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A new local energy-preserving scheme for the RLW equation
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Abstract In this paper, a local energy-preserving scheme for solving the regularized long wave (RLW) equation
are constructed. By using the implicit midpoint method and the AVF method for the spatial and temporal
discretization respectively, we present an numerical algorithm for the RLW equation. The new method is proved
to be local energy preserving. With suitable boundary conditions, such as periodic boundary conditions, the
algorithms admit global energy conservation law. Numerical experiments are conducted to show the
performance of the proposed conservative scheme.
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1. Introduction
The regularized long wave (RLW) equation

ut+ux—ouxxt+%(u2)xzo, a<x<b0<t<T, (1.1)
subject to the initial and boundary condition
u(a,t) =u(b,t), 0<t<T, 1.2)

u(x,0) =u,(x), a<x<bh.

was first put forward by Peregrine [1] to describe a model for long waves on the surface of water in a channel,
and later by Benjamin et al. [2]. P. J. Olver [3] presented that the RLW equation posses only three independent
conservation laws:

Mass conservation law

S= J':udx =C,. (1.3)
Global momentum conservation law (GMCL)

M:%j:u2+a(ux)2dx=cz. (1.4)
Global energy conservation law (GECL)

E:%Lb(w3+3u2)dx:C3. (1.5)

This equation has drawn much attention for decades and has motivated a series of studies in physics and
mathematics. Various numerical methods have been used to investigate the solutions for the RLW equation [6,
4,5, 7]. In particularly the finite difference method in [8], finite element methods such as the Galerkin method
in [9], collocation methods in [10] and so on.
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In this paper, we will focus on the local energy preserving algorithm for the RLW equation. First we apply the
second order AVF method in time discritization and then apply the implicit midpoint method in space
discretization to construct a local energy-preserving scheme.

The rest of this paper is organized as follows: In Section 2, a local energy-preserving algorithm is developed for
the RLW equation. We prove that the proposed scheme preserves the total energy and mass in the discrete
forms. Numerical experiments are presented to verify the performance of the scheme in Section 3.

2. Local energy-preserving algorithm
2.1. Multisymplectic structure of the RLW equation

1 1 v
First we introduce the conjugate variables U =@, ,V=U,,® =U, and p = qut +§¢X +E¢X2 -0, let

Z =(p,u,v,®, p)", equation (1.1) can be reformulated into the following PDEs

O (@2

2w =0, (2.1)
(o) (o)

—u, =—V,

2 % 2

o, =U.

Thus it can be written as a multi-symplectic system
MZ,+KZ, =V,S(Z)

where

S(z)=up-2u® +%vw,

6
o-%ooo o X0 0o 1
2
1o 200 1 9 0 .9 ¢
M:zo_ 2 ,K:Z 2
0 2 0 00 0 0 0 00
0 0 0 00 ¢ 5 0 0
0 0 0 0 0 1 0 0 0 O

Proposition 2.1 The system (2.1) possesses a local energy conservation law (LECL)

1 o o 1% 1 o
O.(—=u.@——uv,)+0. (Up+—aVN——Uu+=u@+—uv,)=0. 2.2
t( 2 x¢ 2 x) x( p 2 6 2 t¢ 2 t) ( )

Proof. Multiplying (2.1) by @, , U, , vV, , @, and P, respectively gives

o=
‘*‘5_;:.‘\\"
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—Eu —Eu -p,p, =0
2 '[gDX 2 X¢X qux 1
Lou —Zvu +1ou ~Zwu, =pu, —Zutu
2¢t X 2 tx 2¢x X 2 XX X 2 X1
o O
—u\Vv, = —av,,
2 2
o o
—U,o, = —Va,,
2 2
¢xpx:upx'

Adding the above equations (2.3) together, we have

o -Zou +Zuw +.p, =pu L %o +%ve +up
X¢X 2 XX 2 X77X ¢X X X 2 X 2 X 2 X X

o 14
=0, (Up+—av——u®)
2 6
According the commutative law and discrete Leibnitz rules, we can obtain local energy conservation law (2.2).

With the initial and periodic boundary conditions (1.2), we obtain the global energy conservation law (GECL)
(1.5).

