on a conservative and
finite volume formalisms. The results have indicated that the Chebyshev collocation point variants are more
accurate in terms of stagnation pressure estimations in the viscous case. Errors inferior to 8.00% were found for
this parameter in the viscous case, being 0.48% the best result. The Legendre collocation point variants are more
accurate in terms of the lift coefficient estimations. Moreover, the Legendre collocation point variants are more
computationally efficient and cheaper.

2. Spectral Method

Two classes of techniques for spectral discretization are referred to as tau and collocation methods [41]. The
latter technique is used here. In this scheme, the approximation series is determined by satisfying the differential
equation exactly at a set of distinct collocation points. The locations of these points in the domain are linked to
the choice of basis function. In this study, arbitrary collocation points are implemented. The collocation method
is used here since enforcement of boundary conditions and evaluations of nonlinear terms are straightforward.
Additionally, some accuracy advantage is seen in the collocation method over the tau method for a number of
problems [41]. The series expansion for a function Q(x) may be represented as

N~

QN(X):ZQan (X), (1)
n=0

Where B,,(X) are the basis functions and N is the total number of nodes employed in the interpolation process (It

is also the order of accuracy of the spectral method). The coefficients Qn are often termed the spectrum of

Qn(X). One common technique used to evaluate the spectrum is to consider Eg. (1) as an interpolation series
representing Q(x). The interpolation “nodes” of such series are the collocation points of the method. For a
scheme based on Chebyshev collocation, the basis functions are:

B,(X)=T,(x)=2xP,,(x)-P,_,(x), Nx2, @
with: Py(X) = 1 and P4(x) = x. The Chebyshev-Gauss-Lobatto standard collocation points are

X, :COS(TEI} 1=0,1,...,N. 3)
N

The Chebyshev collocation points result from a simple change of variables, which relates the Chebyshev
interpolation series to a Fourier cosine series [41]. To evaluate the Qn , the inverse relation is required. This is

A N
Qn :énZWIBn(XI)Qi,j’ n=0,1,...,N, (4)
1=0

withw; being a normalized weighting function and € _a constant. These variables assume the following
expressions to a Chebyshev-Gauss-Lobatto interpolation:
2 _ 2, n=0or N 1
¢ = , where: C, = ;and W, =—. %)
" NC 1, 1<n<N-1 C

Legendre collocation is based on using Legendre polynomials as the basis function in Eg. (1), e.g.,
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B, (x) =[(2n-1xP, , (x) - (n-1)P,_,(x)]/n, n>2, 6)

where: Po(X) = 1 and P4(x) = x. Interpolation via Legendre series cannot easily be related to trigonometric
interpolation, so there is no simple expression to evaluate the Qn coefficients. Appeal must be made to the
theory of numerical quadrature to form an approximation to the integrals which result from analytic Legendre

interpolation [42]. Considering Eqg. (4), the normalized weights and constant of the Legendre-Gauss-Lobatto
collocation points are

1 . 2n+1, n=01,....N-1

w, = and g — )
N(N+1)BZ (x,) " N, n=N

In this work, it was assumed that the Legendre-Gauss-Lobatto collocation points are the same as the Chebyshev-

Gauss-Lobatto ones. It was also adopted the following collocation points and normalized weight for the
Chebyshev-Gauss-Radau interpolation, based on the work of [43]:

(7

X, =CO0 2rl_), (®)
2N +1
N
, I=0
w =4 2N+1 : )
! N
——, elsewhere
N+1

For the Legendre-Gauss-Radau interpolation, also based in [43], the collocation points are defined by Eq. (8)
and the normalized weights are described by:

1 —o
W = (N+1) . (10)
1 —
! 1-x elsewhere

X
2(N+1) B,(x,)’
The same calculation to the vector of conserved variables Q is applied to the vector of flux C, to be defined in
section 4.
Hence, we have two collocation point options and two normalized weight functions to be considered by the
Chebyshev and the Legendre methods, namely: Chebyshev-Gauss-Radau, Chebyshev-Gauss-Lobatto, Legendre-
Gauss-Radau and Legendre-Gauss-Lobatto.

3. Reactive Navier-Stokes EquationsCoupled with Maxwell Equations in 2D
As the Navier-Stokes equations tend to the Euler equations when high Reynolds number are employed, only the
former equations are presented coupled with the Maxwell equations. The reactive Navier-Stokes equations and
the Maxwell equations in thermochemical non-equilibrium, where the rotational and vibrational contributions
are considered,were implemented on conservative and finite volume contexts, in the two-dimensional space. In
this case, these equations in integral and conservative forms can be expressed by:

%deWﬁ-ﬁdS:jswdv, with: F = (E, —E, )i +(F. —F, )] (11)
\ S \Y%

where: Q is the vector of conserved variables, V is the volume of a computational cell, F is the complete flux

vector, N is the unity vector normal to the flux face, S is the flux area, Scy is the chemical and vibrational
source term, E. and F. are the convective flux vectors or the Euler flux vectors in the x and y directions,

respectively, and E, and F, are the viscous flux vectors in the x and y directions, respectively. The 1 and |

unity vectors define the Cartesian coordinate system. Eleven (11) conservation equations are solved: one of

general mass conservation, two of linear momentum conservation, one of total energy, four of species mass

conservation, one of the vibrational internal energy of the molecules, and two of the Maxwell equations.

Therefore, one of the species is absent of the iterative process. The CFD literature recommends that the species
A

=
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of biggest mass fraction of the gaseous mixture should be omitted, aiming to result in a minor numerical
accumulation error. To the present study, in which is chosen a chemical model to the air composed of five (5)
chemical species (N, O, N, O,, and NO) and seventeen chemical reactions to the [39] model, this species can be
the N, or the O,. To this work, the N, was chosen. The vectors Q, Ee, Fe, E,, F,, and Scy can, hence, be defined
as follows:

p pu pv
pu pu’+P-R, B /u, puv-R, B,B, /i,
pV puv—-R,B, By/p,\,I pV2+P—RID Bf,/uM
pZ (pZ+P)u—R,(VeB/u, B, (pZ+PW-R,(VeB/u, B,
Py p,u p,v
Q = p2 ’ Ee = pZU lFe = PZV ; (12)
P4 p,U PV
Ps psu PsV
pey peyu peyVv
B, 0 VB, —uB,
B, uB, —vB, 0
0 0
1,,/Re t,,/Re
rxy/Re ryy/Re
(f, -9, )/Re-q,,/Re, (fy - ¢y)/Re— a,,,/Re,
-p,V;, /Re -p,Vy, /Re
E, = =P,V /Re F, = - pzvzy/Re ; (13)
-p,V,, /Re -p,V,, /Re
- psVy, /Re —psVs, /Re
( v, X _(I)v,x )/Re (qv,y - ¢v,y)/Re
0 L 1ofB | 9(B
1110(B) a(B, Re, o|oylp, ) ox|p,
Re, o| Xy ) OY\ My 0
;
Sy ={o 000 & & o o5 Ypless—e.)r+Yaoe, 0 0} : (14)
s=mol s=mol

in which: p is the mixture density; u and v are Cartesian components of the velocity vector in the x and y

directions, respectively; V is the complete flow velocity vector; P is the pressure term considering the magnetic
effect; Z is the fluid total energy considering the contribution of the magnetic field; pi1, p2 ps, and ps are
densities of the N, O, O, and NO, respectively; B, and B, are Cartesian components of the magnetic field vector

in the x and y directions, respectively; B is the complete magnetic field vector; Ry, is the magnetic force
number or the pressure number; Wy is the mean magnetic permeability, with the value 4nx10"T.m/A to the
atmospheric air; ey is the sum of the vibrational energy of the molecules; the 1’s are the components of the
Newtonian viscous stress tensor; f, and f, are viscous work and Fourier heat flux functions; psvs and pgvs,
represent the species diffusion flux, defined by the Fick law; ¢x and ¢, are the terms of mixture diffusion; ¢y«
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and ¢y, are the terms of molecular diffusion calculated at the vibrational temperature; @, is the chemical source

term of each species equation, defined by the law of mass action; e: is the molecular-vibrational-internal

energy calculated with the translational/rotational temperature; t is the translational-vibrational characteristic
relaxation time of each molecule; q,x and q,,, are the vibrational Fourier heat flux components in the x and y
directions, respectively; Re is the laminar Reynolds number; g, and q,, are the components of the Joule heat
flux vector in the x and y directions, respectively; Re, is the magnetic Reynolds number and o is the electrical
conductivity.

The viscous stresses, in N/m?, are determined, according to a Newtonian fluid model, by:

T =201, 0U/OX —2/3p,, (/X + v/ dy))]
T,y = Wy, (BU/8y + v/0x); (15)

T, = [, 0v/0y —2/3p,, (u/ox + ov/ey))
where U, is the molecular viscosity. Expressions to fy and f, are given below:

fX ZTXXU+TXyV+qX +qV,X; (16)
f, =t ,u+t,Vv+q, +0q,,, (7)
Where gy and gy are the Fourier heat flux components and are given by:
oT oT
d, =k— and q, =k—. (18)
OX oy

where: K is the thermal conductivity due to translation and rotation. The ¢, and d,,, are the vibrational heat flux
components and are given by:

d,, =k, 0T, /0x and q,, =k, OT, /0y, (19)

with ky being the vibrational thermal conductivity and T, is the vibrational temperature, what characterizes this
model as of two temperatures: translational/rotational and vibrational. The terms of species diffusion, defined by
the Fick law, to a condition of thermal non-equilibrium, are determined by [44]:

e Yy
PsVey = _st X = and psvsy = _st ay . ) (20)
with “s” referent to a given species, Y v s being the molar fraction of the species, defined as:
M
YMF,s = L (21)

ns

Z Pk / M,

k=1
and D is the species-effective-diffusion coefficient. “ns” is the number of species. The diffusion terms ¢, and ¢,
which appear in the energy equation are defined by ([39]):

0, =D pVhoand o, =D pvh,, (22)
s=1 s=1

being hs the specific enthalpy (sensible) of the chemical species “s”. The molecular diffusion terms calculated at
the vibrational temperature, ¢, and ¢y, which appear in the vibrational-internal-energy equation are defined by
[44]:

¢v,x = Zpsvsxhv,s and (I)v,y = zpsvsyhv,s ! (23)

s=mol s=mol

with hys being the specific enthalpy (sensible) of the chemical species “s” calculated at the vibrational
temperature Ty. The sum of Eq. (14), as also those present in Eq. (23), considers only the molecules of the
system, namely: N,, O,, and NO. The laminar Reynolds number is estimated by:
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Re — pcharvinitiaILchar ' (24)

”m,char
with “char” representing characteristic or freestream properties, penar 1S the characteristic density, Vina 1S the

flow initial velocity, Len, is @ characteristic configuration length, and ... iS @ characteristic molecular

viscosity. For details of the chemical model, the calculation of thermodynamic and transport properties see [45-
46]. The Z total energy is defined as:
2

+e, +0.5(u2 +v2)+ R,

0
L= Cv,mix (T - TREF ) + Ahf,mix ) (25)
2pHy

with: Tree is the reference temperature, and Ah?,mix is the mixture formation enthalpy. The pressure term is
given by:

B2 +B? 2
P=p+R, =—Y=p+R, B~ (26)

2y 2

with p the fluid static pressure. The magnetic force number or pressure number is determined by:

82 BZ"t'I+BZ"t'I
R b initial X,Initia y,initial (27)

- 2 = 2 2 '
pcharvinitialuM,char pchar (U initial + Vinitial )“M,char

The magnetic Reynolds number is calculated by:

Rec = LcharVinitiaIuM,chachhar' (28)

The components of the Joule heat flux vector, which characterizes the non-ideal formulation, are determined by:

=—R By ii _i& d =—-R B, ii _ii 29
qJ,x b an qJ,y b ' ( )
Huo | OX\ 1y AN HymO | OY ( My OX\ Hy

4. Numerical Scheme

Maciel centered scheme is obtained by arithmetical average between the flux at the left and right states of the
interface. Considering the two-dimensional and structured case, the algorithm is divided in three parts, as
recommended by [47], each one corresponding to a characteristic flux. The first part takes into account the
dynamic part, which considers the Navier-Stokes equations plus the Maxwell equations, the second one takes

into account the chemical part, and the third part takes into account the vibrational part. Hence, the discrete-
dynamic-convective flux, which solves the dynamic part, is given by:

pu pu ]
pu’ +P-R, B} /ny, pu’ +P—R, B/,
1 puv-R,B, B, /uy, puv-R,B, B, /uy,
Dyn _ — AR LA
Riei =31l (0z+ Pl -R, (Vo Bluy B, | T|(pz+Pl-R, (VB B, | [
0 0
I uB, - vB, ) uB, - vB, o
] N N ]
puv_RbeBy/HM puv_RbeBy/“M
2, p_ 2 2 . p_ 2
L pv? +P REBMMM LoevieP REBduM S, 0
2|| (0Z+PW-R,(VeB/u, B, | | (pZ+PV-R,(VeB/u,B,
VB, —uB, VB, —uB,
L 0 L 0 R

=
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the discrete-chemical-convective flux is defined by:

p,u p,u p,v p,v

1 u u \' Vv
RO == P21 | P2 S, +— P2Y | | P2 S, ; (31)

2| pgu p,u 21| PV PV

B psU L psu R L psV L PsV R
and the discrete-vibrational-convective flux is determined by:
i 1 1

Ri\iflz,j = E [(pevu)L + (pevu)R ]Sx + E [(pevV)L + (pevV)R ]Sy : (32)

The viscous formulation follows that of [48], which adopts the Green theorem to calculate primitive variable
gradients. The viscous gradients at the interfaces are also obtained by arithmetical average between cell (i,j) and
its neighbors. As was done with the convective terms, there is a need to separate the viscous flux in three parts:
dynamic viscous flux, chemical viscous flux and vibrational viscous flux. The dynamic part corresponds to:

0 0
1., /Re 1,,/Re
] ) 1, /Re 1, /Re
I:aierlnlz,j :E (fx - d)x)/Re_ qJ,x/Rec + (fx _d)x)/Re_ qJ,x/Rec Sx +
0 0
1 119(B)_2(B 1 1/0(B/|_2(B
(Res o axmy) aylmu /) (Res o[ x{pmy) y\nw /), |
I 0 0 |
T, /Re T, /Re
. T,,/Re T,,/Re | .
> (fy—¢y)/Re—quy/Rec + (fy—q)y)/Re—qJ,y/Rec S, (33)
111908 9B 1 110(B | 9B
Re, o| oyl py ) OX\py Re, o|oylpy ) OX{py
L 0 L 0 R
To the chemical part one has:
-p,v,, /Re -p,v,, /Re -p,V,, /Re -p,Vy, /Re
-p,V,, /Re -p,V,, /Re -p,V,, /Re -p,V,, /Re
Reym, < L[ TPeValRe eV Re ) g LRV RO TRy [RE g
12| -pVy/Re — PV /RE 2|| —PaVay [Re —p.Vyy /Re
—psVe /Re)  \—psVe, /Re ) I —psVs, /RE ) ~psVs, /Re |

Finally, to the vibrational part:

Ri\flt)lzj _ 1 qv,x _(I)v,x n qv,x _d)v,x SX +1 qv,y _¢v,y n qv,y _d)v,y Sy. (35)
2 Re . Re o 2 Re . Re o

t . . .
WhereSm,zJ =[SX Sy]i+l/2,j defines the normal area vector for the surface (i+%zj). The normal area

components S, and S, to each flux interface are given in Tab. 1. Figure 1 exhibits the computational cell adopted
for the simulations, as well its respective nodes and flux interfaces. The resultant ordinary differential equation
system can be written as:
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Vi,j in,j/dt = _( ij-12 T Rl+l/2] +R, gt Ri—1/2,j): _Ci,j' (36)
where the cell volume is given by:

Vi,j = 0'5‘(Xi,j - Xi+1,j)yi+1,j+1 + (Xi+l,j - Xi+1,j+1)yi,j + (Xi+l,j+l - Xi,j i+1,j‘ +

0'5‘(Xi,j - Xi+1,j+1)yi,j+1 + (Xi+1,j+l - Xi,j+l>yi,j + (Xi,j+1 =X i Vi j| - (37)
This scheme is high order accurate due to the employed spectral method, but is symmetrical and needs an
artificial dissipation operator, D, to guarantee stability in presence of shock waves and background stabilities.
Considering this operator, Eq. (36) can be rewritten as:

in,j/dt = _(Ci,j i ])/ e (38)
where D has the following structure:

D(Qi,j):d(z)(Qi,j)'d(4)(Qi,j)' (39)
with:

d® = 0'58§,2j?1/2(Ai,j +Ai,j-1XQi,j-l _Qi,')+0'58i(2/2,j(Ai,j +Ai+1,jXQi+1,j 'Qi,j)"‘

0. 58|(2111/2(Ai,j + Ai.j+1XQi,j+1 -Q; )"‘ 0. 58|(21)/21(Ai,j + Ai-l,jXQi-l.j - Qi,j)* (40)

named the undivided Laplacian operator, responsible by the numerical stability in presence of shock waves; and
d® = 0-555?1/2 (Ai,j +A 1 szQi,j-l - szi,j )+ 0'58i(ﬂ/2,j (Ai,j +A L szQi+1,j - szi,j )+
0-58ﬁ)+1/2 (Ai,j + Ai,j+1xv2Qi,j+1 - szi,j )"‘ 0-58&11)/2,; (Ai,j + Ai—l,j szQi-l,j - szi,j ) (41)

named the bi-harmonic operator, responsible by the background stability (odd-even instabilities, for instance). In
this last term,

2
\ Qi,j = (Qi,j-l - Qi,j )+ (Qi+l,j - Qi,j)+ (Qi,j+1 - Qi,j )+ (Qi-l,j - Qi,j ) (42)
In the d“ operator, VZQU is extrapolated from your neighbor cell every time that such one represent an

especial boundary layer cell, recognized in the CFD literature as “ghost” cell. The ¢ terms are defined, for
example, as:

I(j)l/2 =K MAX(V
in which:
Vii :qpi,j—l - pi,j‘ +‘pi+1,j - pi,j‘ +‘pi,j+1 - pi,j‘ +‘pi—1,j - pi,j‘)/(pi,j—l T Pisj tPiju T Pia "‘4pi,j) (44)
represents a pressure sensor employed to identify regions of high gradients. Each time that a neighbor cell
represent a ghost cell, it is assumed that, for instance, v

Vi = l)and 8541) 1/2 — MAX{O’ (K(4) - gg?j)—l/Z )] (43)

Ij’

ghost = Vi j- The Aj; terms define the particular artificial

dissipation operator. In the present study, the A;; terms represent the sum of the contributions of the maximum
normal eigenvalue associated to the flux interface of the Euler equations, integrated along each cell face. This
model is based on the work of [36].

2 2
Ai,j h |ntS +V|ntS ‘ il |nt(S +S ) Jl/ZJ “U |ntS +V|ntS i1/2,] |nt(S +S )|+1/21J
“u S, +V,.S, (sz+s) J+ “ S, +V, S| +a(st+S) | (45)
int int=y | il /2 At ijL/2 int int i4/2,] Qint i-1/2,j
where “a” represents the sound speed and the interface properties are evaluated by arithmetical average. The K®

and K constants have typical values of 1/4 and 3/256, respectively.
To march the scheme in time, the Euler backward method was implemented. This method is first-order accurate
in time, to the three types of complete flux. To the dynamic part, this method can be represented in general form

by:

(yﬁ

\
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Q(n+1) Q(n) (Ati,j /Vi,j ) [ (Q(n) ) (Q(n) )]' (46)
to the chemical part, it can be represented in general form by:
Q(n+l) Q(n) Ati,j x {[C(Q(n)) ( (n))]/ ( (n))}, 47)

where the chemical source term S¢ is calculated W|th the temperature T, (reaction rate controlling temperature,
see [45-46]). Finally, to the vibrational part:

Q(n+1) Q(n) At, x{[C(Q(")) ( (n))]/V -S (Q(n))}, (48)
in which:
ZqT V,s + ZSCS Vv,s ! (49)
s=mol s=mol

where gr.y is the heat flux due to translational-vibrational relaxation, defined in [45-46].

5. Spatially Variable Time Step
The spatially variable time step has proved efficient gains in terms of convergence acceleration, as verified by
[37-38]. Initially, the parameter o is determined, where:

(50)

with ¢ being the mass fraction, and M the molecular weight. The total specific heat at constant volume due to
translation is defined as:

ns
Cvr = ZGSCV,T,S , (51)
s=1

where, for each gas constituent of the five (5) species chemical model, the specific heat at constant volume,
based on the kinetic theory of gases [49], is defined by

3 3 5 5 5
Cvrn :ERN’ Cvro :EROI Cvrn, ZERNZ! Cvro, :EROZ ,and Cy 1 o :ERNO’ (52)

being R; the specific gas constant. The total pressure of the gaseous mixture is determined by Dalton law, which
indicates that the total pressure of the gas is the sum of the partial pressure of each constituent gas, resulting in:

P, =C,pR.Tandp=>p,. (53)

s=1
The speed of sound to a reactive mixture can be determined by:

\ P

e}
where 3= —""— with Ry, = 1.987 cal/(g-mol.K). Finally, the spatially variable time step is defined from
CV,T
the CFL (Courant-Friedrichs-Lewis) definition:
CFLAs;
At = ' (55)

b [[,2 2 '
ui,j +Vi,j +ai’j

2here ASLj is the characteristic length of each cell (defined between the minimum cell side length and the

minimum centroid distance between each cell and its neighbors).