2.2. Local energy-preserving scheme
In this subsection, we propose the new local energy-preserving schemes for the RLW equation. We first

introduce some notations: the spatial domain | =[a,b] and L=b—-a, X;=a+ hj, j=0,1,2,---N -1,
where h = (b—a)/N is the spatial length. t, =kz , k =0,1,2,---, where 7 is temporal step span.

Some operators are also defined. Let u? be the approximation of u(x,t) at the node (Xj ,tk) . We define the

finite difference operators

é‘tfjk =l(fjk+l_ fjk)’ 5xfjk =%(fjk+1_ fjk)
T
and averaging operators
1 . 1
At :E(fjk T4 fF), A :E(fjtﬁ £,

Now we apply the implicit midpoint scheme in time and the AVF method in space to construct the local energy-
preserving algorithm for RLW equation.
LEP scheme: First we use the implicit midpoint scheme in time and obtain semi-discrete system

_%étuk _%axAuk _axA pk = 01

1 o 1 o 1%

SO0 =2 0v + -0, Ag" - 70,A0" = AP~ (AU
lo2 lox

E&[UKZE/A\COK,

o Kk _O

—0,AU" =—AV",

AU =7 A

0, A¥" = AUX.

fi :-‘\\
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Then we use the AVF method in space

1 v 1 K -
_Eét&uj _EcsxAuj _5xAt pj =0,

1

5 O A

COAG -2V + 5 A0 - oA = [(1- AP + AP - (- AU + AU AZ,

2 oA = [(1-OA0] + A}, )de,
Zo.Au} =7 [(L-EAV] +AV])IE,
5,0 = [(1- &AL + AU, )de.

The full-discrete system can be written as
1 v 1 K K=
_Eét&uj _§5xAuj _5xAt pj =0,

1

5 O A

SOAG ~ T AR+ A0 - 5,A0; = AAD;— LIAU) + (AUL) + (AU(AUS)]

o O
S OAL =2 AAG], (24)

o Kk _ O k
E5xAuj - E'A\A(Vj )
kK _ k

5 Ap) = AAL.

Eliminating the auxiliary variables ¢, V, @ and P yields the system
k k k v k k k k —

é"[A::)Auj—Z + é‘foA\zuj—?_ - Gé‘xzé‘tp&p\uj—z + g 5XA<A\[('A\UJ>2)2 + (A\UH)Z + (Auj—l)(Auj—Z)] =0.
Omitting the average operator A, and A, we can get a two time level scheme

AU} + 6, AR, BTOUL + £ 6, [(AULL + (AU + (AUS)(AU)] =0 @9)

Theorem 2.2 The scheme (2.4) or (2.5) preserve the discrete local energy conservation law

B0 )= 8(—5 5 Agh -2 AU -v)) ,
FOIARL AU + T A AV - L (AU 4 ou - Agl + o Aul=0

Proof. Multiplying (2.4) by 5XA(0:-<, 5XAUT, 5XAVIJ-<, 5><Ata’:'( and O, A plj( respectively, we have

1 1
—2 AR} S AP -2 8AUL S AG] —5AP] S AP =0,

1 o 1 o
SOAD-SAL ~ZEAY]-5,AU+ 8, A0] -5 AU - Z 5 A0 -5 AU

= AA D} -,AU} - AU + (AULL) + (AUD(AUSI-5, AU,

—
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o k

(o2
2 oAU -5 AV} =7 ARG -5,AV], .1

(o} (o}
2 5.AuL -5, A0) =7 ARV} -5,A0],

S,Ap; -5, AP = AAUT-5,AP].

Summing the above equations (2.8)
1 1 o o}
— S SAU S AP+ S AP S AU] —T SAV S AU+ S AV S AU;
1%
= AAp;-S,Auj +AAUS -5 AD] —E[(AU?)Z +(AUf.)* + (AUD(AUL)]-6,AU] (28)

+2 AR -5,AV + 2 AV S AG].