6. Dimensionless Scales, Initial and Boundary Conditions
6.1. Dimensionless Scales
The dimensionless scales employed to the reactive equations consisted in: Ry is dimensionless by ag,, Where

1a ‘Y\
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Qehar =/ YPehar /Penar & Cv is dimensionless by ager; hs and Ahg are dimensionless by aihar; T and T,,

translational/rotational temperature and vibrational temperature, respectively, are dimensionless by acar; ps and

p are dimensionless by pcg; U and v are dimensionless by agg; p is dimensionless by pena; D, diffusion

2

coefficient, dimensionless by a,.,

dtchar, Where dtg, is the minimum time step calculated in the computational
. . . . 3. . . 2.
domain at the first iteration;  is dimensionless by (pchar/dtChalr )XlO ; €y is dimensionless by @, ; p is

dimensionless by pcha,aihar; T, relaxation time, is dimensionless by dtc,.. To the Maxwell equations: the By

and B, Cartesian components of the magnetic field dimensionless by Bintia; the magnetic permeability of the
mean is dimensionless by pmcnar; and the electric conductivity is dimensionless by o The characteristic
physical properties are defined in [50].

6.2. Initial Condition
The initial conditions to the blunt body, to the double ellipse, and to the reentry capsule problems, for a five
species chemical model, are presented in Tabs. 2-4. The Reynolds number is obtained from data of [50].

6.3. Boundary Conditions

The boundary conditions are basically of four types: solid wall, entrance, exit, and continuity. These conditions
are implemented with the help of ghost cells.

Wall condition

In the inviscid case, this condition imposes the flow tangency at wall. This condition is satisfied considering the
velocity component tangent to the wall relative to the ghost cell as equal to the respective component of the real
neighbor cell. At the same time, the velocity component normal to the wall relative to the ghost cell is equaled
to the negative of the corresponding component of the real neighbor cell. This procedure leads to a system of
equations which results in:

ug:(ni—nf()ur+(—2nxny)\/r; (56)
vgz(—Zany)u,+(n§—n§)v,, (57)

where “g” indicates ghost cell properties and “r” indicates real cell properties. In the viscous case, the non-slip
condition is enforced. Therefore, the tangent velocity component of the ghost volume at wall has the same
magnitude as the respective velocity component of its real neighbor cell, but opposite signal. In the same way,
the normal velocity component of the ghost volume at wall is equal in value, but opposite in signal, to the
respective velocity component of its real neighbor cell. It results in:

Ug :—urandvg =-V (58)

The normal pressure gradient of the fluid at the wall is assumed to be equal to zero according to an inviscid
formulation or a boundary-layer like condition. The same hypothesis is applied for the normal temperature
gradient at the wall, assuming an adiabatic wall. From these considerations, density and translational/rotational
temperature are extrapolated from the respective values of its real neighbor volume (zero order extrapolation).
The total vibrational internal energy is also extrapolated.

With the mixture species mass fractions and with the values of the respective specific heats at constant volume,
it is possible to obtain the mixture specific heat at constant volume. The mixture formation enthalpy is
extrapolated from the real cell. The Cartesian components of the induced magnetic field at the wall to the ghost
cells are fixed with their initial values. The magnetic permeability is considered constant with its initial value.
The mixture total energy to the ghost cell is calculated by:

Zg = Cv,mixt,g (Ttr,g - TREF )+ Ah ?nixt,g + ev,g + 05(“2 + V; )+ R b (Big + B)2/g )/(ZHM,gpg )‘ (59)

re

To the species density, the non-catalytic condition is imposed, what corresponds to zero order extrapolation
from the real cell.
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Entrance condition

It is divided in two flow regimes:

(a) Subsonic flow: Five properties are specified and one extrapolated in the boundary conditions of the dynamic
part of the algorithm. This approach is based on information propagation analysis along characteristic directions
in the calculation domain ([51]). In other words, for subsonic flow, five characteristics propagate information
point into the computational domain. Thus five flow properties must be fixed at the inlet plane. Just one
characteristic line allows information to travel upstream. So, one flow variable must be extrapolated from the
interior grid to the inlet boundary. The total energy was the extrapolated variable from the real neighbor
volumes, for the studied problems. Density, velocity components, and the induced magnetic field components
adopted values of initial flow. To the chemical part, four information propagate upstream because it is assumed
that all four equations are conducted by the eigenvalue “(q,-a)”. In the subsonic flow, all eigenvalues are
negative and the information should be extrapolated. In the same reasoning to the chemical boundary conditions,
the vibrational-internal-energy equation is dictated by the “(qn-a)” eigenvalue and, in the subsonic region, its
value is negative. Hence, the vibrational internal energy should be extrapolated.

(b) Supersonic flow: In this case no information travels upstream; therefore all variables are fixed with their
initial values.

Exit condition

It is also divided in two flow regimes:

() Subsonic flow: Five characteristics propagate information outward the computational domain. Hence, the
associated variables should be extrapolated from interior information. The characteristic direction associated to
the “(qnormai-2)”” velocity should be specified because it points inward to the computational domain ([51]). In this
case, the ghost volume total energy is specified from its initial value. Density, velocity components, and the
induced magnetic field components are extrapolated. To the chemical part, the eigenvalue “(qn-a)” is again
negative and the characteristics are always flowing into the computational domain. Hence, the four chemical
species under study should have their densities fixed by their initial values. In the same reasoning, the internal
vibrational energy should have their value prescribed by its initial value due to the eigenvalue “(qn,-a)” be
negative.

(b) Supersonic flow: All variables are extrapolated from interior grid cells, as no flow information can make its
way upstream. In other words,nothing can be fixed.

Continuity condition

This condition imposes continuity of the flow at the trailing edge of the reentry capsule configuration. This is
done considering the Kutta condition in this region. In terms of numerical implementation, it is obtained
considering the vector of conserved variables above the wake as equal to the vector of conserved variables
below the wake.

7. Physical Problems

Three physical problems were solved in this work, namely: blunt body, double ellipse, and reentry capsule. The
first problem considers the geometry of a blunt body with 1.0 m of nose ratio and parallel rectilinear walls. The
far field is located at 20.0 times the nose ratio in relation to the configuration nose. A mesh composed of 2,548
rectangular cells and 2,650 nodes was studied for the inviscid case, with an exponential stretching of 5.0% for
the viscous case. This mesh is equivalent in finite differences to a one of 53x50 points. Figure 2 shows the detail
of the geometry and Figs. 3 and 4 exhibit the inviscid and viscous meshes.

The double ellipse problem is the second under study. The mesh is composed of 4,116 rectangular cells and
4,250 nodes, with an exponential stretching of 5.0% for the viscous case, and far field located at 20.0 unities.
This mesh is equivalent in finite differences to a one of 85x50 points. Figure 5 shows the double ellipse
geometry and Figs. 6 and 7 exhibit the inviscid and viscous meshes.

The third problem is the geometry of the reentry capsule. Details of the configuration are presented in Fig. 8.
The far field is located also at 20.0 unities. A mesh of 3,136 rectangular cells and 3,250 nodes was used for the
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inviscid case, whereas with an exponential stretching of 5.0% was used for the viscous simulations. This mesh is
equivalent in finite differences to a one of 65x50 points. Figures 9 and 10 show the inviscid and viscous meshes.

8. Results

Tests were performed in a Core i7 processor of 2.1GHz and 6.0Gbytes of RAM microcomputer, in a Windows
7.0 environment. Three (3) orders of reduction of the maximum residual in the field were considered to obtain a
converged solution. The residual was defined as the value of the discretized conservation equation. In the
dynamic part of the [35] scheme, such definition results in:

Residual = —Ati'j/vi,jx(ciyj—Diyj). (60)

The attack angle was adopted equal to zero. In this work, the inviscid results were obtained for a 5™ order of
accuracy of the spectral method, whereas the viscous solutions were obtained for an 8" order of accuracy of the
spectral method. The inviscid double ellipse problem did not generate converged results as also the viscous
reentry capsule problem. For a matter of simplicity, the following abbreviations were used: [35] scheme =
MAC, Chebyshev-Gauss-Radau = CGR, Chebyshev-Gauss-Lobatto = CGL, Legendre-Gauss-Radau = LGR,
and Legendre-Gauss-Lobatto = LGL.

8.1. Blunt Body Problem

Inviscid case

Figures 11 to 14 exhibit the pressure, the translational/rotational temperature, the B, component of the magnetic
field, and the N, mass fraction contours obtained by the MAC scheme as using the CGR collocation points. The
MAC algorithm captures accurately the shock wave. Good symmetry and homogenous properties are observed
in these figures. No pre-shock oscillations are observed. The maximum temperature at the configuration nose is
11,459.90K.

Figures 15 to 18 show the pressure, the translational/rotational temperature, the B, component of the magnetic
field, and the N, mass fraction contours generated by the MAC scheme as using CGL collocation points. The
maximum pressure is inferior to that observed in the CGR case. The B, component of the magnetic field, the
temperature and the N, mass fraction contours present good symmetry properties. The maximum temperature in
the field reaches the value of 11,510.30K. The contours are free of oscillations.

Figures 19 to 22 present the pressure, the translational/rotational temperature, the B, component of the magnetic
field, and the N, mass fraction contours generated by the MAC scheme when using the LGR collocation points.
The pressure peak is smaller than those obtained in the Chebyshev variants. No pressure oscillations are
observed and good symmetry properties are verified in all figures. The maximum temperature peak in the field
is 11,534.00K, and is superior than those obtained by the Chebyshev variants.

Figures 23 to 26 exhibit the pressure, the translational/rotational temperature, the B, component of the magnetic
field, and the N, mass fraction contours generated by the MAC scheme when using the LGL collocation points.
The pressure peak in the field is still low. Good symmetry and homogeneous properties are observed and the
shock wave is well captured. The temperature contours present also good symmetry properties, free of
oscillations. The B, component of the magnetic field presents good symmetry properties, and the N, suffers
good dissociation. The maximum temperature in the field is 11,502.10K.

Viscous case

Figures 27 to 30 present the pressure, the translational/rotational temperature, the B, component of the magnetic
field, and the N, mass fraction contours generated by the MAC scheme as using CGR collocation points. The
pressure peak is very close to the theoretical stagnation pressure value. Good symmetry properties are observed
and no pre-shock oscillations are observed. The B, component of the magnetic field presents good homogenous
properties and good dissociation of N, is observed. The maximum temperature reaches the mark of 16,644.10K.
Good symmetry properties are verified in the temperature field. Note that the correct transport of properties like
viscosity and thermal conduction are qualitatively confirmed.

Figures 31 to 34 show the pressure, the translational/rotational temperature, the B, component of the magnetic
field, and the N, mass fraction contours generated by the MAC scheme when using CGL collocation points.
Again the pressure peak is close to the theoretical value of stagnation pressure (see Table 5). The shock wave is
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well captured by the scheme. The B, component of the magnetic field is well captured and good dissociation of
N, is observed, with some oscillations in the solution. Figure 32 shows the translational/rotational temperature
contours and the good transport of viscosity and thermal conduction is noted in the MAC solution. The
maximum temperature in the field is 18,139.60K.

Figures 35 to 38 exhibit the pressure, the translational/rotational temperature, the B, component of the magnetic
field, and the N, mass fraction contours generated by the MAC scheme as using the LGR collocation points.
The pressure peak in the field is lower than those of the CGR and CGL variants. Good symmetry properties are
observed in all figures, free of pre-shock oscillations. The maximum temperature in the field reaches the value
of 19,810.90K. Good homogenous properties are observed in all figures.

Figures 39 to 42 present the pressure, the translational/rotational temperature, the B, component of the magnetic
field, and the N, mass fraction contours generated by the MAC scheme when using the LGL collocation points.
The pressure peak is reduced in relation to the theoretical stagnation pressure value. All solutions present good
symmetry and homogenous properties, free of oscillations. The shock wave is well captured and the transport of
viscous properties is well highlighted in the MAC’s temperature contours. The maximum temperature reaches
the value of 19,791.10K. The Legendre solutions present in general higher values to the stagnation temperature
than the Chebyshev solutions. It is clear that Chebyshev variants dominate the pressure field, whereas the
Legendre variants dominate the temperature field.

8.2. Double Ellipse Problem

Viscous case

Figures 43 to 46 exhibit the pressure, the translational/rotational temperature, the B, component of the magnetic
field, and the N, mass fraction contours generated by the MAC scheme as using the CGR variant of the
proposed spectral method. The pressure peak is close to the theoretical stagnation pressure, with an error of
5.03%. Good homogenous properties are observed in all solutions, with the N, contours presenting some
oscillations. Figure 44 exhibits the thermal boundary layer captured by the numerical scheme. No temperature
oscillations are observed in this figure. The maximum temperature field is calculated with the value of
15,887.90K.

Figures 47 to 50 show the pressure, the translational/rotational temperature, the B, component of the magnetic
field, and the N, mass fraction contours generated by the MAC scheme when using CGL collocation points.
Again the pressure peak is close to the theoretical value of stagnation pressure (see Table 5). The shock wave is
well captured by the scheme. The B, component of the magnetic field is well captured and good dissociation of
N, is observed, with some oscillations in the solution. The maximum temperature in the field is 16,483.50K.
Figures 51 to 54 exhibit the pressure, the translational/rotational temperature, the B, component of the magnetic
field, and the N, mass fraction contours generated by the MAC scheme as using the LGR collocation points.
The pressure peak in the field is lower than those of the CGR and CGL variants, but still high. Good symmetry
properties are observed in all figures, free of pre-shock oscillations. The maximum temperature in the field
reaches the mark of 21,124.90K. Good homogenous properties are observed in all figures.

Figures 55 to 58 present the pressure, the translational/rotational temperature, the B, component of the magnetic
field, and the N, mass fraction contours generated by the MAC scheme when using the LGL collocation points.
The pressure peak is reduced in relation to the theoretical stagnation pressure value, but superior to the LGR
value. All solutions present good symmetry and homogenous properties, free of oscillations. The shock wave is
well captured. The maximum temperature reaches the value of 21,162.70K.The Legendre solutions again
present higher values to the stagnation temperature than the Chebyshev solutions, ratifying the behavior
observed in the blunt body problem.