By using the discrete Leibniz rule and commutative law we can deduce

1 1 1 1
S OAUL-S,A0! D S AG-5,AUL =5, 50} - A+ C ;- Ag)),

O O (o2 (o2
~Z oAV -8,AUL + 75, AV -G AU =5,(- T 8V - AU+ (S AUL-6 V),

AAD] S AU+ AAUT -5 AD] =5, (AP]-AUj)
SIAUD + (AU + (AUIAULDL- 6 AU = 6, (AU},

O O O
> AA ! -5 AV WLEA&/A&VJ.k S AD! = §X(E A - AVY),

So we can reduce the equation (2.8) to discrete local energy conservation law (2.6).
Remark 2.3 The discrete LECL (2.6) is independent of boundary conditions and is consist with the continuous
LECL (2.2).

Summing the discrete energy conservation law (2.6) over index j reads
. k k O p K k_V ke, Lok k, O ook k
5XZ;[Apj -AU; +5ij -AV; _E(Atuj) +Eé‘tuj -Ag; +E5tvj 'Auj]
J:

N1 lo
+6Y (-2 au - Agt - AU OV =0
e

With the initial and periodic boundary conditions (1.2), we can obtain the following discrete global energy
conservation law.

Corollary 2.4 For the initial and periodic boundary conditions (1.2), the LEP scheme preserves the discrete
GECL

Et=gf=...2E' =E°, (2.9)

where E* = hzz_“:l(—éaxujk A" —%A&u'j‘ 5V

3. Numerical experiments
In this section, we conduct some numerical experiments to verify the theoretical results of the LEP scheme.
The RLW equation have the following soliton solution [1]

—
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u(x,t) = 3csech? (k(x — X, —&t)),

128

where k = 1 _—
o(1+w)

,0 =141 and 3C isamplitude and & is velocity.

The relative mass error, relative momentum error and relative energy error t =1, are defined as

:lllk_|f|R|k_||;_lg| k_||3k_|§|

le y 2 T 7T .o, 3 =
7] 113 ] 15|

k=0,1,2,...,N (3.1)
where

_1u

hZ(AAu) hz “1

is the discrete global mass;

C= DS Ay (s, ,))——f(ﬂw " (0t )
24 2

is the discrete global momentum and
k k k

h 3 hy uf, +uf uk, +ut
5 == 2 (s(AUf)’ +3(AU))?) = = D (s(F—)° +3(——L)°
3 j=0 3 j=0 2 2

is the discrete global energy.

Example 3.1 (Single solitary wave)
We consider the RLW equation with initial boundary conditions

u(x,0) = 3csech®(k(x—x,)),u(a,t) = u(b,t),
where e=0=1,¢=0.3, x,=0.
Computations are done with grid number N =800, temporal step 7 =0.1 and spatial step h =0.125,

—40<x<60. The relative error of mass, energy and momentum are computed by using local structure
preserving schemes LMP and LEP.

O  snergy
*  momertum
MAEE

0 10 2‘0 3‘0 QIC bIU &0
(@) (b)
Figure 1: The numerical solution of the LEP scheme with 7 =0.125 and h =0.1. (a) Propagation of
solitary wave from t =0 to t =60. (b) The conservation properties of the LEP scheme.

Fig. 1 displays the results of single soliton obtained by using the LEP scheme. As it can be seen from Fig. 1(a),
the propogation of solitary wave over time interval [0,60] is travelling from left to right as required and the

N
)

A5,
)
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shape of the solution is preserved accurately. Fig. 1(b) shows that the relative mass and energy are conserved to
the machine accuracy. We can also see that the error of energy growth linearly.
Example 3.2 (Two-solitary wave)

In the following simulations, we will study interaction of two positive solitary waves.

u(x,0) = 3c,sech?(k,(x —x,)) +3c,sech?®(k, (X — X,)), (3.2)
where e=0 =1, ¢ =0.2,c,=0.1, x =-177,x, = -147.
We apply the LEP scheme to the solitary waves with initial condition (3.2) over time interval [0,600].