8.3. Reentry Capsule Problem

Inviscid case

Figures 59 to 62 present the pressure, the translational/rotational temperature, the B, component of the magnetic
field, and the N, mass fraction contours generated by the MAC scheme as using the CGR collocation points.
Good symmetry and homogenous properties are verified in all contours. The stagnation pressure estimated by
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the MAC scheme as using CGR collocation points is the best in comparison with the CGL, LGR, and LGL
solutions, with an error of 3.72%.The Kutta condition was correctly implemented. Good dissociation of N, is
verified. The shock wave is well captured by the MAC scheme. The maximum temperature in the field has the
value of 9,400.85K

Figures 63 to 66 show the pressure, the translational/rotational temperature, the B, component of the magnetic
field, and the N, mass fraction contours generated by the MAC scheme when using the CGL collocation points.
Good symmetry properties are observed in all solutions, free of pre-shock oscillations. Good dissociation of N,
is observed. The maximum temperature peak has the value of 9,674.47K.

Figures 67 to 70 exhibit the pressure, the translational/rotational temperature, the B, component of the magnetic
field, and the N, mass fraction contours generated by the MAC scheme as using the LGR collocation points.
The values of stagnation pressure obtained by the numerical scheme are inferior to the theoretical value. As
mentioned before, it is clear that the Legendre variant behaves better for the temperature field and for the
determination of the lift aerodynamic coefficient, as seen in Tabs. 8 and 9. Good symmetry properties are
observed in all solutions and free of oscillations. The maximum temperature in the field has the value of
10,202.10K.

Figures 71 to 74 show the pressure, the translational/rotational temperature, the B, component of the magnetic
field, and the N, mass fraction contours generated by the MAC scheme as using the LGL collocation points. The
normal shock wave ahead of the configuration nose is well captured. Moreover, the stagnation pressure value is
under-predicted in relation to the theoretical value. Good symmetry and homogenous properties are verified in
all the solutions. Good dissociation of N, is observed. The trailing edge flow is well captured by the numerical
scheme, emphasizing the correct implementation of the Kutta condition. The maximum temperature in the field
reaches the value of 10,254.30K.

8.4. Other Comparisons

Figure 75 shows the convergence histories of the MAC scheme for a 5" order spectral method using LGR for
collocation points and of the 2™ order MAC scheme, to the blunt body inviscid case and Fig. 76 exhibits the
convergence histories of the MAC scheme for a 8" order spectral method using also LGR for collocation points
and of the 2" order MAC scheme, also to the blunt body problem. The LGR collocation points were chosen
because they provide the best convergence of the MAC scheme for the inviscid and viscous cases. The 2™ order
MAC scheme was implemented by the author and was used for numerical comparisons. To details of the
implementation of the 2™ order MAC scheme on a context of thermochemical non-equilibrium, the reader is
encouraged to read [35]. As can be seen in Fig. 75, the spectral (LGR) method coupled with the MAC scheme
was the most efficient converging in 1,147 iterations, with a maximum CFL of 0.10. The 2™ order MAC
solution was very inefficient compared with the spectral method. The maximum allowable CFL number
employed in the 2™ order MAC solution was 0.05. Figure 76 compares the 2™ order MAC solution, and the
spectral (LGR) method for the viscous case. In this case, the good convergence of the spectral (LGR) method
was highlighted, converging in 1,569 iterations, whereas the 2" order MAC solution converged in more than
5,000 iterations, employing a CFL number of 0.05.

As conclusion, the correct implementation of the proposed spectral method leant to an efficient high order
scheme, converging in less than 1,150 iterations in the inviscid case, for the blunt body problem, when
programmed coupled with the MAC scheme. The LGR variant of the spectral method was the most efficient in
the studies performed by the author and ratified the fast convergence as expected.

8.5. Quantitative Analysis

In order to perform a quantitative analysis, the present reactive results are compared to the perfect gas solutions.
The stagnation pressures at the blunt body nose, at the double ellipse nose, and at the reentry capsule nose were
evaluated assuming the perfect gas formulation. Such parameter calculated at this way is not the best
comparison, but in the absence of practical reactive results, this constitutes the best available solution.

To calculate the stagnation pressure at the nose of these three configurations, [52] presents in its B Appendix
values of the normal shock wave properties ahead of the configuration. The ratio pro/pr,, is estimated as function

TN
/‘@? Journal of Scientific and Engineering Research

374



Maciel ESG Journal of Scientific and Engineering Research, 2018, 5(5):359-394

of the normal Mach number and the stagnation pressure pr, can be determined from this parameter. Hence,
Table 5 gives the theoretical stagnation pressure values obtained for the three configurations at the initial-
normal-Mach number. The value of pr., is determined by the following expression:

pr, = prinitialz ’ (61)

pchar x achar

where, for example, for the blunt body case, priga = 687N/M?, penar = 0.004kg/m® and agnsr = 317.024mis.
Considering these values, one concludes that pr,, = 1.709 (non-dimensional). Using the ratio obtained from [52],
the stagnation pressure ahead of the configuration nose is estimated as 170.87 unities. Tables 6 (inviscid case)
and 7 (viscous case) compare values of the stagnation pressure obtained from the simulations with the
theoretical values and show the percentage errors. As can be seen, the best results in the inviscid case are
provided by the CGR collocation points, with an error of 39.58%, when coupled with the MAC scheme, for the
blunt body problem; and again by CGR collocation points, with an error of 3.72%, when coupled with the MAC
scheme, for the reentry capsule problem. For the viscous case, the CGR collocation points, with an error of
0.48%, coupled with the MAC scheme, for the blunt body problem, was the best; and with the CGR collocation
points, with an error of 5.03%, coupled with the MAC scheme, for the double ellipse problem, was the best.

As the hypersonic flows around the blunt body, and reentry capsule configurations were simulated with a zero
value to the attack angle, a zero lift coefficient, due to geometry symmetry, is the expected value for this
aerodynamic coefficient. Tables 8 (inviscid) and 9 (viscous) present an analysis of the lift aerodynamic
coefficient, based only on pressure contribution, in this study. As can be observed, the best value to the lift
coefficient in the inviscid case is obtained by the LGL collocation points, coupled with the MAC scheme, for
the blunt body problem; and again by the LGL collocation points, coupled with the MAC scheme, for the
reentry capsule problem. In the viscous case, the best value to the lift coefficient is obtained by the CGL
collocation points, coupled with the MAC scheme, for the blunt body problem.

8.6. Computational Performance

Tables 10 and 11 present the computational data of the MAC scheme for the blunt body, for the double ellipse,
and for the reentry capsule problems in both inviscid and viscous cases. It shows the CFL number and the
number of iterations to convergence for all studied cases in the current work. It can be verified that the best
performance of the MAC scheme in the inviscid case occurred when using the LGR collocation points,
employing a CFL of 0.10, and converging in 1,147 iterations, in the blunt body problem, whereas in the viscous
case occurred when using the LGR collocation points, employing a CFL of 0.10, and converging in 1,569
iterations, also in the blunt body problem.

As final conclusion, it is possible to highlight that, for the blunt body problem, the MAC scheme in the viscous
case using CGR collocation points had the best performance in estimating the stagnation pressure, and the lift
aerodynamic coefficient was best estimated by the MAC scheme as using the CGL collocation points; for the
double ellipse problem, the MAC scheme in the viscous case using CGR collocation points had the best
performance in estimating the stagnation pressure; and finally, for the reentry capsule problem, the MAC
scheme in the inviscid case using CGR collocation points had the best performance in estimating the stagnation
pressure, and the lift aerodynamic coefficient was best estimated by the MAC scheme as using the LGL
collocation points. Moreover, the best performance of the numerical schemes, for the 5" order of accuracy, was
due to the MAC one, when using the LGR collocation points, employing a CFL of 0.10, and converging in
1,147 iterations, in the blunt body problem, whereas for the 8™ order of accuracy, the best performance of the
numerical scheme was due to the MAC one, when using the LGR collocation points, employing a CFL of 0.10,
and converging in 1,569 iterations, also in the blunt body problem.

Finally, to close this work, the computational cost of the numerical schemes using the several types of
collocation points is presented in Tab. 12. For the inviscid case, the cheapest combination was the MAC scheme
using CGL collocation points with a cost of 0.00017704 sec/per-volume/per-iteration, whereas for the viscous
case the cheapest was due to the MAC scheme coupled with the LGR collocation points with a cost of
0.00042148 sec/per-volume/per-iteration.
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Table 1: Values of S, and S,

Surface Sx Sy
j-1/2 Vi = ¥0) (¢ =,sy)
i+1/2, Viwir = Yins)  Xia, =Xisn)
ij+1/2 (yi, i~ Yija ) (Xi+1,j+1 B XH+1)
i-1/2,] (Vi = Vi) (X0 =)

Table 2: Initial conditions to the blunt body problem

Property Value

Minitial 8.78
Pinitial 0.00326 kg/m®
Prinitial 687 Pa
Uinitial 4,776 m/s
Tinitial 694 K

Ty initial 694 K
Trer 0K
Altitude 40,000 m
Cn 107

Co 0.07955
Co2 0.13400
Cno 0.05090
Lchar 2.0m

Rechar 2.386x10°

By, initial 0.15T

Ut char 1.2566x10°T.m/A
Gchar 1,000 ohm/m

Table 3: Initial conditions to the double ellipse problem

Property Value

Minitial 15.0
Dinitial 0.00922 kg/m?
Pinitial 794 Pa
Uinitial 5,208 m/s
Tinitial 300 K

Ty initial 300 K
Trer 0K
Altitude 50,000 m
Cn 10°

Co 0.07955
Co2 0.13400
Cno 0.05090
I—char 50m

Rechar 1.574x10°

By,initial 015T

Ut char 1.2566x10°T.m/A
Ochar 1,000 ohm/m
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Table 4: Initial conditions to the reentry capsule problem

Property Value

Minitial 10.6

Pinitial 0.02863 kg/m?
Prinitial 3,885 Pa
Ulnitial 4,628 m/s
Tinitial 473 K

Tvinitial 473K

Trer 0K

Altitude 40,000 m

Cn 107

Co 0.07955

Co2 0.13400

Cno 0.05090

Lchar 3.0m

Rechar 3468X106

By, initial 0.15T

Hm char 1.2566x10°T.m/A
Ochar 1,000 ohm/m

Table 5: Values of theoretical stagnation pressure

Problem: Minitial: ~ Pro/Pre: Ppro.  pro(Theoretical):
Blunt body 8.78 99.98 1.709 170.87

Double ellipse 15.00  290.20 7.109 2,063.03

Reentry capsule 10.60 145.46 9.664 1,405.73

Table 6: Values of stagnation pressure and respective errors (Inviscid case/5"™ Order)

Physical Problem: Spectral Method: pro: (Numerical) Error:
Chebyshev-Gauss-Radau ~ 103.24 39.58
Blunt Body Chebyshev-Gauss-Lobatto  96.44 43.56
(pro =170.87) Legendre-Gauss-Radau 84.56 50.51
Legendre-Gauss-Lobatto ~ 80.57 52.85
Chebyshev-Gauss-Radau  1,353.42 3.72
Reentry Capsule Chebyshev-Gauss-Lobatto  1,286.38 8.49
(pro = 1,405.73) Legendre-Gauss-Radau 1,160.37 17.45
Legendre-Gauss-Lobatto 1,118.89 20.41

Table 7: Values of stagnation pressure and respective errors (Viscous case/8" Order)

Physical Problem:  Spectral Method: pro: (Numerical) Error:
Chebyshev-Gauss-Radau  170.05 0.48
Blunt Body Chebyshev-Gauss-Lobatto  164.87 3.51
(pro =170.87) Legendre-Gauss-Radau 145.91 14.61
Legendre-Gauss-Lobatto  146.41 14.31
Chebyshev-Gauss-Radau  1,959.25 5.03
Double Ellipse Chebyshev-Gauss-Lobatto  1,902.12 7.80
(pro = 2,063.03) Legendre-Gauss-Radau 1,662.31 19.42
Legendre-Gauss-Lobatto  1,667.46 19.17

Table 8: Values of the lift aerodynamic coefficient (Inviscid case/5™ Order)

Physical Problem: Spectral Method: CL:
Chebyshev-Gauss-Radau -8.7244x10™°
Blunt Body Chebyshev-Gauss-Lobatto 1.2550x10™°
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Reentry Capsule

Legendre-Gauss-Radau
Legendre-Gauss-Lobatto
Chebyshev-Gauss-Radau
Chebyshev-Gauss-Lobatto
Legendre-Gauss-Radau
Legendre-Gauss-Lobatto

4.8328x10°

-4.7984x107%
-2.2224x10°%°
-2.2505x10°%
-2.1593x10°%
-2.1376x10°%°

Table 9: Values of the lift aerodynamic coefficient (Viscous case/8" Order)

Physical Problem: Spectral Method: CL:
Chebyshev-Gauss-Radau 1.3765x107°

Blunt Body Chebyshev-Gauss-Lobatto 6.3714x10™"
Legendre-Gauss-Radau -4.9929x107%°
Legendre-Gauss-Lobatto 1.0163x10*

Table 10: Computational data (Inviscid case/5™ Order)

Physical Problem: Spectral Method: CFL: Iterations:
Chebyshev-Gauss-Radau 0.10 3,224
Blunt Body Chebyshev-Gauss-Lobatto 0.10 1,554
Legendre-Gauss-Radau 0.10 1,147
Legendre-Gauss-Lobatto 0.10 1,375
Chebyshev-Gauss-Radau 0.06 3,965
Reentry Capsule Chebyshev-Gauss-Lobatto 0.05 3,911
Legendre-Gauss-Radau 0.03 4,547
Legendre-Gauss-Lobatto 0.03 4,033
Table 11: Computational data (Viscous case/8" Order)
Physical Problem: Spectral Method: CFL: Iterations:
Chebyshev-Gauss-Radau 0.10 3,011
Blunt Body Chebyshev-Gauss-Lobatto 0.10 2,662
Legendre-Gauss-Radau 0.10 1,569
Legendre-Gauss-Lobatto 0.10 1,593
Chebyshev-Gauss-Radau 0.05 9,618
Double Ellipse Chebyshev-Gauss-Lobatto 0.08 5,373
Legendre-Gauss-Radau 0.01 27,686
Legendre-Gauss-Lobatto 0.01 27,985
Table 12: Computational cost of spectral variants
Order of Spectral Method: Computational Cost
Accuracy: (seconds/volumes/iterations):
Chebyshev-Gauss-Radau 0.00022995
5" Order Chebyshev-Gauss-Lobatto 0.00017704
(Inviscid case) Legendre-Gauss-Radau 0.00017724
Legendre-Gauss-Lobatto 0.00022635
Chebyshev-Gauss-Radau 0.00052307
8" Order Chebyshev-Gauss-Lobatto 0.00042166
(Viscous case) Legendre-Gauss-Radau 0.00042148
Legendre-Gauss-Lobatto 0.00053265
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-172.] * 142,
(1.1)
iLp  ij-1/2 (i+1.7)

Figure 1: Computational cell

-4.0 -2.0 0.0
4

2.0

4

Figure 3: Blunt body inviscid mesh

c=2.0m

a=40me=40m

Figure 5: Double ellipse configuration

410

20

L

-2.0 0.0 20 410
X

6.0 2.