2

/\

loqolitﬁl

momentum

‘ d mass

enargy

L] 10 2‘0 _‘,IU 'lIC g0 &0
(@) (b)

Figure 2: The numerical solution of the LEP scheme with 7 = 0.5 and h =0.5. (a) Propagation of solitary
wave from t =0 to t =600 . (b) The conservation properties of the LEP scheme.
Computations are carried out with grid number N =1200, temporal step 7 = 0.5 and spatial step h =0.5,
—200 < x<200. The interaction process of two solitary obtained by using the LEP scheme can be viewed in

Fig. 2(a). The quantities mass, energy and momentum versus time are depicted in Fig. 2(b).
Example 3.3 (Three-solitary wave)

u(x,0) = 3c;sech?(k, (X —x,)) +3c,sech® (K, (X — X,)) +3c,sech? (K, (X — X,)),
where ¢ =0 =1, ¢, =1,¢c,=0.5,c,=0.25, x, =0,x, =18, x, = 35.

Computations are done with grid number N =400, space step h =0.1 temporal step 7 =0.05 and spatial
step h=0.1, —40<x<110.

a mass
* momentum
Energy

(@) (b)

N
)
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)
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Figure 3: The numerical solution of the LEP scheme with 7 =0.05 and h =0.1. (a) Propagation of solitary
wave from t =0 to t =100 . (b) The conservation properties of the LEP scheme.

Fig. 3 provides the results of three-solitary wave with the time step 7 =0.05 and the space step h =0.1 by
using the LEP scheme. As it can be seen from Fig. 3(a), the propogation of solitary wave over time interval
[0,100] is travelling from left to right as required and the shape of the solution is preserved accurately. Fig. 3(b)
shows that the relative mass and energy are conserved to the machine accuracy. The error of energy growth
linearly.

We can draw a clear conclusion from the numerical results that the LEP scheme provides highly accurate
numerical solutions and preserves the local mass and energy to machine accuracy.

4. Conclusions

The local/global conservation laws, such as symplectic and multisymplectic conservation laws, local energy and
momentum conservation laws, usually play an important role in physics and applications for PDEs. In this work,
we have proposed a local energy-preserving algorithm to simulate the RLW equation. The new scheme is a
conservative scheme, which not only preserve discrete local energy but also preserve the local mass precisely.
The merit of the scheme is that with suitable boundary conditions, for example with periodic boundary
conditions, this algorithm conserve the global mass and energy precisely. Numerical results indicate that the
present scheme can well simulate different solitary wave behaviors of the RLW equation in long term
computation and also show excellent performance in preserving geometry structure.

References
[1]. D. H. Peregrine, Calculations of the development of an undular bore, J. Fluid Mech., 25 (2) (1966)
321-330.

[2]. T. B. Benjamin, J. L. Bona, J. J. Mahoney, Model equations for long waves in nonlinear dispersive
systems, Phil. Trans. R. Soc. A 272 (1972) 47-78.

[3]. P.J. Olver, Euler operators and conservation laws of BBM equation, Math. Proc. Combridge Philos.
Soc., 85 (1979) 143-160.

[4]. 1.Dag, B. Saka, D. Irk, Galerkin method for the numerical solution of the RLW equation using quintic

B-splines, J. Comput. Appl. Math., 190 (2006) 532-547.

[5]. S. Islam, S. Hag, A. Ali, A meshfree method for the numerical solution of the RLW equation, J.
Comput. Appl. Math., 223 (2009) 997-1012.

[6]. A. A. Soliman, M. H. Hussien, Collocation solution for RLW equation with septic spline, Appl. Math.
Comput., 161 (2005) 623-636. Appl. Math. Comput., 273 (15) (2016) 1090-1099.

[7]. D. Kaya, A numerical simulation of solitary-wave solutions of the generalized regularized long-wave
equation, Appl. Math. Comput., 149 (2004) 833-841.

[8]. P.C. Jain, R. Shankar, T. V. Singh, Numerical solution of regularized long-wave equation, Commu.
Numer. Math. Engi., 9 (1993) 579-586.

[91. A. Dogan, Nummerical solution of the RLW equation using linear finite elements with Galerkin
method, Appl. Math. Model, 26 (2002) 771-783.

[10]. D. M. Sloan, M. Ayadi, Fourier pseudospectral solution of the reqularized long wave equation, J.
Comput. Appl. Math., 36 (1991) 159-179.

fi :-‘\\
‘%l#\ Journal of Scientific and Engineering Research

113