Figure 7: Double ellipse viscous mesh

P
=

IR

Journal of Scientific and Engineering Research

M
1=5.0m

4

_ru

P R e

Pt A A

b e
A

o
T B R B e e e o LA
S SR e L )
B, e S A SR P L o
o e e S e R TR D
e e e RS S e LR
e RIS e

1.5m

Figure 8: Reentry capsule configuration

379



Maciel ESG Journal of Scientific and Engineering Research, 2018, 5(5):359-394

1.0 3.0f
2.u: 20}
1.9: 10§

= 0.0 _ = 0.0
-1.0F -1.0
Qﬂ: -2.0
-3.9: -3.0 :

20 .0 00 1.0 20 30 40

(] 1
30 20 410 00 10 20 30 40
X

Figure 9: Reentry capsule inviscid mesh
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Figure 14: N, mass fraction contours (CGR-5")
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Figure 15: Pressure contours (CGL-5")
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Figure 17: B, component of the magnetic
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Figure 23: Pressure contours (LGL-5")
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temperature contours (LGL-5")
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Figure 26: N, mass fraction contours (LGL-5")
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BLUNT BODY VISCOUS SOLUTIONS

Figure 27: Pressure contours (CGR-8")
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field (CGR-8")
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Figure 30: N, mass fraction contours (CGR-8™)
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Figure 39: Pressure contours (LGL-8")
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Figure 42: N, mass fraction contours (LGL-8™)
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Figure 63: Pressure contours (CGL-5") Figure 64: Translational/rotational
temperature contours (CGL-5")

=20 0.0 2.0 4.0 2.0 4.0

x

Figure 65: B, component of the magnetic Figure 66: N, mass fraction contours (CGL-5")
field (CGL-5™)

=20 0.0 210 4.0
X

Figure 68: Translational/rotational

Figure 67: Pressure contours (LGR-5") temperature contours (LGR-5")

S,
N
ZN

=

i

& Journal of Scientific and Engineering Research

389



Maciel ESG Journal of Scientific and Engineering Research, 2018, 5(5):359-394

2.0 40

=20 0.0 2.0 4.0
x

Figure 69: B, component of the magnetic
field (LGR-5")

X

Figure 72: Translational/rotational

Figure 71: Pressure contours (LGL-5™) O
temperature contours (LGL-5™)

-2.0 0.0 2.0 4.0
X

Figure 73: B, component Ohf the magnetic Figure 74: N, mass fraction contours (LGL-5")
field (LGL-5™)

,
)

£ 50
)

i Journal of Scientific and Engineering Research

390



Maciel ESG Journal of Scientific and Engineering Research, 2018, 5(5):359-394

s 2nd Order MA C 5cheme 2nd Order MAC Scheme
Spectral[LGR) - MA C 5cheme - 3th Order 1.0 SpectmILGR) - MAC Scheme - Bth Order
0.0
- 05k -
e 2
= -10F =
- - -
=] r =
& _{5F =]
| r —
20F
-25 — .
C ] ] ] ] L L ] ] ] ] ] 1 ]
5000 1000 1500 2000 2500 3000 650 1300 1950 2600 3250 3800 4550 5200
Iterations Iterations
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9. Conclusions

In the present work, a study involving a spectral method to solve the reactive Euler and Navier-Stokes equations
submitted to a magnetic field was performed. The Euler and Navier-Stokes equations, coupled with the Maxwell
equations, in conservative and finite volume contexts, employing structured spatial discretization, on a condition
of thermochemical non-equilibrium, were studied. The spectral method presented in this work employed
collocation points and variants of Chebyshev and Legendre interpolation functions were analyzed. The
symmetrical algorithm of [35] was used to perform the reentry flow numerical experiments, which gave us an
original contribution to the CFD community. The [36] artificial dissipation model was applied. The “hot gas”
hypersonic flows around a blunt body, around a double ellipse, and around a reentry capsule in two-dimensions
were simulated. The Euler backward integration method was employed to march the scheme in time. The
convergence process was accelerated to steady state condition through a spatially variable time step procedure,
which had proved effective gains in terms of computational acceleration [37-38]. The reactive simulations
involved Earth atmosphere chemical model of five species and seventeen reactions, based on the [39] model. N,
0O, Ny, O,, and NO species were used to accomplish the numerical comparisons. The work of [40] was the
reference one to present the fluid dynamics and Maxwell equations of electromagnetism based on a conservative
and finite volume formalisms. The results have indicated that the Chebyshev collocation point variants were
more accurate in terms of stagnation pressure estimations in the viscous case. Errors inferior to 8.00% were
found for this parameter in the viscous case, being 0.48% the best result. The Legendre collocation point
variants were more accurate in terms of the lift coefficient estimations. Moreover, the Legendre collocation
point variants were more computationally efficient and cheaper.

As final conclusion, it was possible to highlight that, for the blunt body problem, the [35] scheme in the viscous
case using Chebyshev-Gauss-Radau collocation points had the best performance in estimating the stagnation
pressure, and the lift aerodynamic coefficient was best estimated by the [35] scheme as using the Chebyshev-
Gauss-Lobatto collocation points; for the double ellipse problem, the [35] scheme in the viscous case using
Chebyshev-Gauss-Radau collocation points had the best performance in estimating the stagnation pressure; and
finally, for the reentry capsule problem, the [35] scheme in the inviscid case using Chebyshev-Gauss-Radau
collocation points had the best performance in estimating the stagnation pressure, and the lift aerodynamic
coefficient was best estimated by the [35] scheme as using the Legendre-Gauss-Lobatto collocation points.
Moreover, the best performance of the numerical schemes, for the 5" order of accuracy, was due to the [35] one,
when using the Legendre-Gauss-Radau collocation points, employing a CFL of 0.10, and converging in 1,147
iterations, in the blunt body problem, whereas for the 8" order of accuracy, the best performance of the
numerical scheme was due to the [35] one, when using the Legendre-Gauss-Radau collocation points,
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employing a CFL of 0.10, and converging in 1,569 iterations, also in the blunt body problem.

Finally, to close this work, the computational cost of the numerical schemes using the several types of
collocation points was presented in Tab. 12. For the inviscid case, the cheapest combination was the [35]
scheme using Chebyshev-Gauss-Lobatto collocation points with a cost of 0.00017704 sec/per-volume/per-
iteration, whereas for the viscous case the cheapest was due to the [35] scheme coupled with the Legendre-
Gauss-Radau collocation points with a cost of 0.00042148 sec/per-volume/per-iteration.
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